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PREFACE 


The present volume is intended to report systematically the most im- 
portant findings of nearly 100 years of ingenious research in a fascinating 
and complex field. Jets, wakes, and cavities have been studied throughout 
this period, for many reasons, by “applied” mathematicians, “pure” 
mathematicians, engineers, and physicists. Yet, no thorough and well- 
rounded treatment of the subject as a whole seems to be available.* 

Classical applied mathematicians have treated in detail many special 
flows, often omitting to describe the experimental conditions under which 
their formulas are applicable. Pure mathematicians have stressed general 
aspects of “ideal” fluid theory, such as questions of existence and unique- 
ness, almost exclusively. Specialists in modern fluid dynamics, guided by 
intuition and fragmentary reasoning, have found various relationships 
of great importance for engineering applications, but have not integrated 
their formulas into a systematic theory of “real” flows. Finally, physicists 
have established many striking effects under controlled laboratory con- 
ditions, whose significance under ordinary circumstances is not clear. 

Our book attempts to bring together into a coordinated whole the work 
of these various groups of specialists. We have tried to overlook no really 
important ideas, and at least to include an appropriate reference to every 
significant paper published prior to 1955. 

In spite of our efforts at coordination, the presentation retains much of 
the heterogeneous character of its original sources. Thus Chapters II, III, 
and V emphasize the formal treatment of special flows, while Chapters 
IV, VI, and VII deal mainly with general qualitative conclusions. On 
the other hand, Chapters XII-XIV center around intuitive momentum 
and similarity considerations. Finally, in Chapter XV, surprising physical 
complications are reported. 

Our book draws on the resources of pure and applied mathematics, and 
on experimental physics, and it sheds light on numerous problems of 
hydraulics and aeronautics. Therefore, it will perhaps have the greatest 
interest for readers whose scientific curiosity spans all the fields just men- 
tioned. However, we hope that others will also find it a useful and stimu- 
lating reference in connection with many special questions. 

The need for a book such as this one has been intensified by the basic 

*Ref. [64a] gives a systematic discussion of jets; some attempt at completeness is 
also made in refs. [16], [19], and [32H33], 
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advances of the past fifteen years. Since 1940, numerical methods have been 
revolutionized (Chapter IX), a significant theory of axially symmei.ric 
jets and cavities has been created for the first time (Chapter X), while 
the fundamental facts about vortex trails (Chapter XIII) and turbulent 
jets and wakes (Chapter XIV) have been reinterpreted in the light of now 
concepts. 

Besides recalling well-known facts and summarizing these major recent 
advances, this book also includes various minor results of our own which 
are here published for the first time. 

The book owes much to many individuals and institutions. First, we wish 
to thank the Office of Naval Research, whose generous support made it 
possible. We want to pay especial tribute to Dr. Mina Rees, foi‘ her personal 
encouragement. Thanks are also due to Harvard University and the Uni- 
versity of Maryland, under whose auspices the book was written. 

We are grateful to James Serrin, J. Kamp6 de F4riet, J. Kravtchenko, 
Arthur Read, and A. H. Armstrong, among others, for valuable criticisms 
of various parts of our manuscript. We thank Douglas Hartree for helpful 
discussions of the numerical methods used. Finally, we wish to express our 
appreciation to Eleanor Lawry, David Young, Richard Varga, Samuel 
Kneale, and James Hansen, for valuable assistance with calculations, and 
to Ellen Burns and Laura Schlesinger for their expert typing. 


G. Birkhoff 
E. H. Zarantonello 
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CHAPTER I 

BACKGROUND AND PROSPECTUS 

!• Examples of jets. By a jet is meant a stream of material which 
travels for many diameters in a nearly constant direction. To produce such 
a jet, it suffices to make a hole or insert a tube into a reservoir, whose local 
pressure is higher than the surrounding pressure. 

Jets have been used since earliest times. Thus Greenhill [33] refers to a 
Roman law governing the discharge rate from orifices supplying public 
Tvater. Jets from fountains, faucets, and fire hoze nozzles are familiar to 
all (see Fig. 1) ; their behavior has been systematically studied by scientists 
since Renaissance times, at least. 

More recently, the atomization of jets in carburetors has been carefully 
studied (see Ch. XV, §§10-12), in connection with gasoline engine design. 
Again, metal jets from lined hollow charges, designed in World War II for 
use in anti-tank weapons^ now find wide application in drilling for petro- 
leum. Still more recently, liquid jets have been used to make subcutaneous 
injections under the trade name of “Hypospray’’, and jets of abrasive 
particles to drill holes in teeth^. 

The preceding examples referred to liquid (or solid) jets in air. Gas jets 
in air, and water jets in water, are of equal importance. 

For over a century, the behavior of heating (and illuminating) gas jets 
in air has also been studied. Likewise, jet pumps have fulfilled a useful 
purpose since their invention by James Thomson^ in 1852. Jet propulsion of 
boats has also been given careful study, while the spectacular recent de- 
velopment of jet propulsion for aircraft is familiar to all^. Very recently 

1 G, Birkhoff, D. P. MacDougall, E. M. Pugh, and G. I. Taylor, Explosives with 
lined cavities^ J. Appl. Phys, 19 (1948), 563-82. 

2R. B. Black, J. Am. Dental Assn. 41 (1950), 701-10; B. Dunne, B. Cassen and 
H. Gass, UCLA Rep. UCLA 212 (1952). 

3 “Papers in physics and engineering”, pp. 26-35; A. H. Gibson, “Hydraulics and 
its applications”, 4th ed.. Art. 213; A. Stodola-L. C. Loewenstein, “Steam and gas 
turbines”, New York, 1945, Arts. 152, 154; J. E. Gosline and M. P. O’Brien, “The 
water jet pump”, Univ. of Calif. Press, 1934. 

^ For marine jet propulsion, see C. B. Brin, Trans. Inst. Nav. Arch. 12 (1871), 128- 
49; Gibson, op. cit., Arts. 136-7. Aircraft jet propulsion is being thoroughly treated 
in the 12-volume Princeton University Press Series, “High speed aerodynamics and 
jet propulsion”; see also J. G. Keenan, “Gas turbines and jet propulsion”, Oxford 
Press, 1946, Ch. XII. 
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Fig. 1 (upper half). Jets from fire nozzles and square orifice. (Courtesy Iowa In- 
stitute of Hydraulics), (lower half). Divided plane jet between parallel glass plates. 
(Gordon McKay Laboratory, Harvard University) 
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meteorologists have also become aware of “jet streams” of air in the strat- 
osphere, travelling 100-300 miles per hour®. 

2, Wakes and cavities. It is easily observed that, if an obstacle or 
barrier is held stationary in a moving stream, the flow usually separates 
from the obstacle along so-called separating streamlines. The fluid between 
these streamlines constitutes the wake; it is usually relatively peaceful 
(''dead water”) just behind the obstacle. 

Relative to the fluid, the wake presents a very different appearance. In 
this case, it consists of a train of eddies extending far behind the solid, as 
in the familiar case of the wake behind a rowboat. 

Fig. 2 reproduces photographs by O. Flachsbart®"* of the wake behind a 
flat plate at Reynolds numbers R = 820-1,750. Note the development of 
turbulence, a few plate diameters behind the plate. 

In any case, wakes are important because they represent the main source 
of real fluid resistance or drag. As is well known, no resistance would nor- 
mally®^ occur in a non-viscous fluid at subsonic velocities, if it were not for 
flow separation and the attendant wake. 

Wakes also play a role in other practical problems, as in the settling of 
smoke on the topdecks of steamers®, and in the design of shields to screen 
navigators from the wind. 

In the case of high-speed motion through a liquid, the wake becomes 
gaseous; such a wake is called a cavity. Thus if a sphere is dropped into 
water at speeds of 25 f/s or more, an air-filled cavity is formed (see Figs. 
3a-3b of Ch. XV). Again, if an obstacle is held in a stream of water moving 
at 100 f/s or more under atmospheric pressure, or at lower speeds under 
reduced pressure, a vapor-filled cavity is formed, like the one shown in 
Fig. 3. 

Air-filled cavities were first studied around 1900 by Worthington [90], 
out of scientific curiosity. At about the same time, engineers became aware 
of the serious problems caused by vapor-filled cavity bubbles in marine 
propellers and hydraulic turbines; this had been anticipated in 1754 by 
Euler^. Some references to the enormous literature concerning these sub- 
jects will be found in Ch. XV, §§4-7. 

5 Gen. elec, review 56 (1953), 42-7. 

ZaMM 15 (1935), 32-7, Abb, 7a-7f. For R, see (5). 

[4, Ch. I, §6]. In the case of airfoils of finite span with sharp trailing edges, 
“induced drag” provides an exception [31, §12]. 

® See J. Valensi and L. Guillonde, Bull. Assn. Tech. Marit. Aero. *17 (1048), 180-2; 
F. W. Lanchester, Aerodynamics, 4th ed., London, 1908, p. 41. For wakes and resist- 
ance, see ibid., §30 and pp. 129-37. For the wake of a jet, see Sir Geoifrey Taylor, 
Riabouchinsky Anniv. Vol., 313-7. 

7 L. Euler, Hist, de FAcademie Royale Berlin 10 (1754), 227-95; for a graphic 
modern exposition, see R. T. Knapp, Trans, Inst. Mech. Eng. London A166 (1952), 
150-63. 
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Fig. 2, Wake behind flat plate. 

During World War I, Rayleigh [65, vol. 6, p. 504] analyzed the oscillating 
cavities formed in underwater explosions. However, the intensive scientific 
study of underwater explosions was really initiated in World War II (see 
[17]). 

This cataclysmic event also gave a great practical importance to Worth- 
ington’s studies, because of their relation to the entry into water of air- 
launched missiles (see [4, Ch. II], [30] and [59b]). At the same time, it be- 
came realized^ that the initiation of explosions by percussion was really due 
to the adiabatic heating of small internal cavities. Still more recently, it has 

® F. P. Bowden and A. D. Yoffe, The initiation and growth of explosions in liquids 
and solids, Cambridge Univ. Press, 1952, §§3. 1-3.2, §4.1. 
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Fig. 3 (top). Cavity behind hemisphere in free jet. (Courtesy St. Anthony Falls 
Hydraulic Laboratory), (bottom). Cavity behind sphere dropped in water. (Courtesy 
Naval Ordnance Laboratory) 

been found that cavities play an important role in the homogenation of 
milk®. 

There are innumerable other practical questions involving the behavior 
of jets, wakes, and cavities, some of which will be mentioned from time to 
time below. 

3. Plan of book. The present monograph is devoted to the quantitative 
scientific analysis of jets, wakes and cavities. Where possible, an attempt 

9 C. C. Loo et ah, J. Dairy Sci. 33 (1950), 692-702. 
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is made to predict their behavior by solving an appropriate boundary value 
'problem involving the partial differential equations of fluid motion. 

In the case of liquid jets in air, and of cavity flow, this program can be 
carried through successfully, at least in simple cases, if the flow is rapid 
enough for gravity to be negligible and for viscosity effects to be confined 
to the boundary layer. In these cases, Euler^s partial differential equations 
for non-viscous flow (§8) are approximately applicable, and one can use 
the free boundary condition of constant pressure on the liquid-gas interface 
to locate the flow boundary, where it is not constrained by a solid wall. 
Thus, in the case of liquid jets in air, we will use potential theory (§8), and 
assume 

(la) p = patm (atmospheric pressure) on the free boundary. 

In the case of vapor-filled “true’^ cavities, the conditions 

(lb) p = pv (vapor pressure) on the cavity wall, 
p Pv inside the liquid, 

provide a fair approximation to the true facts [1]. 

However, the cases of wakes, of gas jets in a gas of nearly equal density, 
and of liquid jets in a liquid, cannot be treated even approximately in this 
way — ^in spite of the enormous mathematical literature suggesting the con- 
trary. Presumably, the flow is determined by the Navier-Stokes equations 
of Ch. XII, §1. But the complicated experimental phenomena summarized 
in §§13-15 should make the difficulties of rational prediction apparent. 

Recognizing the preceding facts, we have treated first (in Chs. II-XI) 
the applications of Euler’s differential equations to flows with free bound- 
aries — ^i.e., to liquid flows bounded by a liquid-gas interface. The major 
portion of the book has been devoted to these applications, not because of 
their greater practical importance, but because more could be said about 
them theoretically. 

In Chs. XII-XIV, we have turned our attention to the cases of laminar 
viscous, periodic, and turbulent jets and wakes. Here exact results are ex- 
ceedingly rare, and a quasi-empirical approach has therefore been adopted. 

Finally, in Ch. XV, we have summarized many important limitations on 
the deductions made in Chs. II-XI, due to neglect of surface tension, dis- 
solved gas, and other physical variables. This discussion is almost entirely 
empirical 

Before launching into the detailed consideration of special cases, we will 
however briefly discuss some simple ideas which underlie the whole subject. 
To these simple ideas, then, the present chapter will be devoted. 
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4. Dimensionless ratios. As in all branches of mechanics, various di- 
mensionless ratios play an important role in the theory of jets, wakes and 
cavities. 

Perhaps the most important such ratio is the density-ratio 

(2) p7p 

between two components of a flow (e.g., of a liquid jet in air, or of a cavity 
flow). Intuitively, one easily guesses that if 

(2*) p7p « 1, 

then the fluid of density p' can be ignored. Indeed, it is this condition, 
which was apparently first formulated explicitly by Betz and Petersohn 

(2) , which underlies the relative success of potential theory in predicting 
the behavior of liquid jets in air and of cavities. 

Next most important is the Thoma cavitation number 

(3) Q= iVf- 

In (3), Pf denotes the ambient (free stream) pressure, p the density, and v 
the free stream velocity. Closely related to Q is the local underpressure 
coefficient —(7, , defined as the function 

(4) -Cj, = ipf- p)/hpv\ 

The underpressure coefficient is closely related to the cavitation number. 
Thus, inside vapor-filled cavities satisfying (lb), the local underpressure 
coefficient is the Thoma cavitation number. By analogy, we define the 
cavitation number of a cavity flow in general as 

(3a) Q = (P/ - P.)/W, 

where p. is the pressure in the cavity just behind the obstacle. 

In the case of wakes, the pressure just behind an obstacle is ordinarily 
nearly a constant Pb , the “base pressure”. In this case, we shall let 

(3b) Q^iPf- PB)/hv\ 

denote similarly the wake underpressure coefficient; typical values of Q 
are given in Ch. XIV, §3. (Note that, in the case of hypeisonic flow, the 
wake pressure is nearly zero, and so the behavior of the wake closely 
resembles that of a cavity.) 

Besides Q, the traditional Reynolds number 

(5) R = pvd/n = vd/v, 
and the Froude number 

( 6 ) 


F = vVgd 
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play a basic role in the understanding of jets, wakes, and cavities. Here d 
is a typical linear dimension (e.g., a diameter), ju is the viscosity, v == ju/p 
the kinematic viscosity, and g the acceleration of gravity. As usual [4, Ch. 
Ill], 1/R and 1/F express the relative importance of viscosity and gi'avity, 
respectively. 

Finally, we shall find it convenient to adopt the usual notation for drag 
and lift coeflBcients, 

(7) Cj, = D/hv^A and Cl = L/hvA, 

where D is the drag, L the cross-force or lift, and A the cross-section area 
of an obstacle placed in a flow. 

In §13, we shall see that the dimensionless ratios defined above are sig- 
nificant theoretically as well as empirically. 

5. Real wakes. Real wakes provide a striking illustration of the im- 
portance of the Reynolds number R defined by (5). As i? = vd/v increases, 
the nature of the wake behind a circular cylinder, sphere, or other obstacle 
of diameter d, changes progressively through a quite well-defined sequence 
of metamorphoses, which may be described roughly as follows [31, p. 550]. 
(A more detailed discussion will be given in Chs. XII-XIV. Thus, Figs. 1 
and 2a-2c of Ch. XII illustrate the sequence of changes pictorially.) 

If < 0.1, the streamlines have approximate fore-and-aft symmetry 
corresponding to ^‘creeping flow’\ In the interval 0.1 < jB < 5 (say), the 
streamlines open out behind the obstacle, destroying this symmetry. As R 
increases further (say, if 5 < 22 < 25), two stationary vortices may form 
symmetrically behind the obstacle. In this range of R also, a well defined 
laminar '^boimdary layer” of concentrated vorticity along the body be- 
comes apparent. 

In the range 30 < 2? < 1500, extreme diversity of flows is possible. Just 
behind a flat plate, a more or less fixed wake is typical, as shown in Fig. 2. 
In the case of a circular cylinder, the wake swings from side to side, and 
vortices of alternating sign are shed periodically, as in Fig. la of Ch. XIII. 
In the case of a disc, vortex loops are shed periodically. 

As R increases further, the wake becomes increasingly turbulent, and 
periodicities harder to observe. Finally, in the range R 10®-10®, the 
boundary layer itself becomes turbulent, flow separation is delayed, and the 
wake behind a streamlined body narrows markedly. 

6. Kinds of cavitation. If we assume that cavitation occurs spontane- 
ously when p < , as in (lb), we get a rough idea of when to expect cavi- 

tation in steady flow. (Some notable exceptions to this assumption are 
described in Ch. XV, §§1-4.) Corresponding to this idea (cf. §8), thequalita- 



10 


I. BACKGROUND AND PROSPECTUS 



Figs. 4a-4b. Photographs of the cavity behind a disc in a water tunnel. (Courtesy 
Naval Ordnance Laboratory) 

tive nature of cavitating flow past an obstacle varies with the Thorn a 
cavitation number Q defined by (3), roughly as follows (cf. [1], [23] or [48]). 

The first sign of cavitation occurs when Q falls below some critical value 
Qi , usually in the interval 0.35 < Qi < 1.0. The precise value of Qi depends 
largely on the obstacle shape, but is also influenced by surface tension, air 
content, and viscosity (see Ch. XV, loc. cit,). When Q falls below Qi , minute 
air or vapor filled cavities open up in the zone of negative pressure, collaps- 
ing noisily as soon as the flow has carried them back to a region of higher 
pressure. This type of flow is called incipient cavitation. 

As Q decreases progressively, the cavitation bubbles become larger, and 
flow separation occurs in front of the zone of cavitation. For still smaller 
Q, the bubbles merge into a large envelope, which may be called “the 
cavity”. Ordinary photographs of such cavities (see Fig. 4a) give them a 
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smooth, whitish appearance, because during the time of photographic 
exposure, the bubbles move many diameters (say l'' in 0.02 sec.). High- 
speed photographs^^ (with exposure times of 10“^ secs.) reveal a foamy, 
turbulent wall in such cases (see Fig. 4b); the flows usually have a pro- 
nounced pressure gradient in the cavity. At still lower cavitation numbers 
(say, Q — 0.10), especially in the case of highly polished, sharp-edged 
obstacles in water tunnels having low turbulence and air content, a smooth, 
transparent, truly stationary cavity wall is apparent. 

Various other types of cavitation are also possible; they will be described 
in Ch. XV. Besides '‘burbling cavitation^’ on the back side of propeller and 
turbine blades, there is "tip cavitation” spiralling off propeller tips, "vortex 
cavitation” near drowned jets, and "acoustic cavitation” stimulated by 
sound. 


7. Parallel flow models. However, not all jets and cavities are so com- 
plicated. For example, liquid jets from faucets, and vertical cavity flows 
past long solids, can be approximaetly represented by the following two 
simple parallel flow models. 

In the model for jets, the flow is assumed to have constant velocity v 
inside a straight circular cylinder of diameter d == 2a, while the surrounding 
medium is static, as in Fig. 5a, In the cavity model, the flow is uniform 
with velocity v outside the same cylinder. The cylinder is occupied by a 
semi-infinite solid in front, and by a cavity (or static wake filled with 
"dead water”) behind, as in Fig. 5b. 

In both models, each region of smooth flow is assumed bounded by a 
surface of discontinuity or slipstream}^, across w^hich the velocity changes 
discontinuously. In a non-viscous fluid, such a slipstream would be in equi- 
librium, provided the pressure w^ere continuous across the slipstream. 

Actually, the flows of Figs. 5a-5b would satisfy the equations of motion 
exactly in any non-viscous, incompressible fluid of constant density p. This 

Similarly, photographs with exposure times of 0.01 sec. or less gave the first clear 
picture of wake flow. See L. Ahlborn, “Uber den mechanismus des hydrodynamischen 
Widerstandes”, Hamburg, 1902. For jets, see [65, vol. 3, p. 444]. 

The possibility of such a slipstream was conceived by Newton, 'Trincipia 
Mathematical^ Book II, Prop. 36, but his discussion is erroneous. 
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can be verified easily, by consulting the mathematical definition of such a 
fluid, given in §8. In this sense, as first observed by Helmholtz [35], these 
flows constitute possible models of a gas jet in a gas, and of a wake. 

Instability, Unfortunately, the slipstreams are unstable^l As will be shown 
in Ch. XI, §14, small perturbations in them grow exponentially. The rate of 
growth is roughly proportional to p'/p, where p' is the smaller of the 
densities on the two sides of the slipstream. (Viscosity is relatively unim- 
portant.) 

Because of this instability, the models of Figs. 5a-5b represent real flows 
approximately only when (2*) is satisfied, or at the beghming of the jet or 
wake. Moreover, unless p' = p, the models fail because of gravity: the 
hydrostatic pressure can no longer be continuous across the slipstream, 
except in horizontal flow. 

For these reasons, the preceding models correspond approximately io 
physical reality primarily when 


(2*) 

p'/p <S( 1, 

and 


(7*) 

F» 1. 


(Actually, 12 ^ 1 and ilf <3C 1 are also assumed.) The same limitations 
(2*) and (7*) apply ordinarily to the mathematical generalizations of the 
models of Figs. 5a~5b, with which Chs. II~X will be mainly concerned. 
(For some exceptions, see ftnt. 22 and Ch. II, ftnts. 4, 7, and 14.) 

8- Euler flows • The generalizations of Chs. II~X arc based on Euler’s 
partial differential equations for incompressible, non-viscous flow, which 
are easily given. We assume that the vector velocity u is a function of vec^- 
tor position x and time t, which possesses continuous derivatives cx(^opt 
perhaps on exceptional surfaces of discontinuity. Thus, in tensor notation, 

(8) Ui = Ui{xi , X2 ,xz\t) [i = 1, 2, 3]. 

A mathematically defined flow is called volume-conserving or incompressible 
if and only if it satisfies the identity 

3 

(9) Div u = ^ dui/dxi = 0, for all x, L 

im.1 

At speeds up to 20% of the speed of sound (e.g., up to 220 f/s in air and 
950 //s in water), real flows are nearly volume-conserving. 

“ This was recognized by Helmholtz [35, p. 222]; and earlier by G. Stokes, Trans. 
Gamb. Phil. Soc. 8 (1843), p. 127. 
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Euler's equations of motion for a non-viscous, incompressible flow are 


( 10 ) 


J OUi . OUi I 


dp 


Here g = g(x) is the vector gravity; p is the density and p the pressure. 

A vector field (flow) u(x; t) is called irrotational if it has a velocity po- 
tential U(x]t) whose gradient is u(x; i), so that 


(11) Ui = dUfdXi, or u = VU. 


Such an irrotational flow is evidently volume-conserving if and only if 

(12) — 22 dUi/dXi = X) d^U/dXi^ = 0. 


It is easily verified that an irrotational volume-consendng flow satisfies 
(10), if and only if the associated pressure p(x; t) satisfies the Bernoulli 
equation 

(13) p + ipVUVU + pdU/dt + p(? = po(t). 

In (13), G — G(x) is the gravitational potential, so that g = — V(?. Such a 
flow, satisfying (11)-(13), will be called an ideal or Euler flow. 

Conversely, it may be shown [50, Chs. I-III] that any non-viscous, in- 
compressible fluid undergoes an Euler flow, if accelerated from rest or from 
any other irrotational initial condition. 


9. Free streamlines. The Bernoulli equation (13) implies that the 
velocity is constant on the boundary of steady Euler flows like those of §7, 
under either of two hypotheses. (Note that dU/dt = 0 in any steady Euler 
flow.) 

First, if the internal density p' is negligible, then the pressure along the 
slipstream is nearly constant, since the pressure in the internal medium is. 
Moreover this is true whether or not the low-density medium is at rest. 
Hence the boundary of the high-density fluid is at constant pressure pc . 
Such a boundary is called a, free boundary \ boundaries between liquids and 
gases are typically of this kind. 

Therefore, if g is also negligible (i.e., if the Froude number v^/gd is sufii- 
ciently large), and if the high-density flow is steady, then by (13) 

ipVUVU = po{t) - pGo - Pc 

is nearly constant on the bounding free streamline, at nearly constant pres- 
sure Pc . 

Secondly, if p' = p, and the external fluid of density p' is static, then 
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continuity of pressure across the boundary gives (on the boundary) 
^pVUVU == po(t) — pG — p 

= ?>o(0 ^ pG — [pi(t) — p'G] = po(t) — Pi(t), 

where piif) is the constant in (13) for the static fluid. Hence the flow veloc- 
ity along the bounding streamline of discontinuity (slipstream) is again 
constant, even though the pressure need not be. 

Chs, II-X below will be concerned with the mathematical (construction 
of steady Euler flows bounded by free streamlines, in the sense just definc'd. 
That is, they will be concerned with the construction of solutions t/(x) of 
the Laplace equation = 0, subject to the two boundaiy conditions 

(14a) dU/dn = 0 on the ‘"fixed” boundary 

(14b) I VC/ I = const, on the “free” boundary. 

In this sense, they will be concerned with finding analogs of the flows of 
Figs. 5a-5b, for jets from general orifices and cavities behind general 
barriers. 

10 • Conservation laws and jets. In general, the solution of the 
boundary value problem (12)-(14a)-(14b) just defined requires conformal 
mapping or potential theory. However, a few important results can he 
found by applying Bernoulli’s equation and simple conservation laws. We 
shall now present briefly some such results, involving jets. 

TomcelU’s Theorem. For example, consider the jet from an orifi(;e in a 
container, in which the water level is at a height h above the orifice. nKUi, 
by Bernoulli’s equation (13), assuming the density p' outside the container 
to be negligible, so that the pressure is the atmospheric pressure every- 
where outside the container, the velocity v = | W | on the (free) bounding 
streamline will satisfy 

(14) Pa + = 3?a + pgK OT V ^ 

This is Torricelli’s Theorem. 

Borda tube. In general, the jet cross-section is less than the orifice cross- 
section by a factor Cc called the ""coefficient of contraction”. By momentum 
considerations, one can calculate Cc in one special case, as follows. Lct^'^ a 
container with vertical walls be filled with a liquid of density p, into which 
is inserted, as in Fig. 6, a horizontal tube (""Borda mouthpiece”) of cross- 
section area A ; let the pressure head at the level of the tube be p. We assume 

See L. Prandtl and O. G. Tietjens, Hydro- and aeromechanics, Now York, 1043, 
vol. 1, p. 242. The argument is due to J. Borda, M(Sm. de TAcaddmie (1766), p. 500. 
See James Thomson, op. cit. in ftnt. 3, pp. 91-6, for extensions. 
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that the flow separates^^ from the tube at its inner end, and that the jet 
from the tube tends asymptotically to a constant speed v\ this must be the 
constant “free streamline’’ velocity on the jet boundary. Let A* be the 
asymptotic jet cross-section; then A^J A is by definition the coefficient of 
contraction. We compute it as follows. 

Per unit time, the volume efflux is vA^, the momentum efflux is pv^A^; 
the kinetic energy efflux is The momentum supplied is however pA 

(pressure excess); the (potential) energy p(yA*). Hence pA = and 

— |p 2 ;^A*. Dividing v times the first equation by the second, we get 
the result 


(15) 


A 


1 

2 • 


This argument is not restricted to plane flows, but is equally valid for a cir- 
cular tube. (In Ch. II, §5, a complete description of the plane flow through 
a Borda tube is given.) 

Jet Penetration. Again, let a homogeneous jet of density py and finite 
length X impinge with velocity Vj on a fixed target of density p, as in Fig. 7a, 
so that the jet length diminishes at the rate Vj — u. Relative to an observer 
moving with the penetration velocity u, the phenomenon is stationary; the 
jet and target approach a common stagnation point with velocities Vj — u 

This is the case of '‘free flow”; see A. H. Gibson, Hydraulics, and its applications, 
4th ed., London, 1947, p. 122. "Full flow” can also occur. 
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and as in Fig. 7b. Hence Bernoulli’s theorem applies in both media; 
equating pressures at the stagnation point, we have |py(e^; — tif = Ipu^- 
Applying this equation to the ratio of the rate u of penetration to the rai.c 
Vj — at which the jet is ''eaten up”, we get the fundamental cquation^^’ 

riA'i depth of penetration 

^ ^ length of jet 

This is quite well confirmed experimentally for shaped charges^^, but would 
be of doubtful applicability to hypospray or dental drilling (§1). 

Lined hollow charges, A final application is to lined hollow chai’gos (cf. 
§1) having conical or wedge-shaped cavities^®, as in Fig. 7c. When collapsed 
by a detonation wave, as in Fig. 7d, split microsecond X-ray shadowgrams 
reveal that the collapsed wall reforms in front of the moving collapse point 
J as a thin "jet”, and behind J as a thicker "slug”. 

A rough explanation of the observed facts can be deduced from the 
following simplifying assumptions: (i) an impulsive velocity vq is imparted 
to the walls by the pressure of the passing detonation w^ave, after which 
pressure variations can be neglected, (ii) the process is nearly stationary, 
as viewed by an observer moving with the collapse point J. Wc let 2/3 
denote the angle between the collapsing walls, and note that the direction 

Discovered by B. Hill, N. F. Mott, and D. C. Pack in England, during World 
War II. 

For further details, see G. Birkhoif, D. P. MacDougall, E. M. Pugh, and Sir 
Geoffrey Taylor, J, Appl. Phys. 19 (1948), 663“82, from which the exposition below is 
adapted. The extension to nonstationary conditions has been treated by E. M. Pugh, 
B. J. Eichelberger and N. Bostoker, J. Appl. Phys. 23 (1952), 532-42. See also B. J. 
Eichelberger, ibid. 26 (1955), 398-402 and 27 (1956), 63-^. 
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of motion will nearly bisect the angle ^ — a between the normal to the 
original liner surface, and the normal to the collapsing liner surface. 

If m denotes the rate at which the liner mass is collapsed, and mj the 
rate at which jet mass is created, slug mass will increase at the rate mg = 
m — nij j by mass conservation. Further, by (i)-(ii), Bernoulli's equation 
(§9) is applicable, and so all exposed surfaces have the same “free bound- 
ary’’ velocity . Thus the jet and slug lengthen at exactly the same rate 
during collapse. Hence the momentum equation has the simple form 

mv 2 cos jS + msV 2 = mjV 2 . 

Combining with my + = m, and solving, we get 

(17) my/m = (1 — cos /3)/2, ma/m = (1 + cos ^)/2, 

The velocity with which J is moving can be computed by trigonometry; 
it is vi = cos — a)/sin /?. From this, the jet and slug velocities + V 2 
and vi — V 2 are easily found. 

Some limitations on the validity of this rough theory, due to com- 
pressibility, will be discussed in Ch. VIII, §9. A complete description of 
the velocity field in the two-dimensional case (of wedge-shaped cavities) 
will be given in Ch. Ill, §4. If the flow is reversed, one gets a theory of the 
conical sheets formed by two impinging coaxial jets. 

11. Applications to cavities. Similar elementary methods can be used 
to deduce valuable information about cavities, subject to the approxima- 
tions already described in §5. 

Blocking constant. As a first example, we shall derive the blocking constant 
for steady cavity flow in a water tunnel (Fig. 8). We suppose^^ an incom- 
pressible, non-viscous liquid, and a stationary liquid-gas interface, with 
negligible turbulence. Further, we suppose a uniform upstream flow with 
velocity , and a uniform free downstream velocity vx as the cavity ap- 
proaches its maximum cross-section Ac , in a tunnel of cross-section Ao . 
The rate of increase of liquid momentum per unit time is clearly pviAi — 
p^o^Ao , where Ai = Ao “ Ac . The total thrust on a long section of liquid is 

The discussion given is quoted verbatim from [6, Part I, §2]. It is assumed that 
gravity is negligible. 
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_ p;)Aq - D, where 3?o is the upstream pressure in the free stream, j 
is the cavity (vapor) pressure, and D is the drag. Hence 

pViAi — pVqAq == (po — Pw)4o — D- 

But by Bernoulli’s equation, po + == Pt» + pVi/2] by c*.onsejvatio 

of volume, viAi = vqAq . Substituting 

(18) D = pAq{\{vi — v^) + (vo — 2 ^ 1 ) 2 ^ o) = ^pAq{vi — VqY . 

By Bernoulli’s equation again, and (3), 

(18') Q = {vi/v^f — 1, or (1 + QY = vi/i \) . 

Hence if we define the drag coefficient, as is usual, in terms of the ol)stac 
cross-section A and the upstream velocity vq = v/ , so that 

Ci) = 2DfpvoA = {vi/vq — l)^Ao/A, 

we have the exact relation 

(19) Cz> = [(1 + Q)^ - ifAo/A ^ Q'Ao/4/1. 

Hence Q camiot drop below the blocking constant, Q^in , defined by 

(19') Q S Qmiu = 2{Cnf{A/A,f, 

Since Cd ordinarily varies between .0625 and 1.00, wo have in practic 
(A/Ao)V 2 ^ Qmin S 2(A/Aq)K Thus, to achieve Q = .05, we must hav 
Aq/A about 400, at least. Since this is not practical, we conclude [GJ that 
free jet is preferable to a closed water tunnel, for studies of (iavitatiou fc 
Q < 0.1. 

Drag and Q. By assuming that the pressure variation is independent ( 
Q, up to a scale factor, we also get the very useful approximate formula”^ 

(20) Ci)(Q) = (1 + Q)C7^(0). 

For, by Bernoulli’s equation, the overpressure coefficient Cp varies from 
at the stagnation point to — Q in the cavity. 

With the interpretation (3b), formula (20) is also very useful for wakei 
Thus, it relates the mathematical 0^(0) deduced theoretically for Q = ( 
with the actual Cd . More generally, the formula 

(20') 1 - CpiQ) - (1 + Q)(l - CM) 

is also approximately applicable. 

Cavity size, A similar approximate argument gives a faiily reliable ide 
of cavity size. This size is very important in wound ballistic^s, beciause th 

« Formula (20) is implicit in [1]. For further discussion, see [67a], [6], and [23, j 
38]. 
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wounding power of high-speed bullets is often due more to the large transi- 
ent cavity which they make, then to their perforating power^^ 

Underlying the argument is the idea that the flow around the closed 
cavity behind a high-speed missile is largely radial. Specifically, one sup- 
poses that the drag D = \pv^ACd (cf. (7)) is imparted to the water as 
kinetic energy, per unit length of travel. Assuming further that almost all 
this kinetic energy is converted to potential energy (work of cavity expan- 
sion) at the maximum cavity cross-section , we get ^pv^ACn — (Pf — 

Pc) Am , or"® 

(21) Q ~ CiA/Am . 

Similarly, in an open cavity extending to the water surface, it may be 
assumed that the work is done against hydrostatic pressure pgy at depth y. 
This gives the approximate formula 

(21') Am(y) D/pgy, or A^/A = Ct>v^l2gy. 

This inexact analysis will be pushed further in Ch. X, §6. 

12. Ideal plane flows. To determine complete ideal (Euler) flows satis- 
fying (12)’-(14a)-(14b), more advanced methods are needed. The simplest 
case is that of ideal 'plane flows. Chs. II-VII are largely devoted to this 
case, which is the only case in which an extensive exact theory exists. 

In plane flows, position in the physical plane may be represented by a 
single complex coordinate z = x + iy. The complex conjugate of the 
vector velocity may be denoted by f = J + irj, so that ^ — Ui and ?? = --uz , 
If the complex potential W is defined as U + iV, where U is the velocity 
potential and V the stream function, then it is a classic result [50, Ch. IV] 
for ideal plane flows that W{z) is a complex analytic function, where 

(22) dW/dz = f, so that z = j T' dW . 

Hence conditions (14a)-(14b) reduce to 

(22a) V = const, on the “fixed’' boundary, 

(22b) I f 1 = I dWjdz I — const, on the “free" boundary. 

In certain cases of straight or polygonal fixed boundaries, ideal plane 
flows satisfying (22)“(22a)-(22b) can be found by conformal mapping, and 
the resulting flows expressed in closed form. Chs. II, III, and V will be 

C. Cranz, ‘‘Handbook of Ballistics”, vol. 1, §74, London, 1921. 

20 Formula (20) was developed in 1945 independently by H. Reichardt [67a] and 
L. H. Loomis. It predicts Q about 25% less than more exact theories (Ch. V, §9). 
Formula (21') was derived in 1944 by J. H. McMillen. 
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devoted to the exploitation of this technique, fii’st applied in 1808-9 by 
Helmholtz [35] and Kirchhoff [47]. 

The case of curved fixed boundaries is much deeper theoretically, and is 
treated in Ch. VI. Although many of the basic ideas were discovered in 
1907 by Levi-Civita [54], it was not until 1930 or so that the theory was 
completed by satisfactory existence and uniqueness theorems. Tliesc arc 
proved in Ch. VII, whose §1 gives a brief historical discussion. 


13. General theorems. Although most of Chs. II-XI will be (con- 
cerned with those special configurations for which complete flows can be 
explicitly constructed, it is important to be aware of some general proper- 
ties of (ideal) flows with free boundaries. We begin with an observation due 
to Kirchhoff^b 

Theorem 1. In any flow satisfying (12)-(13), the minimum pressin-e is 
assumed on the boundary. 

Proof. Taking the Laplacian of (13), and noting that = 0 [4^, p. 124], 
one gets after some calculation 

0 = '/p + yv\VUVU) = vV + P E Vwr Vw,- . 

But clearly VuvVui ^ 0; hence [44, p. 316] the pressure is supcrharinmic, 
and assumes its minimum value on the boundary. 

It follows that, assuming (lb), cavitation in irrotational flow (but not 
vortex cavitation) must begin on the boundary. 

Next, we give a general kinematic principle due to M. Brillouin [10]. 

Theorem 2 (Brillouin ’s Principle). In steady irrotational flow, str(^am- 
lines curve in the direction of increasing velocity. 

Proof, The acceleration components of fluid particles satisfy, by defini- 
tion 




dUi 

dXk 


= E 




dUk 

dXi 


dXi 


(I E 


dV 

dXi 


if 2^ — (S denotes the flow speed. The acceleration is consequently 
parallel to the velocity gradient Vv, 

The preceding theorems assumed that the flow was irrotational ; \vq next/ 
state a result on dynamic similitude in which this is not assumed, but 
gravity is neglected. 

Theorem 3. Let # be an incompressible steady flow of a non-viscous flow 
with a free boundary. Then, for any real constants a, jS, 7 > 0, and tlie 
transformation x' = ax, u' == /3u, p' = yp, and p' = (l3y)p + 8 defines a 
steady flow also satisfying Euler’s equations. 


Vorlesungen Uber Mechanih, 1876, p. 186; see also G. Bouligand, J. do Math, C 
(1927), p. 427, or [4, p. 61]. 
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The proof is immediate from (9)-(10), if g and b/bi are neglected [4, Ch. 
IV, §16]. The transformation carries free boundaries into free boundaries, 
and makes TJ^ = ot^U with Euler flows. It preseiwes all dimensionless co- 
eflSicients such as Cd , the Q of (3a), etc. 

CoROLLAKY. In determining an Euler flow with free boundaries, we can 
assume p = i;/ = 1 and (say) d == x, without loss of generality. 

Many other general results will be derived in Chs. IV and VII below. 

14, Applications. The general theorems of §13 have some very im- 
portant applications, which we shall now state as corollaries. These appli- 
cations refer to steady ideal plane and axially symmetric flows, with grav- 
ity neglected. 

Corollary 1. If (lb) holds, then Q ^ 0 and cavities must be convex. 

Proof. Since (lb) implies p/ ^ Pv , Q ^ 0 is obvious. Again, since DulDt 
(the fluid acceleration) is — Vp/p, accelerations must be towards the cavity, 
if the pressure there is a minimum. 

The preceding result, like Thm. 1, accords well with physical observation. 

Corollary 2. With a finite cavity, the velocity on the cavity wall is a 
constant, and so a stagnation point is impossible. 

Proof. By Bernoulli’s Thm. along a streamline [61, p. 7], constant cavity 
pressure implies constant velocity. (As in Cor. 1, the flow need not be 
assumed irrotational.) 

Corollary 3. A finite cavity, along w’^hose wall the sense of velocity 
changes, must be cusped and with Q ^ 0. 

(For such cusped cavities, see Ch. V, §14 and Ch. VT, §10. Using the 
Strict Maximum Principle of Ch. IV, §9, Q < 0 can be proved.) 

Corollary 4. If (lb) holds, the cavity behind a simple barrier must have 
infinite length and satisfy Q = 0. 

Corollary 4 creates a fundamental theoretical difficulty, since Q > 0 
for real cavities (and wakes). This difficulty can be resolved by introducing 
fictitious barriers or reentrant jets at the rear end of the cavity (cf . Ch. II, 
§8, Ch. Ill, §8, and Ch. V, §9). This was first shown for wakes in 1920 by 
Riabouchinsky ([69], [70]), and the idea extended in 1932 to cavities by 
Weinig [46, pp. 294-300]. 

In the case of curved solid obstacles, there is a second, less serious diffi- 
culty, ignored by Levi-Civita, and first pointed out in 1911 by M. Brillouin 
[10], Namely, the separation point is variable, even in the case of an infinite 
cavity. (In the case of a flat plate, separation must occur at the sharp ends, 
if infini te velocities and hence cavitation are to be avoided. — ^This was 
already remarked by Helmholtz [35], in 1868.) 

To determine this separation point, an ingenious mathematical argument 
is required (Ch. VI, §6), whose physical justffication through condition 
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(lb) was only pointed out recently [4, Ch. II, §5]. For a wide class of two- 
dimensional solid obstacles, including circular cylinders, the following con- 
ditions are equivalent: (i) separation is as far forward as possible, (ii) the 
pressure is minimized on the cavity wall, (iii) the cavity is convex, (iv) the 
cavity curvature at the separation point is finite. 

15. Effective computation; generalizations. For the mathematician, 
the theory of ideal plane flows in Chs. VI-VII, and its implementation ])y 
ej^ective computational procedures in Ch. IX, are the climax of the book. 
They represent the complete solution of a difficult boundary value problem 
in potential theory, which has interested mathematicians for nearly a 
century. 

The last step, that of providing effective computational procedures, 
would hardly be practical if it were not for the recent development of high- 
speed computing machines. We have regarded this last step as of great im- 
portance, and have accordingly devoted an entire chapter to it (Ch. IX). 

However, success in solving this problem leaves little room for compla- 
cency. The problem of ideal plane flows neglects effects of compressibility, 
gravity and viscosity. Moreover it ignores the (“Helmholtz”) instability of 
slipstreams, and turbulence. The remainder of the book discusses attempts 
to take the preceding neglected factors into account, and to obtain three- 
dimensional flows with free boundaries. 

First, straightforward generalizations of complex variable methods are 
considered. Thus, in Ch. VIII, compressible plane flows without gravity 
(or viscosity) are analyzed, and incompressible plane flows with gravity. 
Especially for the former, the theory of Chaplygin [13] and his successors 
is still reasonably general and satisfactory. 

In Ch. X, steady axially symmetric Euler flows with free boundaries are 
considered. Although no exact analytical formulas and few precise numerical 
results are available, many approximate facts are known in special cases. 
Moreover direct numerical methods are being developed, which promise to 
solve this problem before long. 

The discussion of unsteady (i.e., time-dependent) potential flows in Ch. 
XI has a quite different flavor. Although the flows treated arc very im- 
portant for applications, specific results are mostly limited to simple syin- 
metric (e.g., cylindrical and spherical cavity) free boundary configurations, 
and perturbations thereof, which can be handled by the method of separa- 
tion of variables. The only exceptions are impulsive and self-similar flows, 
in which the time variable can be eliminated in other ways. 

16. Viscosity and turbulence. Our understanding of the effects of 
viscosity and turbulence on jets and wakes is even more meager. Therefore, 
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a quasi-empirical approach has been adopted in Chs. XII-XIV, which are 
concerned with these effects. 

This approach contrasts sharply with that adopted in Chs. II-XI, which 
mainly concern honest solutions of honest boundary value problems of 
potential theory. In the case of the non-linear Navier-Stokes equations, 
which presumably govern viscous and turbulent jets and wakes, no exact 
solutions relevant to the problem are known, except for ‘‘creeping^' flows 
with jR <<C 1. 

In Chs. XII and XIV, what theory there is involves httle more than in- 
terpretations of momentum conservation (which is much more complex 
than the non-viscous case would suggest), combined with similarity assump- 
tions about the asymptotic behavior. Moreover even this meager theory 
will not always stand the test of critical inspection; this is especially true of 
“mixing length’’ concepts, in spite of the vogue which they have enjoyed. 

The reliance on empiricism is even greater in Ch. XIII, dealing with the 
fascinating periodic manifestations which occur (cf. §5) at Reynolds num- 
bers intermediate between those typical of laminar viscous jets and wakes 
(Ch. XII), and those typical of turbulent jets and wakes (Ch. XIV). 

However unpalatable the discussion of Chs. XII-XIV may be to the 
mathematician, it comprises an important body of scientific fact and inter- 
pretation. In the important cases of liquid jets entering liquids, of gas jets 
entering gases, and of real wakes, it represents the best scientific under- 
standing at the present time. The potential-theoretic models of Chs. II-X 
are too erroneous, in spite of occasional exceptions^^^ ^0 j^ope that those 
who find the analysis of Chs. XII-XIV unpalatable, will try to improve 
on it! 

17. Other physical variables. As in most other branches of continuum 
mechanics, even the problems which are too complicated to solve mathe- 
matically, are greatly oversimplified physically. To complete our realistic 
appraisal of the theory of jets, w^akes, and cavities, we have concluded (in 
Ch. XV) by describing some important empirical facts involving physical 
variables which were ignored entirely in Chs. II-XIV. 

Some of these variables are listed in Ch. XV, §1. The point which we wish 
to make now is, that the phenomena of real jets, wakes and cavities are 
exceedingly involved. The successful mathematical treatment of one sim- 
plified model should be regarded as an encouragement to progress to the 
next, more realistic model. 

If this view is kept in mind, the arrangement of material in this book 
should appear quite logical, in spite of its heterogeneity. Successively more 

22 Such as their success in predicting approximately the discharge coefficients of 
jets from orifices. See Ch. II, ftnts. 4, 7, and 14. 
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complicated situations, or mathematical approximations thereto, arc 
treated in detail. At each stage of complication, we try to give a picture of 
what is known, organized as rationally as possible. As the complication in- 
creases, we pass gradually from theories which have been known for some 
time, to ideas which have been developed recently, then to theories which 
are highly fragmentary and incomplete, and finally to the simple narration 
of experimental facts, whose quantitative explanation is still shrouded in 
mystery. 

Following this plan, we now turn our attention to the simplest mathe- 
matical models of jets and cavities, after the parallel flow models of §7. 
Until we get to Ch. VIII, we shall be considering exclusively ideal (irro- 
tational, non-viscous) steady flows bounded by fixed and free streamlines, 
moving under the influence of inertia alone. We shall imagine these as 
describing the behavior of liquid jets in air, and of cavities behind obstacles 
in high-speed flows, and forget (temporarily) that the real flows arc also 
influenced by gravity, surface tension, and viscosity. 



CHAPTER II 

CIRCULAR SECTOR HODOGRAPHS 


1. Introduction. We recall from Ch. I, §12 that the mathematical theory 
of ideal plane flows involves three complex quantities: the position z = 
X + iy, the complex potential W — U + iV^ and the conjugate f f 
of the complex velocity = ? — iri. We also recall that 

(1) dWIdz = f, whence z = / 

The hodograph of such a flow is simply the locus of the values of f . 

In Chapters II, III, and V, we shall consider flows boimded by flat 
plates and free streamlines. In such cases, the hodograph boundary will 
consist of radial segments and circular arcs, centered at = 0. For, f has 
constant direction along any plate, and constant magnitude on any free 
streamline. 

In Chapters II-III, we shall consider flo^vs bounded by a single plate or 
wedge (which may, how’ever, pass '^through^’ a point at inflnity), and a 
single free streamline. Typical examples of such flows are provided by the 
cavity behind a symmetric wedge (Fig. la), and the jet from a funnel 
(Fig. lb). If we assume that there is at most one stagnation point, it follows 
that flow boundary is mapped onto the boundary of a circular sector in the 
hodograph plane. By Ch. I, §13, we can assume that this sector is (after a 
change of units and coordinate axes) 

(2) r: 0 ^ I f I ^ 1 0 ^ arg f ^ ir/n, 

for some positive n, as in Fig. Ic. We shall suppose this normalization in all 
our formulas. 

In fact, we shall assume in Ch. II that (i) the hodograph is simply covered 
(i.e., given f inside F, there is just one point z where the velocity is f*). 
Defining the W -diagram of an Euler flow as the locus of all W(z), we shall 
also make the customary assumption (ii) the W -diagram is simply connected 
and simply covered. In such cases, the flow can be determined using “ele- 
mentary’^ conformal transformations, by the following technique. 

In outline, the conformal mapping involved goes as follows. The func- 
tion ^ maps r onto a semi-circle, which in turn is mapped by T = 
+ f^) onto the upper half-plane 

(2') A: Im{T] ^ 0. 

26 
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(a) (h) (c) 

Fig. 1. 


Again, it is clear that for any real a, 6, c, d with ad > hc^ T = 
(aT + b)/(cf + (i) is a “schlichf', (i.e., one-one conformal) map of A 
onto itself. These facts are easily proved by elementary methods. 

The Fundamental Uniqueness Theorem of Conformal Mapping^ states 
that these are the only schlicht maps of A onto itself. There follows im- 
mediately 

Theorem 1. The most general schlicht map of T onto A is 

r. . . a(r” + 1 ) + 2br 

(3) + 1) + 2 dr ’ 

where a, 6, c, d are real and ad < be. 

We next note that any complete flow is bounded by streamlines, so that 
its TT-diagram is bounded by cuts parallel to the real axis. It is thus a 
special case of the theory of Schwarz-Christoffel transformatioiis [44, p. 370] 
that 

Theorem 2. If the TF-diagram of a complete flow is simply connected, 
then there is a schlicht map which maps A onto the TF-diagram, of the 
form 

(4) dW = fiT) dT^C - gjy dT, 

where the Ai , Bk are real, so that f{T) is a rational function with real 
coefficients. 

For example, in the case of a cavity behind a wedge, the Tf -diagram is 
a cut infinite plane; hence W = and /(T) = 2T, for a .suitable deter- 
mination of the constants a, 6, c, d in (3). In the case of the jet fi'om a 
funnel, the 'FF-diagram is an infinite strip and W = k In T, whence /(?’) = 
k/T. Another case is treated in Lemma 1 of §6. Note that, in all cases, W 
involves an arbitrary additive constant without physical meaning. 

CoEOLLAET. Under the preceding hypotheses, a is the integral of a rational 
function of f ” and f . 

^ I3, vol. 1, p. 61]. The proof is not so easy. 
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For T is a rational function (3) of f”, and 

(5) z = I riiT) dT. 

A general technique for integrating z(^) in closed form, when n is a ra- 
tional number, will be given in §9. Special cases will be discussed in §§2-8. 
The physical significance of each case will be first briefly described; this 
description will be followed by the details of the calculations involved. We 
hope that by presenting these details (which are surprisingly troublesome 
in practice), we will save interested readers much time. 

2. Cavity behind plate. We first consider the theoretical cavity behind 
a horizontal plate making an angle a with an infinite stream. Plates 1-3 
show the cases a = 90®, a = 45®, a = 15®. Note that, when a — 15°, the 
dividing point is very near the leading edge, and that the nearby free 
streamline curves very sharply back so as to follow the main stream. 

This model, originally designed to explain wake resistance^, underesti- 
mates the actual fluid pressure by a factor (1 + Q) of about two, 
when a > 15° (the ^^stalling angle^^ where flow separates). Here 
Q = (p/ — PB)lipv/ is the ‘^wake underpressure coefficient’’ [pf = free 
stream pressure, Pb = wake pressure, vs = free stream velocity], as in 
Ch. I. At angles a < 15®, it underestimates the ‘‘lift” of an actual airfoil 
by stiU larger factors. 

However, apart from its importance for cavity theory at Q = 0, and its 
historical importance, the model gives a fair idea of wake shape (see Plate 
11). The theoretical stagnation point and the center of pressure, plotted 
in Fig. 2, also agree with observation. Finally, the model gives a good 
idea when a > 15® of the pressure distribution along a flat plate, when 
corrected by the formula (see Ch. I, (20')) 

(6) = (1 + Q) (Cp) theory . 

The comparison is shown in Fig. 3. 

The hodograph is the semicircle T of (2), with n — 1 since the flow is 
horizontal (f real) on the horizontal plate. Hence, Theorems 1-2 apply; 
moreover W = as in §1, for a suitable choice of the constants in (3). 
To determine these, note that f = 0 when T = 0 at the dividing point. 
Hence a = 0 in (3), and so he > 0. Dividing numerator and denominator 
of (3) through by c, we get 

(7) T = 2fcf/(f" - 2Cf + 1), * > 0 and C real. 

2 See Kirchhoff [47]. Rayleigh [65, vol I, p. 287, and vol. Ill, p. 491] made the first 
quantitative comparison with experimental data; the most thorough comparison is 
due to Page and Johansen [24]. 
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Legend 

experimental data 

thearetical curves, 

corrected for Qg^p 
Fig. 3. 


By similitude (Ch. I, §13), we can assume 2A; = 1 in computing dimension- 
less quantities. This choice gives, setting W = T* in (1) and using (7), 


(70 


fdW_W fWdt _T^ f dr 

Jr r '^J r r '^J (r^- 2cr + i?’ 
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after integration by parts. At infinity, f = e and TF = oo ; hence C = 
cos a. Integrating (7') by partial fractions in the complex domain, we get 

r - g r - 

(f2-2Cf+l) 2>S 

where S = sin a. In summary, the most general ideal cavity flow past a plate 
is similar to one satisfying (7)-(8), with 2/c = 1. 


( 8 ) 


z = 


+ 


(f2 2Cf + 1)2 ‘ 2/S2 


3. Detailed formulas. There is an extensive technique for manipulating 
' 'elementary’’ complex formulas like (7)-(8), so as to get simple explicit 
expressions for real quantities of physical interest. We shall now give some 
indications of this technique. 

On the plate, f is real; setting r = f — 0 so that f “2Cf + 1 = 
one can integrate (7') in real form [21, formula (120.2)] to get 

(9) = (^2 + S^Y W {t® + 8 is} is® ■ 

The constant 7r/4/S® of integration is chosen to make (9) consistent with (8). 
From (9), the plate width is found to be 

(10) 6 = ^(1) ^ + 7r/(45®), 

for our choice 2fc = 1 of dimensions in (7); the pressure coefficient 
Cp = (1 — 1 f f)/2 is also easily found as a function of 2/6, which permits 
one to compute the theoretical curves in Fig. 3. The position of the stagna- 
tion point is given by 

Again, since f is real, [ f ^ on the plate; hence the total force F on the 

plate is, by the Bernoulli equation 

(11) F = Iip/(1 - r“) dz = izpf cr' - t) dw 


taken along the plate in the sense of increasing z. (The pressure behind the 
plate corresponds to the assumed free streamline velocity f = 1.) This can 
be easily integrated by standard formulas [21, p. 26], setting J dW = TdT 
in (11) and using (7). One gets 

(11a) F = —ipir/AS^, 


whence by (10) 

OTi 

(11b) C. = ^ 


27r^^ 

4 -|“ ttaS 


27rSC 
4 -|“ tS 


and Cl = 
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Formulas (11b), being dimensionless, are applicable to any ideal cavity 
flow past a plate (see Ch. I, §13). The predicted drag is thus a maximum 
Co = 0.88 when a = 90°, and the lift a maximum when a 37°30'. 

To compute the moment by “elementary” methods, one should (follow- 
ing Rayleigh) introduce bipolar coordinates, say by the complex substi- 
tution 

(12) = (f - e‘'“)/(f - e-'“). 

Integrating trigonometric functions of w, the moment about the center of 
the plate may be then found [50, §77] as 

(13) M = -3tpC'/ 64^', 
so that the center of pressure is at a distance 

(130 ^ = 3(7/16/8^ = 3(76/4(4 -|- irS), 

from the center of the plate. However, both (11a) and (13) are more eflS- 
ciently derived from the less elementary asymptotic formulas of Ch. IV, 
§§5, 6. 

Bipolar coordinates can also be used to give simple real parametric 
equations for the free streamlines. Let <x = so that a = 

Ln I sin §(<^ + a)/sin §(^ — a) | where — ^ = arg f is the velocity direc- 
tion, and let K — (2aS -)- 3(7)/8>S^. Then, on the respective streamlines, 

(14) a: = Z + ((7 cosh 2(r - 4 cosh -y = (sinh 2<r - 2ff)/8S*, 

X = K {C cosh 2(r -b 4 cosh v — 4irS)/8<S‘, 

(140 

— 2/ = (sinh 2ff -f 2o')/8£!*. 

We know of no simple real formula for the other streamlines — ^not even 
for the dividing streamline. The interior streamlines in Plates 1-3 were 
computed by methods described in Ch. IX, §2. 

Neither do we know any formula expressing the time required for a par- 
ticle to get from one point to another along an interior streamline, in this 
or any other case. 

4. Cavity behind wedge. The extension of the results of §§2-3 to the 
case n 7 ^ 1 ot wedges illustrates several interesting theoretical points. 
Assuming a circular sector hodograph, one can repeat the argument leading 
to (7), to deduce W = and the relation 

(15) T = 2fci-7(f" - 2Ct +1); ft > 0, C real. 

If n is rational, one can integrate dz = 2f^T dT to get z{i), etc., by general 
methods (§9); for irrational n, numerical integration (Ch. IX, §7) can be 
used. 
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For a symmetric wedge, Bobyleff® noted that since C = 0, (15) yields 
simply 


(150 


dz = 


2n{r - r ) 

(f2n + 1)3 




One such flow is shown in Plate 4. 

li u = is taken as the variable of integration, the plate length Z can 
easily be expressed in terms of the logarithmic derivative = T\x)/T{x) 
of the F-function by the formula [61, p. 310] 

* - E + 8S + IS? K' - s) - K-2 - s)] ■ 

The drag coefficient can also be^ plotted against the wedge angle = 2^/^* 

But the most interesting thing is the theoretical insvffidency of the pre- 
ceding methods to cover the general asymmetric case. Thus, for each angle 
of inclination a, only one ratio of lengths for the two sides of the wedge is 
compatible with a simply covered circular sector hodograph. For other 
wedge dimensions, the simplest ideal cavity flow will not divide at the 
wedge vertex. In the case of an obtuse wedge (Fig. 4a), this will lead to a 
notched circular sector hodograph; with an acute wedge (Fig. 4b), infinite 
velocities will occur at the vertex. To avoid infinite velocities®, other free 
streamline configurations may be devised (Ch. V, §6, Fig. 10); in any case, 
more advanced techniques are needed. 

Indeed, even the ideal cavity flow past a flat plate is not as inevitable as 

3 Bobyleff, Beibl. Ann. phys. chemie 6 (1882), p. 163; see also J. Euss. Phys.-Chem, 
Soc. Petersburg 13 (1881), p. 63; G. H, Bryan and R. Jones, Proc. Roy. Soc. A91 (1916), 
354-370. We set — 1 as in (7). 

^ See also W. B. Morton, Phil. Mag. 48 (1924), 464-76; for experiments and facts, 
consult E. Brun, M. Plan and M. Vasseur, J. Rech. Centre Nat. Rech. Sci. No. 4-5 
(1948), 17-25. 

® These occur when the fluid goes around the edges; for a flow past a plate with 
infinite velocity, see C. Schmieden, Luft. Forsch. 17 (1940) No. 2, p. 37. See also M. 
Kataoka, Proc. second Jap. nat. congr. appl. mech., 239-43. 
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Fig. 6. 

might be supposed. An alternative type is sketched in Ch. V, §2, Fig. 3. 
A further peculiar alternative to the uniform flow past a flat plate hold 
parallel to a stream is obtained by letting a i 0 in §2, but varying i,}io plat(' 
location and dimensions so that the stagnation point and loading edge arc^ 
held fixed at « == 0, s; = 1, respectively. The resulting flow is sket(^hed in 
Fig. 5; it is defined by the formula 

“ 17 [jT^* ~ ■ 

Actually, the determination of all flows with free streamlines past a flat 
plate is extremely involved®, 

5. Jet from funnel. One of the simplest flows with free streamlines is 
provided by the jet from a funnel, as illustrated in Plates 5, (). Diagrams 
sketching such flows are shown in Figs. 6a~6c. The mathematical treatment 
was first given by Helmholtz [35, p. 225]; see also [32, p. 31]. Contraction 
coefficients for liquid jets are predicted quite accurately by the theory^ as 

® There are nine cases; see [91]. 

^ [62]; [69a]; J. S. McNown and E.-Y Hsu, Proc. first Midwest conf. fluid dyn, 
U.S.A. (1950), 143-55. 
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TABLE I. Jet from symmetric funnel, half -angle j8 


/3 = w/n 

22.5° 

45° 

67.5° 

CO 

o 

o 

112.5° 

135° 

157.5° 

180° 

Cc (theory) 

.855 

.745 

.666 

.611 

.568 

.537 

.516 

.500 

Cc (exper.) 

.882 

.753 

.684 

.632 

.606 

.577 

.546 

.541 


TABLE II. Geometrical parameters for jet from slot 


a 

0° 

18.4° 

37.0“ 

56.2° 

76.7° 

91.8° 

180“ 

Cc 

.611 

.609 

.602 

.588 

.562 

.532 

0 

y 

CD 

O 

o 

75° 

60° 

45° 

o 

O 

CO 

o 

o 

0° 


shown in Table I. Table I is based on calculations by von Mises [62, p. 
472] and data of Weisbach corrected for gravity by Zeuner [25, p. 351]. 

In this case, the TF-diagram is evidently an infinite strip, with a stag- 
nation point at TF = — co . By proper choice of units, this reduces to 0 g 
7 g TT. Hence the variable TF, defined by 

(17) T = e"", or W = Lii T, 

simply covers the half-plane. If the hodograph is a circular sector, which 
seems very plausible, we will therefore have (17) and (3). Also, the stag- 
nation point at TF = — 00 , y = 0, makes a = 0 in (3). Finally, since a 
translation W W h, which corresponds to T — > e'‘T, has no physical 
meaning (Ch. I, §3), we can suppose h = c = 1 without loss of generality. 
Hence (3) reduces to (15), with 2k = 1. Combining with (17), we get 

IF = n In f - In (f*” - 2C'f” -f- 1) 

= n In f - In (r” - e”“) - In (r™ - e"""). 

Here C — q.os na, S — sin na, as in §§2-4, where —a is the direction of 
the jet at infinity. 

In the case n = 1 of the jet from a slot (illustrated by Plate 7), one can 
easily integrate dz = dW in closed form, getting 

(19a) ^ - -i+ Cdnf + TF) + iS 

In Table II, we have tabulated the contraction coefficient^ Cc , and the angle 
7 between the slot walls and the line joining the slot edges, as functions of 

8 Defined as the ratio of the asymptotic width of the jet to the distance between 
the plate edges. 
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o:, for 0 < o! ^ 90°. The latter is t/(2 + tt) = 0.611 if a: == 90°; in this 
case, the free boundary is a tractrix. In general, the free boundaries may 
be expressed parametrically as follows. On the left free streamline, where 
f [0 < <;> < a], 

z = — cos ^ + i sin <l> + iC(j> — C In f2(cos <j> — cos a)] 


(19b) 


— S(a + tt) + In 


1 — cos {<!> — a) 

1 — cos (<^ + a) * 


Similarly, on the right-hand free streamline, where a < <j> < tt, 

2 ! =: —cos <^) + i sin <^» + iC(^ + t) — C In [2(cos 0 — cos a)\ 


(19c) 


Sa + iiS In 


1 — cos {<!> — a) 

1 — COS (0 + a) ’ 


The most interesting case is the symmetric caso^ In this (iase, half the 
flow again represents the jet from a funnel, of which one side (the axis of 
symmetry) extends to infinity. With the preceding choice of coordinate 
axes, the axis of symmetry makes an angle a = &/2 = it / 2ii with the hori- 
zontal, so that (7 = 0 and = 1 in (18). Consequently, wc have 

(18a) IF = n In r - In (f"" + 1) 

asb) 

from which the mouth opening h of the funnel is easily computed in terms 
of the logarithmic derivative yl/{x) = r'(a;)/r(a;) of the T-function, 

A particularly interesting case is that of a Borda mouthpiece, when n = § 
(see Ch. I, §10). In this case, the free streamline is given oxpli(iitly [50, p. 98] 
by 

(18c) X = 2 sin^ (^/2) — 2 logsec (^/2), ^ — sin 

and the contraction coefficient Cc = 0.5 (cf. Ch. I, §10). 

The idea, that 0.5 ^ <7e S 1*0 always, has been very useful in hydraulics. 
For convergent orifices, this follows from the results above, combined 
with the Comparison Theorem of Ch. IV, §13. However, as shown by 
Levi-Civita^^, it need not hold in the case of convergent-divergent orifices, 
like that of Fig. 6d. 


8 [32, §18]; also J. Smetana, La Houille Blanche 3 (1948), 41-63, and H. W. Hahne- 
mann, Forsch. Geb. Ing. 18 (1962), 45-65. 

8^Atti R. 1st. Veneto Sci. Let. 64 (1906), 1466-72; see also U. Cisotti, ibid. 74 
(1914), 1499-1609; also Ch. I, §10. The flow of Fig. 6d can be expressed in closed form, 
using the method of Ch. Ill, §7. 
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W (b) (c) 

Fig. 7. 


6. Jet against plate. The case of a jet impinging on an infinite plate^° 
(Fig. 7a) gives a more complicated TT-diagram (Fig. 7b) ; the hodograph is 
semicircular (Fig. 7c). We normalize to the case that the plate is horizontal, 
while the jet has thickness tt. 

Lemma 1. If the dividing point is mapped on T = 0, then the TF-diagram 
corresponds to the half T-plane by 

(20) W In (T - Ti) + h 2 In (T - T 2 ) + hz In (T - Ts), 

where Ti , T 2 , Tz correspond to the points at infinity on the impinging jet 
and its two branches respectively, and h 2 + hz — 1. 

Proof. By the general theory of Schwarz-Christoffel transformations, we 
can set/(r) = T/(T — Ti)(T — T 2 ){T — Tz) in (4). Using partial frac- 
tions^\ we can hence write f{T) = ^hi/(T — Ti) for suitable constants 
hi, h 2 , hz . Integrating (4), we get W = ^hi In (T — Ti), where the irhi 
are the jumps in V at the Ti . By our normalization, hi = —1; by conser- 
vation of mass (“uniformity’’ in the sense of complex variable theory), 
h2 'i" hz = 1 . 

By a little closer attention, we can get entirely specific formulas. If we 
set 

(21a) T = 2f/(f + 1), 

the hodograph is mapped onto the half-plane A by Theorem 1, with n = 
i)~c = 1, a = d = 0; also, at the dividing point f = 0, whence T — 0 
and the conditions of Lemma 1 hold. 

Substituting f f = 1, f = —1 in (21a), we deduce Ti = 2e®V 

(e^"“ + 1), T 2 « 1, Ts = — L Also, by conservation of horizontal momen- 
tum, h 2 hz = C, where C = cos a, a being the angle made with the x-axis 
by the impinging jet. Combining with h 2 + hz — 1, we get 

(21b) 2 h 2 = 1 + C and 2 A 3 = 1 - C. 

W. Schach, Ing. Archiv 5 (1934), 245-65, and 6 (1935), 51-8, has discussed this 
flow in detail, with numerical results, from the hydraulic point of view. See also 
[32, pp, 11-12] and [61, pp. 279-87]. 

See G. Birkhoff and S. MacLane, A survey of modern algebra, New York, Mac- 
millan, rev, ed., 1953, p. 84. 
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Fia. 8. 


Substituting /(T) = 2 hi/(T - T,) in (5), and integrating, wo got 

^ = 20 + c In (f^ - 2Cf + 1) - iS In 
(21c) f ^ 

- (1 + C) In (f - i) + (1 - C) In (f + 1). 
The corresponding equation for the free streamlines f is 


(21d) 


z = Zi + C In 


C — cos <j> 
sin <p 


+ In cot i(l> 


+ ^iS 111 


J l — (K)S ((j> + q ;)\ 
— cos {<!> ^ a)) 


where 


f(l H" 0)^11% + S(t — oi) it (p a 

|(1 — C)^Tn — Sa ii ip > a 

If we reflect the flow so obtained in the plate, we get a complete des(*rip” 
tion of the ideal flow due to two symmetrically impmgmg jets (Fig. 8). 
Impinging jets are discussed in Ch. Ill, §§3~5. 

An interesting limiting case is obtained if a is allowed to tend i.o x, th 
being held fixed while hi , h 2 are allowed to become infinite (see Plate 8). 
Relative to an observer having the velocity of the stream, this appi^ars as 
the formation of a jet by a collapsing cavity^^. If velocities arc rev<uvs(‘,d, it 
appears as the 'penetration of a stationary fluid target by a two-dimensional 
jet of equal density. 

The flow is given by the mathematical formula 


( 22 ) 


-2 

(r + 1)^ 


(r+ 1) 


+ In 


f + 1 
f - 1 


+ const. 


See G. Birkhoff and T. E. Cay wood, J. appl. phys. 20 (1949), p. 650; [4, Ch. II, 
§13]. A very brief description is given in [32, p. 49], without physical interpretation. 
See also Ch. I, §10. 
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(a) (b) (c) 

Fig. 9. 


The discussion of §1 makes it natural to try to treat jets against infinite 
wedges by generalizing (21a) to T = + !)• Ho^vever, except in 

the symmetric case, one does not get a circular sector hodograph (cf. the 
end of §4). The symmetric case is more easily treated by considering half 
the flow, whose TT-diagram is an infinite strip. We shall now consider this 
class of flows. 

7. Rethy flows. Consider half the flow past a wedge held symmetrically 
in the jet from a nozzle (Fig. 9a). Its IF-diagram is an infinite strip (Fig. 
9b); its hodograph (as we assume) a circular sector (Fig. 9c), subtending 
the wedge semi-angle y = ir/n. Such a flow may be called a “R6thy” flow. 

If we normalize so that the TF-diagram has width tt, and the free stream- 
line velocity is one, w^e can set TF = In T, as in (17), where T is given^® by 
(3). This gives 

W - In [a(f^ + 1) + 2br] - In [c(f^" + 1) + 2dri 

Now if z; < 1 is the velocity in the nozzle, and that in the impinging 
jet, then S' = v when TF = — oo and T = = 0, while f when 

W = T = 00 . Thus, neglecting additive constants, we have 

TF = In [(r - - e-'ni - In [(r - v^)(r - 

(23) 

= In [f=" - 2Cr +1] - In [f” - (v’‘ + v"”) + 1], 
where C = cos na. Writing z = / S®* 

/ ^2n— 2 __ p^n—2 ^ ^n— 2 ^ 

_ 2Cf’‘ 4- 1 j J.2„ _ 2Dfn + 1 

where D = ^(v‘^ + z;'"”') > 1 and C < 1. 

The treatment outlined here was first suggested by M. Rdthy [68] in 1881. For the 
important extension by von Mises [62], see §9. See also [58] and V. Valcovici, Inaugural 
disseration^ Univ. of Gott. (1913); T. T. Siao and P. G. Hubbard [69a, 33-44] give 
graphs of the effect of jet thickness on jet deflection for several wedge angles. See 
also D. W. Apell and E. M. Laursen [59a, 21-32]. The limiting case of an infinite wedge 
is treated by H. H. Ambrose [59a, 73-80]. 
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Nomograms are given in Plates 9a, 9b, expressing the relative jet de- 
flection Q'/'y and the ratio v of upstream to downstream velocity in terms 
of the wedge length and position, for 15°, 30°, 45°, 60°, and 90° wedge 
semi-angles y. The deflection of a free jet and the contraction of a stream 
in a channel by a symmetric wedge are shown in Plate 10. 

Special cases of this will be discussed in §8; the formal integration of 
(24) for general rational n will be treated in §9. For the present, we note 
only some interesting extensions by symmetry, besides that to a wedge in 
the jet from a nozzle depicted in Fig. 9a. 

In the limiting case a = 0, when the straight wall becomes infinite, wc 
can obtain half the jet from an angular mouthpiece (Fig. 10a), as well as a 
wedge in a channel [14]. Iterating the reflection, we get the jets formed by 
an infinite series of symmetric equally spaced wedges. 

In the limiting case when the bent wall extends to infinity in both direc- 
tions (Fig. 10b), we can reflect in both straight sections of the wall. If 
n = 2m is an even integer, one can iterate so as to make the stagnation 
point an interior stagnation point, as in the case of impinging jets, already 
discussed in §6. An especially simple case occurs when the straight wall 
vanishes (t; = 1), (C = — 1) corresponding to 


(23') 

W - 2 In (f J) 

Vr + 1/ 

(24') 

f 


and representing a free stream flowing in an angle [32, §21]. The ratio of 
the maximum width to the final width expresses the thickening of the jet, 
and is found to be 


4n r f"-' 

^ Jo f2n _ I 


dr 


= 1L('3_ 1\_ /1_J_\| 

T L \4 4n/ \4 4n/_ 


The case n = Q is shown in Fig. 10c; it is a curious fact that (theoretically? 
in an ideal fluid) the flow in any one of the six branches could be reversed; 
the equations of motion would still be satisfied! 



Fig. 10. 
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8. Applications; superposition principle. Of especial interest for 
applications is the case n = 2, which has been discussed in great detail by 
R6thy and others^^ » 

Thus, consider half of the cavity flow past a plate of half -width b, held 
perpendicularly in the middle of a closed channel of width tt/v (Fig. 11a). 
One can easily integrate (24) in closed form, getting 

(25a) z — /i(f) = 4 tanh”Y “ tanh-^ tanh"^ - , 

V V 


(26a) 


j) = ^ ^ ^ [(2 + 2v) tan ^ v — tt], 


where v is the asymptotic upstream velocity. The drag coefl&cient based on 
the (downstream) free streamline velocity is Cd = 7r(l — v^)/bv\ that based 
on the upstream velocity is Cd/v- Using (26a), one can show [6] that the 
wall correction for cavity Cd is small if it is based on the free streamline velocity, 
but very large if based on the upstream velocity. For example, in a channel 
of half -width a = 66, the correction is 1 %, as against 150 % if the upstream 
velocity is used. 

Similarly, if the plate (of haK-width V) is in a free jet of width tt (Fig. 
11b), we have 


^ = / 2 (r) = 2 In (1 + f) - 2 In (1 - f) 


(25b) 


- In 


1 + 6"r 
1 - 


— e 


In 


1 + 

1 - ’ 


(26b) b' = ^(1 — cos a) — 2 sin a logtan (7r/4 — a:/2), 

where a is the asymptotic jet angle. In this case, the wall correction for Cd 
is about that for a closed channel of the same width, when the latter is 
based on the free streamline velocity. 


See [62]; [6]; F. Kretzschmer, VDI Forscliungsheft 381 (1936); M. I. Gurevich, 
Izv. Akad. Nauk SSSR Odt. tekh Nauk 4 (1946), 487-98. Formulas (25a)-(26a) apply 
approximately to valve wakes also [22], provided the clearance is small enough for 
the channel wall to stabilize the flow;B, Gentilini, La houille blanche 2 (1947), 145-9. 
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In the case of a plate in the jet from a nozzle (Fig. 11c), IF has a source 
at f = i' and a sink at f = e‘“ in the hodograph plane. In the closed channel 
case, the source is at f = v, and the smk at | = 1. For a plate in a free 

jet, the source is at ^ = 1 and the sink at f = e . Since z = j ^ dW is 

linear in TF(r), it follows that any cavity flow past a plate held symmetri- 
cally in a bounded jet is a superposition 

(25c) 2 = flit) + jiit) 

of flows past a plate in a closed channel and past a plate in a free jet. 

The preceding construction is a special case of the following 
Superposition Principle. Let z = fiit) and z — f 2 it) be two ideal plane 
flows having a given hodograph. Then any real linear combination 

(27) 2 = aifiit) + a^Mt) [ai > “2 real] 

describes an ideal plane flow having the same hodograph. 

For, since Fi and Fs are piecewise constant on the boundary, Im\afWi + 
afWi] = aiVi + a^Vi has the same property; hence the superposition 
(27) is bounded by streamlines. 

The Superposition Principle is often useful for flows with circular sector 
hodographs. However, the superpositions may be self-overlapping in the 
large, or lack physical interest for other reasons. 

Cavity with underpressure. The case of a source at f = y and equal sink 
at f = wi (0 < v ^ < 1) has also been studied recently^''. The limiting 

case V - vi oi an infinite stream provides the simplest model for cavity 
flow with positive cavitation number, Q > 0. It represents half of an ideal 
flow past a plate, followed by a cavity whose boundary terminates in (non- 
free) parallel streamlines, as in Fig. lid. The half-flow is determuied by the 
formulas 

IF = 2f/(t - 2Kf +1), K= (v^ + v-^)/2, 

as can be seen from the fact that - (f^ + f“V2 maps the hodograph on the 
upper half T-plane. 

9. Partial fractions. We shall now consider expressions of 25 (f) in 
closed form, for flows with circular sector hodographs whose W-diagrams 
are simply connected and simply covered. 

Von Mises [62] first observed^® that the method of §8 could be applied 

A. Roshko, NACA TN 3168 (1964); [23a]; M. S, Plesset and B, Perry, Riabon- 
chinsky Jubilee Volume (1964), 261-62. 

The theoretical discussion is reproduced, as an Appendix, in the German edition 
of [50], and in Frank-von Mises, Differentialgleichungen der Physik, vol. 2, Ch. XI, 
§ 2 . 
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to all R4thy flows with rational n = r/s (r, s integers). Indeed, we have 
immediately from (23) 


(28) 


dz = r'^dW = 







We infer directly 

(29) 2 = 7„(f, e’“) + 7„(f, e-‘“) - 7„(f, t;) - 7„(r, «''), 

where the complex functions In are defined by 

(29') 

li n = r/s is rational (r, s integers), and we introduce the parameter 
u = ~ we have 


ti) = r f 

Jo 


VT 


u 


- Wi*' 


■ du 


k = 


Since n > 1, r > s; hence r ^ s + 1, and the integrand is finite at 
w = 0. Further, by the partial fraction decomposition 


r—fi— 1 


1 **”"1 '~8 '-~ 2 tik 8 lr 

1 Ui e 


(30) 


u _ ^ 

r — -1 


ri) = uV i: Ln [1 - w/(W®/0]. 

A=0 


This expresses 2 !(f) in terms of elementary complex functions. 


10. Beta functions. Each fimction 7n(f, fi) of §9 can also be written 
as an incomplete beta function 

(31) B^{t) = B(|S, 0; r) = f — r)“^ dr lj3 = (n — l)/n]. 

Jo 

In fact, writing f = we get 

(32) in(t, fi) = -fr^5^(f7ri”). 

Conversely, H n — r/s is rational, then B{1 — s/r, 0; r) can be expressed 
by (30) and (32) in terms of elementary functions. 

Using beta functions, we get the following generalization of von Mises’ 
result. 

Theorem 3. If the TF-diagram of a flow is simply covered and simply 
connected, and the hodograph is the circular sector (2), then z(f) is f times 
a rational function of f "" = t, plus complex constants Ci times incomplete 
beta functions Bpit/U), where jS = (n — l)/n. 
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Proof (cf. [6, §§5-6]). Since T = [a{f + 1) + 2bt]/[c(t‘ + 1) + 2dt] and 
dW/dT = f (T) are rational functions, 

dW = (,dW/dT)(dT/dt) dt = r{t) dt, 


where r(t) is a (real) rational function. But any rational function can be 
ivritten as a complex linear combination of partial fractions (t — i,)”", by 
a classic theorem of algebra. (In our case, m g 3 by Cor. 1 of Theorem 4, 
Ch. III.) It follows that 



where m = ?ra(i) is a positive integer. But for any i, either U = 0, and the 
integral is f times a negative integral power of t, or the integral is a complex 
constant times Setting t = t/U , and using the reduction formula 


J (1 - t )“ 


dr 


m — 1 (1 — n(m — 1) J t( 1 — r)”*"* 


1 f 

— 1) J t( 1 — r) 


and decomposing the last integral by partial fractions, we can reduce by 
induction to the case m = 1, in which the result is immediate (cf. (20), 
(32)). This completes the proof. 

Effective calculation based on the preceding formulas will be discussed 
in Ch. IX, §4. 



CHAPTER III 


SIMPLE FLOWS PAST WEDGES 

1. Introduction. In Ch. II, various flows involving plates and wedges 
were found by guessing the hodograph and TF-diagram, and then finding 
an elementary conformal transformation of one onto the other. We shall 
now replace this intuitive procedure by more rigorous arguments, based 
on the Schwarz Reflection Principle and related results of complex variable 
theory. 

These deeper results will free us from special hypotheses (e.g., of being 
simply covered, cf. Ch. II, §1) about the hodograph and the TF-diagram. 
Instead, we shall make assumptions about behavior in the physical plane. 
Specifically, we shall first assume only that we are dealing with an ideal 
(Euler) “simple flow’’ (§2), which is simply connected in the physical plane. 
From this assumption, it will follow that dW/dT — R(T) is a real rational 
function (Theorems 1-2). 

The preceding result, and the considerations mentioned above, will prove 
essential for the later work of Chs. IV-VII. In the present chapter, we shall 
apply them primarily to simple flows past generalized “wedges” — ^i.e., to 
flows whose boundary is in turn (i) horizontal, (ii) at a constant angle 
/3 = t/ti with the horizontal, and (iii) free. In this case, using the Reflec- 
tion Principle again, one can prove (Theorem 3) that the flow can be 
mapped onto the unit semicircle V in the ^-plane, so that = r(t) is a 
rational function of t. 

Just as in Ch. II, one can then relate T and t by the relation 
r = — (^ 4* ^'~^)/2. This will give 

(1) 3 = / r' dw = f dt, 

where Ri(t) = (1 — f)R{T)/2f is rational. Hence the method requires 
a single numerical quadrature. 

The special case of a circular sector hodograph corresponds to r(t) == 1. 
As a by-product of our deeper analysis, we shall enumerate in §10 all 
geometrical t 3 q)es of flow having a circular sector hodograph and stable 
free boundaries. Part of this classification theory will be applicable to 
simple flows in general (see formula (30)), and will be used extensively in 
Ch. V. 
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2. Simple flows; reflection principle. First, the concept of a '^simple 
flow’^ vdli be given a precise technical definition^. 

Defintition. a complex velocity field f (2), defined on an open domain R 
with closure 5 , will be called a '^simple flow’’ if and only if (i) R is locally 
simply covered, (ii) R is simply connected, (iii) f (2) is bounded and con- 
tinuous in R and analytic in R, (iv) the boundary R — R oi R consists ol 
a finite number of rectifiable streamlines turning through a finite total 
angle. 

Remark 1. The “complex potential” TF = j^dz of any flow satisfying 

(iii) is clearly defined and continuous on R, analytic in R, and bounded 
except where 2 : becomes infinite. By a ''streamline”, we mean a curve along 
which V = Im{W} is constant. By a "rectifiable” curve, we mean one 
such that the segment joining any two points has finite total length. 

Remark 2, The angle through which a curve turns is the l.u.b. of the 
sums of the magnitudes of the changes in direction of approximating poly- 
gons; since such sums increase under subdivision, it is also their limit. 
Equiangular spirals turn through an infinite total angle (see Ch. IV, §1). 

Lemma 1. There is a schlicht function z{T) mapping the upper half 
T-plane conformally and one-one onto any "simple” flow; moreover f(?’) 
and W{T) are complex analytic functions. 

Proof. The first statement is an immediate consequence of the funda- 
mental theorem of conformal mapping [2, vol. 2, p. 6]; the analyticity of 
^(T) == and W{T) are corollaries. 

Many important properties of simple flows can be proved by applying 
the Schwarz Reflection Principle [3, vol. 1, p. 225], which we will now state 
without proof. 

Reflection Principle. Let f{t) be an analytic complex function, regular 
and single-valued inside a domain D partially bounded (as in Fig. 1) by 
a segment 'AB of the real axis, and tending continuously to real values j)n 
Zb. Then the relation /(i*) = f*{t) continues /(O analytically across AB 
to the mirror image Z)* of D, so that /(O is analytic in the domain D u Z)*u 
IB. 

Many useful corollaries of this principle can be proved by elementary 
conformal transformations. 

Corollary 1. Let f{t) be analytic and single-valued in a domain JJ 
partially bounded by an arc AB of a circle of radius r with center t = 0, 

^ This definition, and the rigorous discussion of its consequences, are now— 
though all the methods used will be found scattered through the literature. The 
hypotheses can be weakened considerably (cf. Ch. IV, §1, and Ch. VI, §3). Thus, in the 
Reflection Principle, only the continuous vanishing of or Re{f{t)} need bo 

assumed [18, vol. II, p. 247]. 
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Fig. 1. 


except for a finite number of zeros and poles. Let also/(^) be continuous on 
the closed domain D, except at poles, and map AB onto an arc of a circle 
of radius R and center 0, Then the relation = R^/f*(t) continues 

f(t) analytically to the reflected image of D under inversion in the circle 
1^1 = r, interchanging zeros and poles. 

3. TF -diagrams of ‘‘simple’’ flows. Using the ideas of §2, it is not hard 
to give a complete local classification of the singularities of W(T) 
in Lemma 1. 

Theorem 1. Near any singularity T = To in the finite T-plane, W can 
be written 

(2) W = c{T - To)-^ + d{T - To)"' + hln{T- To) + r{T), 

where To , h, c and d are real and r(T) is regular (i.e., a convergent power 
series in (T — To))- 

Proof. By Remark 1, any such singularity To must be on the boundary — 
i.e., To must be real. Since the boundary consists of streamlines, V is 
‘piecewise constant on it. Hence, for suitable constants Vo and rrh (the jump 
in V across To on the boundary), we have 

(3) W=h In {T - To) + Vo + W^(T), 

where Wi{T) is real near To when T is real. By Remark 1, WiT) and Wi(T) 
are bounded and continuous except at a finite number of points; hence 
To is an isolated singularity. The Reflection Principle then shows that 
WiCT) can be extended to a single-valued analytic function, defined in an 
entire neighborhood of To • It remains to discuss the singularity in Wi{T) 
at To . 

We shall show in Ch. IV, §1, that an essential singularity is impossible. 
Therefore Wi{T) has a pole at T = To - We must now determine the limita- 
tion on its order n. But if n > 2, then, since f and dz = dW, 
the image in the 2 -plane of the sector 0 < arc (T — To) < ir in the T-plane 
will subtend an angle mr > 2t. Therefore the 2 -plane will be multiply 
covered, even locally, contrary to assumption. 
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Definition. If r 0, a neighborhood of a point at infinity in the ^-planc 
corresponding to T = To will be called an infinite sirc(i?7i, an occctii oi jet 
according as the first non-zero coefficient in (2) is c, cl or h. (If the bouiidaiy 
is not a free streamline, we use the word tube instead of jet.) 

Eeynarh 3. The cases are easily distinguished in the physical plane, since 
the flow at infinity subtends an angle 2 t, an angle tt, or fills a strip of thick- 
ness I liT/t I in the three cases. The case f = 0 of stagnation points at 
infinity requires a more elaborate discussion (see §9 below). 

In other applications, it is convenient to map “simple” flows on various 
domains B in the ^-plane (parameter-plane). For such applications, the 
following corollary is useful. 

CoROLLABY. Let be any point on the boundary of a domain B, where 
the boundary curve is analytic. Then Theorem 1 holds, with t replacing T. 

For [3, vol. 2, p. 34] there is a local analytic map of the upper half-plane 
onto the interior of B. 

The global behavior of W can be deduced very easily from Theorem 1. 
Of course, its form can often be guessed even more easily. 

Theorem 2. The complex potential of any “simple” flow has the additive 
decomposition 

- S + ‘* 

Its derivative has the midtiplicative decomposition 

(o) ^ = R(T) = C]liT- AiXT - A,*) E (^ - Bj)/T[ {T - T,). 
dT i 3 k 

All coefficients in (4) are real; so are all Bj in (5). 

Proof, First we consider the case where T = oo is mapped onto a point 
where W is finite. Then, by Theorem 1, summing over all local singularities, 
the difference h(T) between the two sides of (4) (with c == d = 0) is analytic 
and single-valued, real on the real axis, and without singularities in the 
(closed) upper half-plane. By the Schwarz Reflection Principle, h(T) can 
be continued to a function regular in the whole finite T-plane. Moreover, 
W(co) being finite, h(T) is also bounded. Hence, by Liouville’s Theorem 
[3, vol. 1, p. 153], h({) will be a constant. Since W is defined only up to an ■ 
additive constant, (4) is proved, with c = d = 0. If IF has a singularity 
at T = 00 j we can transform the upper half T-plane into itself by an in- 
version, use the result just obtained for finite TF(oo), and then transform 
back to the original T. This yields the extra terms cT^ + dT by inversion 
from a finite singularity (2). Finally, differentiating (4), we get a real ra- 
tional function with common denominator n(r — Tk) (some factors may 
be repeated). Factoring the real polynomial numerator into linear factors, 
we get (5). 
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Remark 4. Though (4) looks complicated, all cases may be obtained by 
passage to the limit from the simple general formula W = ^hk In (T — Tk)- 
^'Oceans’’ may be regarded as a limiting case of two coalescing jets, and 
‘'infinite streams” of three. 

Remark 6. Just as the T* can be identified with infinite streams, oceans, 
or jets, according as the first non-vanishing coefficient in the corresponding 
expression (2) is c, d or h, so the Ai and Bj have simple physical interpre- 
tations. Since f = {dW/dT)/(dz/dT), and dz/dT 7=^ 0 in the interior, 
complex zeros Ai correspond to interior stagnation points, where f = 0. 
Again, at a dividing point on the boundary, where the flow changes direc- 
tion, the TT^-diagram must cover an angle 2t at least, so that dW/dT = 0 
(and conversely). Hence real zeros Bj correspond to dividing points (either 
stagnation points or cusps). 

Remark 6. Cases, such as reentrant jets (§8), where the flow covers the 
complete exterior of some sufficiently large circle, can also be dealt with 
by a slight modification of Theorem 2. The point 2; = 00 must then be re- 
garded as an interior isolated singularity T„ of the flow. Since the cor- 
respondence T ^ z isschlicht, we can write z cf{T — T^) + * • • , and 
so dz/dT has a pole of the second order at T = . Hence, f being bounded, 
dW/dT = ^dz/dt has a second-order pole at most. Therefore dW/dT has a 
second-older pole at , and another (by reflection) at This means 
that (4) must in general be supplemented by an expression of the form 

(40 d/(T - Tk) + d*/iT - Tj*) + hln(T - Tk) + h* In (T - Tk^). 

In the multiplicative form (5), there is a corresponding extra factor 
(T — Tkf{T — Tk^f in the denominator. 

Remark 7, Various simphfications in (4)-(40 are possible in the case 
of a stagnation point f = 0 at infinity; this case is discussed in §9. 

4. Impinging jets. Consider now the flow defined by two impinging 
jets^ Ji , /s , and two outgoing jets Jz , Ji (Fig. 2a). We let ak denote the 
clockwise angle from the x-axis to Jk , and irhk the time rate of influx of 
area (mass) of Jk . By conservation of mass, clearly 

(6) Ai + A 2 + A 3 + = 0. 

We assume that all four free streamline velocities are the same, which is 
the only possibility if the jets have infinite length, provided we assume 
continuity at infin ity. (For a more general proof, see the end of Oh. IV, 

® Due to W. Voigt, Gott. Nachr. (1885), 285-305. See also U. Cisotti, Annali di mat. 
23 (1914), 285-340; T. Boggio, Atti accad. sci. Torino 50 (1915), 1103-19; M. Caldon- 
azzo, Annali di mat. pura appl. Milano 26 (1916), 38-75, Rend. R. Inst. Lombardo 52 
(1919), 149; [61, §§11.42-11.43]. For the symmetric case ai = 0, ^2 = x, 0:4 =* —013 , see 
Ch.JI, §6. 
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§1.) Hence the boundary of the hodograph is a circle. By proper choice of 
unit, it becomes the unit circle, so that | vhk \ is the asymptotic jet width 
of Ji . Actually, the hodograph is a simply covered circle, as we shall prove 
below. 

We first map the flow onto the unit circle r, and note that the comple.x 
potential has logarithmic singularities at Ji, J 2 , Js, Ji (Fig. 2b), and is 
regular elsewhere because Schwarz reflection of these singularities in F does 
not produce new singxdarities. Thus we write^ (see the Cor. of Thm. 1) 

( 7 ) w = Sit) = i A* In (« - h), h = 

h=l 

Lemma 1. The hodograph is a circle, and we can assume i in (7). 
Proof. By inspection of Fig. 2a, arg f changes by 27r around the bound- 
ary of the flow. Since f(z) is bounded and analytic inside the flow, the 
change equals 2m, , where n, is the number of interior stagnation points 
(multiplicity being counted) where ? = 0. Hence n, = 1. (This calcula- 
tion is generalized in §9.) Putting the stagnation point at i = 0, we make 
In I I harmonic and bounded in F, and identically zero on the boundary. 
It follows that it vanishes identically, whence f = rotating, we get 
t = t. 

Lemma 2. We have the identity 
(60 or Z Ckh = Z Skh = 0, 

*-i 

where Cn — cos at,, Sk = sin aj, , and = C* -|- iSk . 

Proof. Formula (60 is equivalent to the conservation of momentum. 
Alternatively, we can prove it analytically. By (7), we can write 

2 = j dW as 

s = i:J^ln(f-f*)-Z^*hif. 

But since z{t) = z{^) is single-valued near f = 0, (6') follows. 

® Since W — f(f) = gif) is real on 1 ^ | = 1, g(X/t*) « W defines a function which 
is bounded in iiLe whole plane, and hence constant. 
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If Zo is the stagnation point, we thus have 

Conversely, if (G)-(6') hold, and if the jets do not recross, then (8) defines 
an admissible flow corresponding to impinging jets. Clearly zo is arbitrary. 

Indeterminacy, The axis or miclline of the jet Jk may be defined as the 
straight line which is asymptotic at infinity to the curve given in terms of 
a real parameter r by 

(9) = J* In (1 - r) + 20 + Z ^ In + o(l - r). 

The midline is parallel to (i.e., tk^hk), so that its Cartesian equation is 
SkX + Cky rrik = 0, where is the moment, about z == 0, of the unit 
vector f A* = Ck — iSk , acting along the midline. This is SkX — Cky = 
— where z = x iy is any point of the midline. Hence, by (9), 

passing to the limit 

(90 Waj = — / S ^ In . 

Physically, it is natural to suppose that if the incoming jets Ji and Jz 
are given (i.e., that , / 13 , m , oiz and the midlines of Ji and Jz are given), 
then the resulting flow is determined. However, it can be shown that, 
contrary to expectation, the resulting flow is in fact indeterminate^ except 
in the case az ai + t of parallel impingmg jets ! 

Indeed, except in this case, (6)-(60 and (90 with A; = 1, 3 give five 
equations between the six unknowns hz , , a 2 , Oi , Xo , yo (zq = .ro + ^2/o)• 

These have a one-parameter family of solutions, which may easily be ob- 
tained graphically. 

The physical significance of this indeterminacy is hard to grasp; all 
flows are in equilibrium. It is not clear what is the condition, if any, for 
the stable equilibrium of non-parallel impinging jets. It may be that all 
stationary configurations are unstable^. 

In the case of parallel jets, we can use the same graphical construction 
as before, but since f 1 + f 3 = 0, summing (9^ with A; — 1, 3, we get an 
additional equation between h, ^ 2 , f 4 , which involves the moment 
7ni + mz of the couple defined by fi , fs acting along their respective mid- 
lines. Hence this case is determinate, up to a translation. 

4 A. Palatini, Atti 1st. Veneto Sci. 75 (1916), 451-3, has proposed the condition 
that the total energy of that portion of the fluid having velocity 1 f | < r, as r — > 1, be 
a minimum. He has shown that this implies that the outgoing jets must be symmetric 
or parallel. See also Ch. XI, §15, on jet stability. 
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5. Divided jets. The case of a jet divided by a horizontal plate (Fig. 3a) 
can be treated very neatly by reflecting its singularities®, and using the 
topological results of §9. We map the flow on the unit semicircle T (Fig. 
3b) in the i-plane so that the semicircumference corresponds to the free 
boundaries, the diameter to the plate, and i = 0 to the dividing point. 

We first prove the easily guessed formula f == ^. In the notation of §9, 
riQ = 3, AA^hile ni = ^2 = 0, Hence, by (30), Ud = I and 7is = 0; this is 
also intuitively obvious. It folloAA^s that ^/t is bounded in F, real on the 
diameter, and of modulus unity on | | = 1. Reflecting by (19) both in 
the diameter and in | i | = 1, we see that f/i is bounded everywhere. 
Hence, by Liouville’s Theorem, ^/t is a constant. Since ^/t is real on th(} 
diameter, and of modulus unity, Ave thus have = db^. With the incoming 
jet in the upper half-plane, as in Fig. 3a, clearly f = /. 

We now consider W{t) = W(^) similarly. Reflection of the singularities 
in the real axis gives three conjugate logarithmic singularities of equal 
strength, at Reflection in the circular part of F (or its 

mirror image) gives no new singularities (see Fig. 3b). Summing, Ave get 

(lOa) T7 = i: Ay In (f - e“0(r - 

whence 


z = 



Cy + 

r •“ 



To keep z finite at f = 0, clearly = 0; this also corresponds to con- 

servation of the rc-component of momentum. Hence 


® Or by the methods of Ch. II. See [58], [32, pp. 6-10], The generalization to wedges 
leads to the complications described in Ch. II, §4. 
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(10b) z = zq — J2 hi ICi In — 2C,^ + 1) - iSj In . 

)-i ( r — e"“’J 

Again, since ^hjCj = 0 and (by conservation of mass) '^hj = 0, we must 
have 

(10c) h = h, h = h . 

Hence, for given /ii , ai , the divided jet depends on two independent param- 
eters, as one would also expect physically. 

Using the laws of conservation of momentum and of moment of mo- 
mentum, we can also compute the thrust Y and the moment M on the 
plate, as 

(lla) F = p E hiSi 

y-1 

3 

(lib) = P X) hthjiSiSji^TT — ay) + sin (a^ aj) In sin J(aj + ay)}. 

On the plate, ^ = v is real, together withi In (f — “* = —2 

arctan [Sj/{v — Cy)]; hence so is 2 ; — 2:0 • To put the origin at the stagnation 
point, we must set 

3 

a:o == 0:0 = — 2 X) 

y=i 

If we do this, we will get the folloAving symmetrical expression^ for x 

(12) X = -J^hjF{ar,v), 

j=i 

where 

F(ay , v) - 2Sy(7r - ay) + C, In (v^ - 2C,v + 1) 

— 2Sj arctan [5y/(z^ — Cy)]. 

In particular, the endpoints :r(— 1) = Xi and n;(l) — X 2 of the plate satisfy 
the equations 

3 

(13) X 2 = “X) + 2Cylnsin|ay] 

3 

(13') Xi = —X hil—Sm + 2Ci In cos fa;], 

y-si 

e gee W. B. Morton, Phil. Mag. 48 (1924), 464-76, and W. B. Morton and E. J. 
Harvey, Phil, Mag. 31 (1916), 130-8. 
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while the plate width p satisfies 


(14) 


p = — ^ hjlirSj 4“ 2Cj In tan 


The equation of the free streamlines f = e* is 

z = const. — 2 |'Si(x — oij) + Cj In | cos ^ — Cj \ 

1 — cos {4> + ay) 


(15) 


+ Pi In 


1 — cos {4> — ay) j ‘ 


5. Physical applications. The most obvious hydraulic application of 
the theory of divided jets is to predicting the flow, given the angle ai , 
plate width p, and the distance q = f (ari + ^ 2 )] along the plate 

from the midline of the impinging jet to the midpoint of the plate. Here 
X is readily calculated from the asymptotic equations of the free stream- 
lines. To make this prediction, one must construct a nomogram. ^ 

Using a simple graphical construction due to Morton and Harvey , 
we have plotted in Fig. 4, for the case ai = 60°, the contour lines aa = 
const, and as = const, in the (p, £f)-plane. Symmetric flows with ai = 90° 
are covered in Ch. II, §8. The qualitative nature of the functions ay(p, 2 ; aj) 
is as one might expect physically. 

Planing surfaces. However, the limiting case ai = as , in which one branch 
of the jet becomes infinitely thick, is more surprising. If rotated through 
ai clockwise, the flow can be imagined to represent a flat 'planing surface 
in an ocean of infinite depth (Fig. 5a). 

In our previous coordinates, normalizing so that the outgoing jet has 
thickness d = Tr,W has a logarithmic singularity at fy = e’““, and a simple 
pole plus a logarithmic term at That is 


(16a) 


TF = + 111 = -I(f + r% 


Integi-ating s = j f ^ dW, and noting that the stagnation point is in the 
finite plane if and only if oi = cos oi — cos as , Ave get 


z = 


(16b) 


2(Ci - Us) 

(f ~ fi)(r ~ tr) 

(f - r7)(f 


-}- iSi In 


r - r/ 
r - tj* 


- 1 - Cain 


tr*) 1 


(f - ry)(r - tj*) 


Si 


CxCsjn f 


r - fr* ' 


^ This case has been treated by A. Green, Proc. Camb. phil soc. 32 (1936), 67-85; 
see also [46, §12.3]. 
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The width I of the plate is 

(16c) I = 2C'x(Ci - C,)/Si^ + L [1 - cos ia^ - a,)] + 2C, In . 

oi tan -f aj 2 

We plot in Fig. 4, d/l as a function of as , for several values of ai , 
Calculating the imaginary part Im{ze'°‘^} of the (rotated) free surface 
{f = “at infinity”, we get >ST^(C 2 — Ci) In | 2 sin 4(<^> — ai) | , This 
shows that there is an infinite depression^ relative to the free surface at 
infinity. 
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In order to interpret this result physically, one must consider the effect 
of gravity, which has been neglected in the preceding discussion. Suppose 
a plate of i\'idth I moving horizontally at speed v, with its bottom at a 
depth h below the surface, and making an angle oii with the horizontal. 
The preceding result indicates that, as v increases, the height of the wave 
piled up ahead of the plate will increase without limit in an “ocean” of 
infinite depth, being in equilibrium for sufficiently high speeds even if h 
is negative. A similar remark holds for the penetration of an ocean by a jet, 
which can be treated as a limiting form, in which two jets coalesce, of the 
impinging jet model of §4. — ^The case of an “ocean” of finite depth will be 
treated in Ch. V, §§6-7. 

It is nevertheless interesting to compute the force F and the moment M, 
for the normalized case of a jet of thickness These formulas may apply 
to the case of high-speed motion, just as it may well be true that d/l satis- 
fies (16c), so that the flow is determined by oi 2 or d/l. We get, passing to the 
limit. 


(17a) 


F = pin ~ 


— cos (oJi — 0 : 2 ) 


sin ai 




From this, the drag and the lift can easily be computed. 

The moment is most easily computed as the limit of the moment for 
the divided jet when the thicknesses of two of the jets tend to infinity. 
The moment with respect to the stagnation point is found to be 

M = pic Im\\f\<x) f — r - + /(a) + M 

where /(<#.) = e'’* In (1 - 

Suction slots. Another apphcation is to the flow of an infinite stream along 
an interrupted wall®, or “suction slot” (see Kg. 5b). Formulas (16a)-(16b) 

« See F. Salzmann, Escher Wyss News 8 (1935), No. 4/6, 95-102; E. J. Watson, 
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can also be applied to this case, if = «; is the ratio of free stream velocity 
to free streamline (branch) velocity. The special case v — 0 has already 
been treated in Ch. II, §5. 


7. Simple flows past wedges. We shall now describe in detail the rest 
of the general method outlined in §1. Only part of the method was needed 
in §§4-6, whose conclusions might also have been reached (though less 
rigorously) by the method of Ch. II. We first repeat (cf. §1) the de&iition 
of a simple flow past a wedge. 

Definition. A '^simple flow past a wedge” is a ^'simple” flow (see §2) 
whose boundary is in turn (i) horizontal, (ii) at a constant angle ^ = w/n 
with the horizontal, and (iii) free. 

Any such flow can be mapped conformally onto the unit semicircle r 
in the i-plane, so that the free boundary (iii) goes into the arc | ^ | = 1, 
and the straight portions (i) and (ii) of the boundary go into — 1 < ^ < 0 
and 0 < i < 1 on the real axis, respectively. 

Theorem 3. In any simple flow past a wedge, 


(18) 




(t — a^)(t — — b,) 

(Uit - - l)(b,t - 1) * 


The ai and bj which represent points in the finite g-plane can be made to 
correspond to the Ai and Bj of (5), under 

(18a) .4.- = -Kai + aj'), Bj = -K&y + hj^). 


Remarks. The case iS = 0 of a flat plate corresponds to == oo , hence 
the factor = 1 can be ignored in this case. If a dividing point on the 
plate is mapped on ^ = 0, (18) still has a factor t, as explained below. (If 
n = 1, it is convenient to map a stagnation point on if = 0, if one exists on 
the boundary.) 

Proof. Clearly = r(J;) is real when t is real, satisfies | r(t) [ = 1 
when 1^1 = 1, and is bounded in and on r, except possibly at i = 0. By 
conformal mapping theory, dz/dt is non-zero at ^ = 0, while dW /dt 
is regular there by the Corollary of Theorem 1. Hence {dW /dt)/{i'^'^ dz/dt) = 
is bounded at i = 0 also. It follows, by a triple application of the 
Reflection Principle, that 

(19) r{t*) = r*(i), r{l/t) = l/r(f.), r(l/i*) = l/r{t^) 

defines a function analytic in the entire ^-plane, except at those points with 
I ^ I > 1 which are images of stagnation points where f = 0. These cor- 
respond to 'poles of r{t), which is therefore a rational function. Specifically, 


ARC RM 2177 (Feb. 1946), where some tables are given. Suction slots in finite chan- 
nels are treated by R. von Mises [62, p. 473], and by J. S. McNown and E.-Y. Hsu, 
Proc. first Midwest conf. fiuid dyn. U.S.A. (1951), 143-53. 
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let Qi and represent the zeros of s' in the interior of T and on its boundary, 
respectiveh', multiple zeros being represented by repeated factors. Then 
the function 


rid) = r(0/n 


it - ai)it ~ at)d ~ by) 

(ait — l)iaiH — l)ibjt — 1 ) 


neither vanishes nor becomes infinite in r, and satisfies (19). Hence it is 
regular and bounded over the entire ^-plane. Thus, by Liouville’s Theorem 
[3, vol. 1, p. J53], it is a constant, namel 3 " a real constant of modulus one, 
that is, =fcl. 

The stagnation points in the finite z-plane, other than the wedge vertex 
at t = 0, are zeros of f whose multiplicity^ equals their multiplicity as di- 
viding points. The same holds at the vertex, if the factor is taken out. 
Hence the and bj of (18) correspond to the Ai and Bj of (5) under (18a), 
if they represent points in the finite z-plane. 

Remark. A flow having no stagnation point on the boundary is sketched 
in Fig. 6. It is one of the nine possible parallel flows past a plate®. 

Corollary. For any simple flow past a wedge, zit) can be expressed 
explicit ly- in terms of incomplete beta functions. If n = 1, z(^) is an ele- 
mentary^ function. 

Proof. By (IS), dz/dt = /dt equals times a rational function 

of /. Expanding the latter into partial fractions, we can copy the arguments 
of Theorem 3 of Ch. II. 


8. Reentrant jets. The method of reflection of §7 is well illustrated 
by the “reentrant jet” model which has been proposed^® for the cavity 

® See E. H. Zarantonello, J. de math. 33 (1954), 29-80. The case of pure circulation 
was treated by IT. Cisotti, Atti accad. Lincei 13 (1931) , 86-92. 

“ See D. A. Efros, Doklady URSS 51 (1946), 267-70, and 60 (1948), 29-31 ; G. Kreisel, 
Adm. Res. Lab. Rep. Rl/H/36 (1946); D. Gilbargand H. H. Rock, NOL Memo. 8718 
(1946); M. I. Gure\-itch, Izv. Akad. Nauk (1947), 143-50 (DTMB Rep. 224); D. Gil- 
barg and J. Serrin, J. math. phys. MIT 29 (1950), 1-12; E. L. Arnoff, NOTS Report 
368 (1951) (Navord 1298). 
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behind a fiat plate or other obstacle in an infinite stream (see Fig. 7a). 
In this model (cf. Ch. I, §13), the cavity is at a lower pressure than the 
free stream, so that Q > 0. The back of the cavity is supposed to end in a 
^'reentrant jet’’ /, which disappears on another sheet of the ‘^Riemama 
surface” representing the physical plane. Reentrant jets have been ob- 
served experimentally [30], though they appear to form intermittently and 
be unstable. At any rate, the model bears the closest resemblance of any 
known type of ideal flow to observed finite cavities with Q > 0. 


ill 

i?i 

Is! 


-Ui 


vJ/ 







ib) 

Fig. 7. 



In the model, two stagnation points are assumed: one S on the obstacle, 
and another R inside the flow at the base of the jet, as in Fig. 7a. We shall 
consider first the case of sjnnmetric ca'vdty flows past a flat plate perpen- 
dicular to the stream^^. As in §3, we shall map the flow sjunmetrically onto 
the unit semicircle T of an abstract i-plane (see Fig. 7b), so that the plate 
goes into the real axis, and the free boundary into the circumference. This 
conformal mapping exists, is unique, and maps S, I, R, J into four points 
of the imaginary axis: ts = 0,ti = ia, tn = ib, and tj = i{0<a<b < 1). 
Since the point t — ti set infinity is interior to the flow. Remarks 5 and 6 
after Theorem 2 apply, so that 

^ ^ dT T(T - Tiy-(T - Tj^y T{T- - T^y ’ 

where T = -{t+ r')/2, so that 2Tn = iOT^ - h), -ATn = (6“' - if, 
etc. From this, a routine calculation gives 


dt ' (^2 + ^2)2(^2 ^-2)2(^2 + 1) ’ 


where Ci = — 4C7 is a new real constant. 

The conjugate velocity is, applying Theorem 3, 

As3anmetrical flows with and without circulation have been treated by Ef ros ; 
plates in channels by Gurevitch; sjunmetric wedges by Arnoff, in the refs, above. 
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( 21 ) 


.. _ Kf + ^”) 

^ ~ (6T- + 1) ’ 


•-1 = ^ 
t(f + 62) • 


Half the hodograph is sketched in Fig. 7c. 

We are only interested in eases for which z(t) is single-valued (without 
branch points in T). Inspecting dz/dt = dW/dt, we see that t = ia is 
the onlv possible branch point in r. For this not to be a branch point, 
writing dz/dt = (t — iaf, it is necessary and sufficient that, <f>'(ia) = 
0. With a little algebra, this reduces to 

r22) 6' = {oa- + l)/a^(a^ -t- 3), 


leaving just one arbitrary parameter a. 

The cavitation number Q is bj’ definition 

(23) Q - (p„ — Pc)/hpv^ = (1 — I Tx I')/ I fx 1^. 

This can easily be found from (21) and (22) since, 

(24) = f(ia) = -b 4o - iy 

A plot of Q against a is shown in Plate 11; evidently, exactly one flow of 
the type postulated exists for each value of Q, 0 < Q S + - This agrees 

mthfte physical intuition that the cavity underpressure, the velocity at 
infinity, and the obstacle should determine the flow. The limiting case 
Q = 00 is possible, and corresponds to 

a = ( V5 - 2)^ = .485868 • • • ; 


it gives the penetrating jet of Ch. II, §6. 

Substituting from (22) in (200~(21), expanding dW/dt in partial frac- 
tions, and integrating, one gets to within a constant factor 


(25) 


2/rf 

aH^ + 1 


2t 


P -f a‘ 


+ jf/ In 


1 — iat 
1 + iat 


arctan i, 


where 

f25') ?/ - f'(ia) = (a”- - a“)/8. 

Here the origin 2 : = 0 is at the stagnation point S. 

The width p of the plate is 

(26) ^(1) + 2 I fr I f / arctan a + l^rf/ , 

and the thickness of the jet, 

(27) d = |7r(a”' — a"). 
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An easy calculation shows that the two points on the free streamline where 
the velocity is real correspond to ^ with cos 6 = ±(1 — 5“), and those 

where it is purely imaginaiy to t — sin 0 = §(1 + 6“). Substituting in 

(25), w’e get immediately the formulas for the length I and width 2w of the 
cavity. Moreover, the stagnation point T is obtained by setting t = ih in 
(25). In Plate 11, Ave have plotted Logic L and 2WI\/Jj (L = l/p, TF = w/p) 
as functions of Q, together with the drag coefBcient Cd . This is easily 
computed since the drag D satisfies (Ch, IV, §5) 

( 28 ) D = r dz = 2Tpt/(l + I j). 

J— 00 

In Plate 11, we have also plotted the free streamlines for different A’alues 
of the caAutation number Q, and fixed d. Obviously the limit case Q = 0 
corresponds to the Kirchhoff-Rayleigh flow of Ch. II, §2. 

The preceding treatment can be extended, as in §7, to a w^edge with 
vertex angle ^ = t I n, but the first factor tin (21) must be replaced by 
and z(t) is no longer an elementary function. 

9, Geometrical classification of simple flows. It is interesting to 
make a topological classification of singularities, in terms of the streamline 
configuration. Consider the increment, around a contour B consisting 
of the flow boundarj- vdth small detours around stagnation and dividing 
points, in the multiple-valued function 

(29) n{z) = ~ arg dW = - arg f + arg dz 

TT TT 

= i [arg dW/dt + arg dt] , 

TT 

for any non-singular map t — f{z) of the flow into an auxiliary i-plane 
(e.g., onto a circle or half-plane). This is an eA^en or odd integer according as 
the flow is counterclockwise or clockwise. Further, it increases at infinity 
by one across a jet (source or sink, see Fig. 8a), by tAv^o across an ‘^ocean’*^^ 
(Fig. 8b), and by three around an infinite stream (Fig. 8c); these facts are 
easily verified analytically. At a simple dividing point (Fig. 8d), n{i) 
decreases by one. 

Clearly, arg dz increases by 27r around B (‘^simple’^ flows being simply 
connected), while^ d(arg t) — , w^here is the number of interior 

12 “Bipole”, in the sense of logarithmic potential theory — or “simple pole” in the 
sense of complex variable theory; this is a bit confusing* In Figs. 9a“9d, the neigh- 
borhood of a finite point subtends an angle of 180°. Diagrams for other points can be 
obtained by conformal mapping. 
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stagnation points (see Fig. 8e), counting multiplicity. Hence we have the 
following result 

(30) Wo + 2‘?ii + 3^2 — 2 + TZi + 2ns , 

where th is the number of jets and tubes, wi of “oceans”, ns of “infinite 
streams”, and na of di\’iding points on the boundary. 

Remarks. Stagnation points at infinity (“stagnant tubes”) should be 
counted on both sides of (30) — that is, as jets, oceans or infinite streams 
on the left side, and as stagnation points (dividing points) on the right. 
For instance, a jet from a slot (Ch. II, §o) issues from a stagnant ocean , 
and one should put in (30 ) : no = l,n.i — 1, n^. = 0, Wi = 1, fii — 0. The 
general rules in such cases for substituting in (30) are complicated. “In- 
terior” points at iufinity (§3, Remark 6) give a contribution 4 to the left 
side of (30); thus, with the reentrant jet flow of §8, (30) becomes 4 -f- 1 + 
0-l-0 = 2-l-l + 2. 

With these qualifications, we have sketched a proof of 

Theorem 4. Equation (30) holds in any “simple” flow, provided Ud and 
ra. are counted according to their multiplicity. 

For example. Fig. 10c of Ch. II depicts a double internal stagnation 
point (n, = 2). Unless the plane is multiply covered at infinity, we also 
know 2ni 4- ns ^ 2. 

An enumeration of the various geometrical types of simple flows, in 
terms of the streamline configuration, can be based on formula (30). The 
idea is to consider successively larger integral values of -f- n, , and to 
enumerate and interpret for each Ud + % the con’esponding arrangements 
of no , ni , and Wa on the fixed and free boundaries (i), (ii), (iii). In the case 
of simple flows past wedges, each such type of flow is completely deter- 
mined by this arrangement, up to a finite set of real parameters. 

This idea will now be illustrated by enumerating every stable type of 
simple flow having a circular sector hodograph. 


10. Flows with circiilar sector hodograph. In the case of a “simple” 
flow with a (simply covered) circular sector hodograph, (18) evidently re- 
duces simply to 

(31) i = or r’ = t. 

There is no interior stagnation point, and the velocity is a maximum on 
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the free boundary, which is therefore convex (Ch. I, §13). Hence^^ the onl^^ 
possible dividing point is at f = ^ = 0. Choosing T = — (i + r^)/2, this 
is at r = 00 , and (5) simplifies to 

(32) dW/dT = c/n (r - Ty). 

Now referring to (30), we get no + 2ni + 3^2 ^ 3. But iV ^ n© + 2ni + Sno 
by Remark 5 of §3, the inequality being due to possible poles in IF (jets, 
etc.) at r = 00 . This proves 

Theoreim 5. For any simple flow with circular sector hodograph, (31)~ 
(32) hold with iV ^ 3, and T = — (^ + ^”^)/2. 

Next, we observ-e that by (30), = no + 2ni + 3no g 2, unless there is 

a singularity at the vertex. Hence N — 2 ot N = 3. Corresponding to 
N = 2, the only possibilities are no = 2, ni = no = 0, and ni = 1, ?io = 
712 = 0. We shall explore these in turn. 



(a) ib) ic) id) ie) if) 

Fig. 9. 


The case no = 2 includes Rethy flows, with singularities located^^ as in 
Fig. 9a, one on a fixed and the other on a free boundary, except in the 
limiting cases of half the flow past a wedge in a jet (Fig. 9b) or a channel 
(Fig. 9c). Fig. 9d corresponds to the jet from a funnel, and Fig. 9e (a 
circle represents a dipole), to half of the Bobyleff flow past a wedge. Another 
interesting case corresponds to Fig. 10a, and represents a pipe elbow 
(Fig. 10b) in which the pressure is constant around the bend, in ideal flow. 
This has some possible practical interest, as indicating a pipe elbow in 
which the flow should not separate. 



ia) ih) ia) ib) ic) 

Fig. 10. Fig. 11. 


However, it should be noted that the flow on one free boundary ap- 

13 Overlapping cusps and coalescing straight walls (360® wedges) are discarded ; 
see Ch. IV, §7. For the present material, see also M. Miyadzu, Tech. Rep. Tohoku 
Imp. Univ. 10 (1932), 545-83. 

A cross on the hodograph denotes a jet, a circle, an ocean, and a square or dia- 
mond denotes an infinite stream. Fig. 9f corresponds to the '‘streamline struts’’ 
treated by R. Gerber and J. S. McNown [59a, 14r-20I. 
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proaches a straight wall. If the curved free boundary were not held in by 
a solid wall, such a flow would obviously splash, and be unstable. It is 
not hard to show that Figs. 9a-9e give all types which satisfy the sta- 
bility condition 

(aSO At eyevy separation point, the flow is from the fixed to the free 
boundary. 

C'orresponding to N == 3, there are only three essentially different cases 
satisfying the stability condition (S) (Figs. 11a, 11b, 11c). Figs. 11a and 
11b represent the flows given in Figs. 12a and 12b, respectively; Fig. 11c 
represents a jet divided by a finite wedge. 



Fig. 12. 


Limiting forms are obtained by either letting two or three singularities 
coalesce into one or by displacing one or more into a corner of the diagram. 
Thus for instance the diagrams in Figs. 13a and 13b correspond to the flows 
in Figs. 14a and 14b, respectively^®, while Fig. 13c corresponds to a Boby- 
leff flow (Ch. II, §4). 




(&) 

Fig. 13. 



Fig. 14. 


II. Other examples. A classification of other simple flows past wedges, 
based on Theorems 2-3 and equation (30), is also possible. In this classifi- 
cation, stagnation points must be located in the semicircle F. Vortices can 
be treated similarly. Thus, from a mathematical point of view, the enumera- 
tion of such flows is now a routine problem. 

Many such flows are, however, of sufficient physical interest to make the 
details worth carrying through. For example, consider the deflection of a 
free jet by a “de\datmg vortex” (Fig. 15) — this describes the effect of a 
lifting surface on such a jet, to a first approximation^®. 

Flow 14b has been investigated by G. Banzi, Annali di mat. pura appl. Milano 
28 (1919), 95-108. 
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Fig. 15. 


We map the flow onto the unit circle of the parameter ^-plane so that 
the vortex V goes into the origin, and the jets Ji and Ja onto the points 
and e”’*" of the boundary, respectively. If y is the strength of the vortex, 
JV has at i = 0 a logarithmic singularity with coefficients iy/2ir, and at 
the points opposite logarithmic singularities with coefficients 

dbd/TT (d is the asymptotic thickness of jets). By reflection in the unit circle, 
the vortex of i = 0 goes into an equal and opposite vortex at ^ == x , but 
no new singularity is generated by the jets. Thus 


From 


•9 • ICt • 

^ In / ~ ^ ^ In 

X t - e— “ 2x 


dW _ 2 ' ^ sin a 4. tL ^ — ^o)(^ — ^0^) 

dt ^ TV P' + I — 2t cos a 27r F 2 t 


it follows that there must be a new stagnation point at fo satisfying 
Iq — 2 [cos a — (2d/y) sin a] fo + 1 = 0. Hence the velocity f has a zero 
at i = 6) , a pole at i = 0 and its modulus is 1 on ^ c**'. By reflection in 

the unit circle the pole generates a zero, and the zero a pole at reflected 
points. Consequently 

„ 1 ^ - ^0 
^ t I - tto' 

Upon integration, one gets 

2 = [r^dW = hit + (c’“ - In (1 - e-“0 
J ZiTC 

+ 0 In (1 ~ e^H)] 

The deflection angle 8 = arg f y is given by 


8 = —arctan ^ (1 — cos a). 

Still other illustrations of the method of reflection could be given^^. 


The slightly more complicated case of a deviating vortex in the jet from a nozzle 
has been treated by N. Simmons, Quar. J. math. 10 (1939), 283-311. See also Phil. 
Mag. (7) 31 (1941), 81-102. 

17 See for example P. W. Ketchum, Quar, appl. math. 1 (1943), 149-67; A. Masotti, 
Acta Pont. Acad., (1933-34), 248-^; Y. Shibaoka, J. Inst. Polyt. Osaka B3 (1952), 
53-7. 



CHAPTER IV 

GENERAL THEORY 

1. Singularities of IF(T). In Chs. II-III, we have determined many 
ideal plane flows bounded by wedge-like barriers and free streamlines. We 
now turn our attention to general properties of ideal flows wdth free stream- 
lines past arbitrary obstacles, both in the plane (through §8) and in space 
(§§9~13). This discussion is independent of Chs. II-III, except for the con- 
cepts of a ^'simple” flow and of reflection treated in Ch. Ill, §§2-3. 

We first complete the proof of Theorem 1 of Ch. Ill, by showing that 
Tr(r) cannot have an essential singularity. This proof assumes only 
that (i) the flow domain R is locally simply covered, (ii) R is locally simply 
comiected, and (iii) the velocity field ^(z) is bounded and analytic in R, 
Thus it does not require that the flotv be ‘‘simple’’ in the large (cf. Ch. 
Ill, §2, and the Remark at the end of Ch. VI, §3). By a “simple point” of 
a flow satisfying (i)-(iii), we mean a regular point or isolated singularity. 
We recall (Ch. Ill, §3) that every point of a “simple flow” is a “simple 
point”. 

Theorem 1. At a “simple” point on the boundary C of a flow, dW/dT 
is either regular or has a pole of order three at most. 

Proof. By the fundamental theorem of conformal mapping, w^e can map 
the flow in a neighborhood of the simple point onto a semicircle with center 
T = 0 in the upper half T-plane, by a schlicht (one-one conformal) trans- 
formation, so that the boundary goes into the real diameter. Since z(T) 
is schlicht, we know by Koebe’s distortion theorem [3, vol. 2, p. 77] that, 
locally, 

fl) -•!„ 1 , i ^ i z'(T) \^Ai\r,\-\ ImT, 0 < Ao]. 

Hence, if A is an upper boimd to the velocity near the simple point in 
question, 

(10 I dW/dT\ = i fs'(T) \^AA^\v\ 

Since dW/dT is real on the boundary, it can moreover be extended to the 
lower half-plane by reflection, so that (10 holds in a complete (circxilar) 
neighborhood of T = 0. 

We now’- use the following slight generalization of a theorem of Polya 
and Stone^ 

^ G. Polya, Jahr. Deutsche Math. Ver. 40 (1931), p, 81; M. H. Stone, J. Ind. Math. 
Soc. 12 (1948), 1-7. 
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Lem:vl^. Let li{T) be analytic and regular in a neighborhood of T == 0, 
the origin excepted, such that \ h(T) \ ^ ^ J | where X is a non-nega- 
tive integer. Then either h(T) is regular, or it has a pole of order X at 
most at r = 0. 

Proof. Since | r" — T' | ^ 2r 1 17 [ on the circle Tr. T = re'\ and since by 
hypothesis | h{T) | g ^ j 77 1 

(2) I(r, k) = r'-' (^1 - h{T) dT = 0(r"-''). 

If h > iY, then h) — > 0 as 0. On the other hand, by Cauchy’s 

theorem, 7(r, k) is the residue of the integrand which, if is the 

Laurent series of A(r), is 

(2') i: = I{r, k). 

By (20, 7(r, k) — » 0 implies in turn a_(2.v+.;:) = 0, ■ • • , a_;t = 0; by (2), 
this implies a^k = 0 if A: > N. 

Combining this lemma with (10, we have the proof of Theorem 1. 
Clearly, any finite point T = To on the real axis could have been used in- 
stead of T = 0. 

If a simple flow is mapped onto a semicircle in the f-plane, the mapping 
T = —{t + r^)/2 shows that, again, essential singularities cannot occur. 
However, poles of order up to five can occur at the corner, since the trans- 
formation there is locally quadratic. 

Theorem 1 has been proved without assuming the continuity of t(z). 
However, the classification of isolated singularities given in Ch. Ill, §3, 
is not complete unless conditions (i)-(iii) made in proofing Theorem 1 are 
supplemented, by assuming either the continuity of f (2^) or the bounded- 
ness of arg f(2r) (cf. Ch. Yl, §3). 

The same should be said about the asymptotic formulas of §§3-6 below. 
Consider, for example, the flow defined by 

(3) r = T-'^ and r = TF, \^ > 0]. 

This gives a flow between two equiangular spirals (Fig. 1), the first being a 
free streamline vith velocity 1, and the second one with velocity Con- 
versely, it may be shovm that this is the only way two free streamlines of 
different velocities can meet locally^. 

2. Reflection principle^ Folloi^ing an idea of Shiffman [77], we now 
apply the method of reflection (Ch. Ill, §2) directly to the physical plane. 
We consider a neighborhood of a fixed point zq on a free streamline C with 
free streamline velocity v; we assume ^(z) continuous. Since ^(z) maps C 

® E. H. Zarantonello, J. de math. 33 (1954), 29-80. 
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onto a circular arc, the formulas of Ch. Ill, §2 show that, under analytic 
reflection z —>■ z in C, we must have 

(4a) f = I'Vr*, Sw" = dW* 

at corresponding points. Consequently, we must have 

dz = r* Sir = v"r* dW* = v-"-(f dz)*. 

We shall now show that such a reflection is always possible; it will of 
course make 

(4b) 2 = 00 + j W = W — 2Vo , 

where Vq is the (constant) value of Im{W} on C. 

Theorem 2. Any plane flow can be extended locally across a free stream- 
line, by formulas (4a)--(4b). 

Proof. In the TF-plane, it is easy to show that z(W) is single-valued, and 
that is continuous and satisfies the condition of Morera’s Theorem 

[3, voh I, p. 133], that ^ dW = 0 around any closed curve. Hence 

i*, and 0 = y* dW are analytic functions of W. Since dz/dW — ^ 0, 

W(z) is also analytic [3, vol. I, p. 190], so that the flow is analytic in the 
physical plane. 

CoROLiARY 1. In any ideal plane flow®, free streamlines are analytic. 
For, since W{z) is analytic, any interior curve V == const, is analytic. 
CoROLiARY 2. The velocity fields of two flows having a co mm on arc 
of a free streamline coincide up to a real factor. 

For, under the hypotheses of Corollary 2, the ratio f( 0 )/fi( 0 ) of the 

* P. Garabedian, H. Lewy and M. Schiffer [27] have proved that this result is also 
true for axially symmetric flows. It is not known whether or not a similar result holds 
for all space flows. 
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velocities is constaxit and real on a continuous arc; hence it must assume 
this value identically [3, vol. 1, p. 140]. 

Theorem 3. Reflection carries streamlines into streamlines, isobars and 
isoclines into isobars and isoclines, free streamlines into free streamlines, 
polygonal walls into parallel polygonal walls, sources and vortices into 
sources and vortices at infinity. If the free streamline velocity is v, the 
force F on an obstacle is ipv^ /2 times the vector joining one end zi of the 
obstacle with its reflected image zi . 

Proof, The statements about streamlines, isobars, isoclines, free stream- 
lines, and polygonal walls are obvious from (4a)-(4b) ; moreover, the flow 
direction ~arg f = arg f* = — arg f is unchanged by reflection. The facts 
about sources and vortices follow from the fact that the TT-diagram is 
reflected by (4b), while f and f — 0 are interchanged. Hence sources 
and vortices in the finite plane (Tvhere f == «> ) go into corresponding points 
where f == 0, which must be at infinity. 

As regards the net force F, assuming a constant pressure on the rear of 
the obstacle, we have 

F = I p l\ t \‘ - V-} dz ^dW - d^, 

by Bernoulli’s theorem. But f* = while dW = dTT"* = dW = ^dz 
since dW is real along a streamline. Hence, by (4b), 

(5) ^ “ I ^ ~ t I h 

This completes the proof. 

Reflection ordinarily carries interior stagnation points into three-sheeted 
branch points; thus the reflection of a flow with an interior stagnation 
point will not usually be “simple.” 

One illustration of Theorems 2-3 is furnished by a jet in an angle; its 
reflection (Fig. 2a) is a jet going around an angle. An especially nice ex- 
ample is the swirl in a square (Fig. 2b); combined with its image, it gives 
the flow between two concentric squares^. 

An interesting application of Corollary 2 above consists in finding the 
flow vdih a given free streamline C. This can be done by conformal map- 
ping. To find the flow, determine the conformal mapping z = /(T) of one 
side of C onto a half-plane and set 

dW/dT = U'(T)f*(T)f 

(6) t 

^ The reflection of a jet from a funnel gives a jet from a wedge with a source at the 
vertex, as has been observed by F. Weinig, Ing. Archiv 11 (1940), 264r-8. See also Ch. 
V, §15. 
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Thus, if C is an ellipse, one gets a flow which can be imagined as the hollow 
vortex generated by two opposite parallel streams flowing at each side of 
an interrupted wall (Fig. 2c). 

3. Asymptotic geometry of free streamlines. Consider the portion 
of a flow bounded by two free streamlines extending to infinity, and a con- 
nected arc joining them. We vdsh to study the asymptotic or “local’^ be- 
havior of the flow at infinity. We shall assume in §§3-8 that v = 1: the 
free streamline velocity is unity. 

Clearly the domain described is simply connected, and can be mapped 
conformally onto the lower half T-plane, so that the point at infinity goes 
into r == 0. By Theorem 1, after integration, we get 

(7) W = + hlnT + h + hT + - • , (allhk real) 

where h, h^i , are not all zero. As in Ch. Ill, §3, we shall speak of a 
“jet”, “ocean”, or “infinite stream” according as the first non-zero coeflfi- 
cient in (7) is h, h-i , or . 

Formula (7) can be simplified by a more precise choice of parameter. 
Since the flow at infinity is bounded by free streamlines, f(0) ^ 0 there, so 
that all streamlmes are asymptotically parallel at infinity and the W-domain 
covers all points between two half-lines parallel to the real axis outside a 
suflBciently large circle (Figs. 3a-3c). Correspondingly, one of the following 
functions will map a whole neighborhood of infinity into the exterior of 
some circle in the lower haK-plane (Fig. 3d) : 


(8a) 

TF = -lni 

(jet) 


T 

(8b) 

W=i + -]ni 

(ocean) 



(8e) 

W = f‘ + - In t 

r 

(infinite stream). 


Here d is the jump in V between the two free streamlines; hence we may 
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Stream 

(c) (i) 

Fiq. 3. 

refer to t as the intrinsic 'parameter. Indeed, the images under (8a)-(8e) of a 
sufficiently large semicircle in the lower half ^-plane are as in Figs. 3a-3c. 
Formulas (8a)-(8c) can also be obtained by making a substitution of the 
form 

T — — a^it ^ "i" flo "i” Oit "h ust” d- • • • (all real) 

in (7). 

By the Reflection Principle (Ch. Ill, §2), rotating the flow so that 
f(oo) = 1, we also have 

(9) r = exp iioeT’- + + sr^+ ■■■), 

where a, /3, 7, * • ■ are all real. Equations (8)-(9) determine the asymptotic 
behavior. Thus, since — arg f = — — • • • is the tangent direc- 

tion on the free streamlines, when t is real, the as;^Tiiptotic convexity of the 
free streamlines is determined by the first non-zero coefficient of (9). If 
a > 0, both free streamlines turn away from the flow, showing (by the 
Brillouin Principle of Ch. I, §13) that the velocity is asymptotically a 
local maximum on the free streamlines. If a = 0 but ^ 9 ^ 0 , one free stream- 
line bends toward the flow and the other away from it. 

A clearer picture of the flow geometry is obtained by expanding for z, 

(10) J r"dW = f n ~ iar^ - iia + ii3)r““ + • • •) dW. 

Thus, in the case of &jei, t = [a = and so 

(11a) z = zo + W e d ^ e + • ■ • ; 

a 4a 
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hence the jet tends exponentially to parallel flow, in a channel of diameter 
d = Air (Fig. 4 and Plate 7). In the typical case of a jet from a contracting 
orifice, a > 0, and a good picture can be had by considering z == zo+ W + 
(ia/a)r\ which contracts symmetrically along the lower and upper free 
streamlines t > 0 and i < 0, respectively. 

.L 


r 

Fig. 4. 

The case of an ocean is less simple. We have 

s = y* ^ . •)(! -[" dt 

(lib) 

= 2 o "I* 11 — In ^ "p -j" iici/OL "1“ j^)]^ . 

^ Zo + W - ia In 11^ + 0(T1^'). 

Thus, unless a = 0, the ocean is infinitely depressed (or raised) at infinity, 
relative to the planing surface (Fig. 5) ; a special case of this paradox has 
already been discussed in Ch. Ill, §6. We shall show in §5 that a lift L = 
pica is associated vdth this configuration. If a = 0, then the depression is 
asjmiptotically finite, but (cf . §5) L = 0; this case is ordinarily incompatible 
with the Brillouin separation condition of Ch. I, §13. In any case, the dif- 
ference in elevation of the “ocean” surface on the two sides of any fixed 
vertical axis, at equal distances from it, tends to the thickness of the jet 
diverted. 



Fig, 6. 


The case of an infinite stream is the most complicated. In the typical 
case rf == 0 of the cavity behind an obstacle, clearly 

z = / [1 - dPF 

= Zo + TF — 2ia y/W — (ia + In TF + • • • . 


(11c) 
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Moreover (11c) holds even if d 0, since then 

~ TT^^(1 + (d In TF)/47rTr + • • •). 

Since the two boundaries of the cavity correspond to the two sides of 
the cut along the positive axis in the TT-plane, and -v/Tr = t has opposite 
signs along these, clearly^ the cavity shape is essentially parabolic if a > 0 
(Fig. 6a), its symmetry being skewed by iS In TF if 0. In the 2 -plane, 
elementary calculations verify 

(lid) y ^ i/Q = \/x — IS In X + 0(1). 

Clearly a < 0 leads to a flow which is self-overlapping, which is physically 
impossible. 



(a) (&) 

Fig. 6. 


The case a = 0 leads to a cavity of finite widths which will be asymptoti- 
cally straight in the symmetric case iS = 0, but which will ordinarily devi- 
ate logarithmically from a straight line in the asymmetric case. This will 
be showm in §5 to be the case of a caiity oj zero drag (Fig. 6b). 

More generally, it will be showm there that a and jS measure the drag 
and lift, respectively, according to the formulas B = irpa and L = -jrp/3. 

4. Momentum equations. The rate of efflux of momentum across any 
oriented^ boundary element dz is, almost by definition (Ch. I, §12), 

(12) m = pf* dV = p(£ dV - irj dV). 

Again, by Bernoulli’s equation® 

® This result, and formula (17) for cavity drag, are essentially due to Levi-Civita 
[591. 

® Using the “dead water’’ wake interpretation of Ch. I, §7, von Mises {Theory of 
flighty p. 101) has suggested this as a possible model for flow outside the wake above 
the critical Reynolds number. 

7 We adopt the convention that the interior is to the left of the boundary, corres- 
ponding to orienting the boundary in the counterclockwise sense. 

® Here and below, po will denote the stagnation pressure, p/ the ambient (free 
streamline) pressure, and an asterisk the complex conjugate. 
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p = Vo — + /?“) = Po — 

Since i dz is the inward normal (see Fig. 7) andf = i + iv — dW/dz, the 
vector pressure thrust of an element dz of boundary on the fluid is 

(13) dp == ip dz = fpo dz — ipit'^idW/dz) dz 

= ipQ dz — |p2’(? — 'ir}){dU + ^ dV). 

Combining (12) and (13), we get 

(14) dM - dp = -ipo dz + |pt'(r dF)*. 

Similarly, if dP = i{p — P/) ds denotes the relative pressure thrust, we 
have 


(14') dM - dP = i{pf — po) dz + ^piiX dW)*, 


But by Cauchy’s Integral Theorem, ^ dz = 0 and ^ (f dF)* == 0; hence 
the contour integral of the right side of (14') vanishes, if taken around the 
boundary of any finite domain of the flow. That is, ^ (dM — dP) — 0. 

(The corresponding formula ^ dM == ^ dp, obtained similarly from (14), 


expresses the ordinary momentum theorem of Ch. I, §10.) 

We now wish to find an asymptotic analog of this equation, valid for 
infinite domains bounded by free streamlines C/ at a given pressure p/ , 
and finite Jixed barriers Bj [i = 1, • • • , r', ^ = 1, • • • , s]. We assume the 
units so chosen that the free streamline velocity is one. 

To do this, we apply the basic equation M — P = 0 to a finite domain 
bounded by the Bj , by portions of the free streamlines C/ extending to a 
large distance, and by cuts (7* [fc = 1, • • • , r] joining adjacent free stream- 
lines, as in Fig. 7. Clearly, dM = 0 along any streamline, while dP = 0 


along any free streamline. Now let F,- — / dP denote the total thrust 

JjSj 

(relative to the ambient pressure) exerted by the barrier Bj on the 



DR.\G AX0 LIFT 


73 


moraig fluid. Since j) {dM — dP) = 0, clearly 

(15) -F = Fj = E f (dM - dP) = Eg,. 

&-=l ^C/: 

Our aim will be to evaluate the integrals G& . Since ^ (dM. — c?P) == 0 

aroimd a contour consisting of segments of two free streamlines and cuts 
joining them, and since dM — cZP = 0 along the free streamlines, the G* 
are the same for all cuts joining the same two free streamlines. We shall 
now evaluate the G* asymptotically. 

5. Drag and lift. The evaluation of Gk across any jVi is obvious. Because 
of the finite cross-section, and the exponential approach (11a) to uniform 
fiow at the free streamline velocity ly and the ambient pressure, G* is equal 
P^k*Vf d, that is, to a vector of magnitude p dv/, acting along the niidline of 
the jet. Hence if a jet is divided by any barrier B whatever, and F denotes 
the force exerted by the jet on the barrier, then 

(15a) — F = Gi + G 2 + Gs , 

where the G* are the rates of momentum efflux associated \\ith the imping- 
ing jet and its two branches. 

For an ocean or cavity, Gk is given by (14'), since p/ — po == p/2 if v/ = 
1, as 

(16) G, = yi I (r dw)* - 

We shall now evaluate this integral as^onptotically, around a large semi- 
circle Ck in the lower half ^-plane, with its center at the origin, and radius 
E. In this evaluation, it is convenient to observe that 

J Cje JCje 

where f*(t) is the power series obtained from f(t) by replacing each coeffi- 
cient by its conjugate, and C* is the semicircle conjugate to Ck , on 
which In t decreases by iir. 

In an infinite ocean, by (8b) and (9), 

= [i + (—ioL + d/x) In < + const. + o(l)]±| 

= 2R — iroi — id + o(l). 
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Similarly, over Ck , j dz J f^c^TF = 2R + ra + zd + o(l). Substitut- 
ing in (16), we get 

(15b) Gk ^ |pi(-27rQf — 2zd) = p{d ~ izra). 

Hence, for any “planing” barrier B on an infinite ocean, the rate at which 
the ocean supplies momentum, to the jet and barrier combined, has a 
horizontal component equal to the mass of jet peeled off per unit time, and 
a vertical component proportional to the logarithmic depression at infimty. 

Since (16) is additive, we can say that the '‘drag” D = pd comes from 
the “jet” term (d/r) In t in (8b), while the “lift” L = zrpa comes from the 
“pure ocean” term TF = t, 

We shall now compute the force due to the “pure cavity” term W = f 
in (8c) — which is the only term in most applications. This gives, in an 
infinite stream 

£ rfTT* = (^1 + ^ df* 

= - 2iat^ - (a + 2ifi) In t + o(l)]fs 

= — 4:iaR + i'aV — 2;87r + <?(1); 

[ [ r^dW = [ (l - ^ - -‘ - 't + . . .) 2 < dt 

Jcjg JCk ^Ck \ t / 

= — 2 ^ 0 :^ — (a“ + 2ifi) In ^ + o(l)]— ^ 

== —4:iaR — + ^>(1). 

Substituting again in (16), we get 

(loc) F = — G = ^pi[—2ia'ir + ^jS^r] ~ pT{a + 2^/3). 

Letting D denote (cavity) drag and L (cavity) lift, as usual, we get 
Theobem 4. In an irdSnite stream, the constants a, jS of (llc)-(lld) 
satisfy 

(17) D = 7rpa“ and L — 2tp^, 

in the case of unit free streamline velocity. 

Substituting back in (llc)-(lld), we get 

(17a) 2 = 00 + TF - 2* a/^ VW - In PF + 0(l/\/Pr), 

y pT 2pzr 

(17b) y — yo ±2 In a; + 0(1/ -y/x)- 
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In this sense, the cavity width is detennined by the drag, and its asyiiimetry 
by the lift. In the interesting case D = 0 of a symmetric cavity of zero 
drag (Fig. 6b), we thus have typically y — yo = 0{l/\/x). 

Another interesting as 3 Tnptotic formula applies to reentrant jet motion, 
both in the plane and axialh" S 3 Tnmetric jet case. It is® 

(18) 2[1 + Q + VTVQ] A*/A, 

where A* is the jet cross-section, and A is the obstacle cross-section. 


6. Moment. The moment coeflSicient Cm can also be evaluated b}^ a 
refinement of the preceding asymptotic considerations; indeed, this is apt 
to be the most practical waj" to evaluate Cm in specific problems. We now 
give the detailed formulas. 

The moment about the origin of a complex vector f = g -r iK applied 
at the point z, is xh — yg = Im{fz*}, Hence, by (12), the rate of efflux of 
moment of momentum across the boundary element dz is 

(19) dN = p dV. 

Similarly for the moment dQ of the relative pressure thrust, 

dQ = J??z|z(po — Vs)^* dTF*}, 

whence 

(20) dN - dQ ^ ipf ~po) Re(z* dz) + Ip Re{zt dW)*. 


Integrating around the boundary of any^ finite domain (containing no 
sources, sinks, or other singularities), since 


/ 


Se( 2 * dz) = 




{xdx + y dy) = 0 = 


/ 


dW, 


we deduce the usual moment of momentum theorem N Q. 

We now wish to find an asymptotic analog of this equation, expressing 
the moment required to produce a given asymptotic flow at infinity. We do 
this just as in §5, getting finally 


(21) -*V(F) = E f (rfiV - dQ) = E NiG,). 

A-l JCk 


In other words (cf. (15)), the moment of the total hydrodynamic force 
exerted by the mo'vdng fluid on the barrier is the sum of certain integrals, 
which we shall now try to evaluate asymptotically. 

The case of a> jet is obvious; as already stated in §5, iV'(Gjfc) is the moment 
of a vector of magnitude pv/ d, acting along the midline of the jet. 

® G. Birkhoff, Rev. Ciencias Lima 50 (1948), 106-16. 
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For polygonal obstacles, in cavity motion or planing on the ocean 
surface, it is often possible to evaluate A (O-y) as a limiting case of divided 
jets. But it is usually more convenient to substitute directly in the ap- 
propriate limit formula. We shall therefore evaluate N{Gk) for the case of 
an ocean or a cavity. 

Theorem 5. The moment of the pressure thiiist about ^ = 0 is 


( 22 ) 


A"(G/.) = pir 





for an ocean, and (cf. (9)) 

(23) XiGk) == pt[28 + 3cr^ - + Im{Gj:Zo^}, 

for an infinite stream^^. 

Proof, By (20), since ly = 1, we have in all cases 


(24) 


X{Q,) = ^pRe J [ dW - / z*dz 

Ch ^ Ck 

= ipReU^ (2f - 2*r^)dPF|, 


for an ocean or a cavity. We shall now evaluate the integral (24) asymptoti- 
cally in the t-plane, much as in §5. In this evaluation, we shall use the con- 
sequence of (21), that A^(G;;) is independent of the path of integration, to 
simplify the calculations. Writing t = Re^"^, and letting Ck be the contour 
of integration j ^ | = J?, we see that (24) must be independent of R, But we 
can expand (24) in a series in R, consisting of R^, 1, In R, RT^, • • • 

times definite integrals in <^>, which are independent of R since <j5> varies 
from — T to 0, Therefore, since the sum must be independent of R, all in- 
tegrals are 2 :ero, except that of the constant term. 


For an ocean, we have by (8b)"'(9) and z = J ^ dW, 

= 1 - iaft - {pt/2 + ~ (iaVe + a/? + il)/f + “ * 

z t -t- Zq (d/V — ioi) In i + (fa d/x + ex /2 + i0)/t 

+ \[d{(x/2 + i^)/Tr + ia/& + ad + iyyt^ + • • *. 

Substituting in (24), and retaining only integrals which do not involve R 
or In B as a factor, one obtains (22). In a similar way, one proves (23). 


Separation curvature. It is easily verified, in special cases, that 
the free streamline curvature is usually infinite at a separation point. We 

Cf. [10, p. 197] and S. Brodetsky, Proc. roy. soc. 102 (1922), 361-72. 
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shall now give a general discussion of this question; without loss of gen- 
erality, we can continue to assume that the free streamline velocity is one. 

Consider any flow satisf 3 dng conditions (i)“(iii) of §1, and separating 
from a barrier >5 at a point A, as in Fig. 8a.^^ Take a subdomain D about 



(a) 



Fig. S. 



A and map it conformally onto the unit semicircle F: ; f | < 1, Im t > 0, 
so that the separation point A goes into t = 1, the free boundary into 
the real axis, and the barrier into the circumference (Fig. 8b). As a function 
of r = —i(i + i-^), by Ch. Ill, Theorem 1, TT" is regular at the separation 
point r = — 1, and so has an expansion of the form 

(25) W = TT’o + Z «i-{r + l)^ «/. real. 

1 

Clearly, if A is not a dividing point, as in Fig. 8a, ai 9 ^ 0. Now consider the 
function 03 (t), defined by 

(25') CO = z' In f = 0 + IT. 

On AA', r = In j f I = 0; hence the reflection principle applies (Ch. Ill, 
§2), and 

(26) CO = bit *4" b 2 t“ d" ‘ * j nil hi real, 

the series being convergent for 1 i j < 1. 

Leuma 1. If ^ == i f 1 is the velocity, a = q dq/ds, the tangential fluid 
acceleration, and k — d(f>/ds, the streamline curvature, then 

(27) dco/dir = —2 d^^^/dz = ic/g + 

d$ being measured in the flow direction. 

Proof. Along a streamline d<#>, 

while dz = da, giving d^~^/dz = dq~'^/ds + iq'~^ d<l>/ds. 

It is a corollarj" that the points of zero cur\''ature on a free streamline are 
isolated. 

With the help of this lemma, we can now prove 

Theorem 6. If co'(l) 9^ 0 exists as a continuous limit of co'(0 as ^ > 1 

in r, then the cur^-ature of AA' at A is infinite, towards the fluid or away 
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from it, according as «' > 0 or J < 0. Correspondingly, the velocity along 
AB increases or decreases with infinite acceleration as the point A is ap- 
proached”. 

Remark. The case w'(l) 5^ 0 is sometimes called the case of “abrupt” 
separation. The case w'(l) = 0 of “smooth” separation will be treated in 
Thm. 7. 

Proof. Along the free streamline (t real) (27) becomes k = du/dW = 
^'(t) As t T 1, clearly dW/dt = {ai + 2a. {T + 1} + ■ ■ ■) i - 


1) tends to —0 if ai is negative as in Fig. 8a, and the first part of the 
theorem is proved. Along the obstacle {t = c'*"), we get from (27) a/(i = 




it 


and the second part follows by obsendng that if <r 0, 


then dW !di tends to zero along negative imaginary values. 

The further discussion of separation curvature is more technical^^ To 
obtain different results, various hypotheses about the obstacle smoothness 
are needed. All these hypotheses are fulfilled if we assume that AB is of 
class C'", that is, that the tangential direction ^(s) has a continuous second 
derivative as a function of the arc-length. 

We first show that, if the fbced boundary is smooth, the flow direction 0 
is continuous near the separation point. 

Lemivu 2. If the obstacle tangential direction is a continuous function 
of the arc-length s, then the function 0(0 is continuous in a neighborhood 
of i = 1. 

Proo/. It follows from the hypothesis and known theorems of conformal 
mapping^^ that arg {dzjdT) tends to the tangential direction 0 when the 
fixed boundary is approached. Thus 

0(cr) = arg = arg (dz/dT) — arg {dW/dT) = 0(s(o-)) — tt, and 

since ^(s) and 5(0-) are continuous, 0(cr) is continuous in an interval 
0 < O' < (To . By reflection (0(0-) = ^(—o’)), the continuity is extended 
also to the interval — o-q < o- < 0; moreover lim 0(0-) exists. But any 


harmonic function approaching the boundary values 0(o-) is given by the 
Poisson integral formula, and so is continuous near i = 1. Such a function 
being Bit), the lemma is proved. 

From the formula relating 0(0*) to the tangential direction, and observing 
that dW/dT has by (25) a change of sign or none according to whether 
ofi = 0 or ai 7*^ 0 respectively, it follows: 

CoROLL.\RY. At the separation point, the curve consisting of the obstacle 


Cf. [85; 11]; A. H. Armstrong, Arm. Res. Est. Memo 22/53 (Great Britain), 1953. 
« Cf. [52, 85, 49]. 

E. Lindelof, C. R. 4th Scand. Math. Congr. (1916) ; also S. Warschawski, Math. 
Zeits. 35 (1932), p. 406. 
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and the free bonndarj^ has either a cusp or a continuous tangent depending 
on whether the separation point is or is not a dmding point. 

The detailed discussion below applies onlj" to the case ai 9 ^ 0 when the 
separation point is not a dhiding point. It involves the following defini- 
tion. 

Definition. A function f(x) is said to satisfy a Lipschitz condition of 
order (0 < v g 1) in a domain B, if there is a positive constant C, such 
that for any Xi , X 2 in B 

(28) \f{Xi) -‘Kx 2)\ ^ C.\Xi^X2\\ 

Leivima 3. If <l)(s) or its first or second derivative satisfies a Lipschitz 
condition, then the same holds for (and hence for f (0) or its corre- 
sponding derivatives in a closed subdomain of F: | arg ^ | S €, 1 ~ e ^ 

iii i 1 . 

Proof. Since the separation point is not a dividing point, the corre- 
spondence between the T- and z- domains, both boundaries ha\dng con- 
tinuously turning tangents (cf. Lemma 2), satisfies (locally) a Lipschitz 
condition of order arbitrarily close to one^^; that is, 

1 - 52 i < a I Ti - Tg r, 0 < ^ ^ 1 . 

Hence setting t = 6**" [T = —cos o-], 

(29) I a(cri) — 5 ( 0 - 2 ) I ^ Cp 1 cos O'! — cos 0 - 2 1 ^ Cp | o-i — 0 - 2 1 

If Q{b) satisfies a Lipschitz condition, it follows that d{a) — B{s{a)) satis- 
fies a Lipschitz condition for suflSciently small non-negative o-. By reflec- 
tion {B{a) = the Lipschitz condition for B{(t) is extended to a whole 

nei^borhood of o- 0. 

We shall now appeal to the following result of analysis^^ which we state 
in a local form: 

Fatou-Privaloff Theorem. If the real part of an analytic function regular 
in the unit circle 1 ^ | < 1 satisfies a Lipschitz condition of order v(f) <v < 1) 
on the boundary in the vicinity of a point P, then the function itself satis- 
fies the same condition in some neighborhood of 
Now, since B{<t) satisfies a Lipschitz condition near er = 0, it follows that 
co(0, and so r(o'), also do, near the same point. On AB, the relation dz — 
do? gives 

(30) ds/d(T = [ dW/dx | , 

Cf. M. Lavrentieff, Rec. math. Moscou36 (1929), 112-15; also C. Gattegno and 
A. Ostrowsld, Mem. Sci. Math. 110 (1949), p. 35. 

See for instance A. Zygmund, Trigonometrical series, New York, 1952, p. 156. 
The proof there can be made local. 

1 ® That is, on that part of a neighborhood contained in | f ^ 1. 
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which, since ^ dW/'cU | is analytic and t(o-) Lipschitzian, implies a LipscMtz 
condition for dsIdiT near y = 0 (c > 0). Repeating the cycle of reasoning, 
and noticing that 6' (a) is an odd function^* vanishing at cr = 0, this suc- 
cessively implies Lipschitz conditions for 6' (a) = dd(cr)/dcr = dd/ds-ds/da, 


d's,'d<r and 

= d^do-^ = 


Kdv) 


. dd d^s 
ds d(7=*’ 


if dd/ds or d"6/ds“ satisfies a Lipschitz condition. 

By a final appeal to the Fatou-Privaloff Theorem, it now follows that the 
analj’tic functions i dcii/d(hx t), — d‘£i>/d(ln f)‘, which take the boundary 
values 6'(a') -i- iT'ic) and d"{a') -1- respectively, satisfy a Lipschitz 

condition of order v near t = 1 and consequently so does a"(t) = 

r-(d-oi/di]nty--du/dOxit)). 

CoEOLLARY. The following e.\pansions hold in the vicinity of f = 1 : 

(31) i^it) = «(1) + {t- l)co'(l) + - l)V'(l) 

+ (jt- ifQiit - 1)’), 0 < I- < 1, 


(32) F(0 = Z a.(r + l)^ T = -iit + r'), 

k^O 

with all real coefficients and ai 0. Furthermore, 

(33) f\t) = f“^(l)[l + — 1) + |(— w^(l)* + z£o'''(l))(i — 1)“ 

+ (i-i)*0(M-iI')], 

(34) zit) = z(i) + r'(i)[-i«i(i - 1)' + (i«i - 1 ccic'nm - D* 

-f (i-D^odi-il')], 

dr^/dz = f + «"(i) -h o( M - 1 r) 

-2^ 

^ (1 -h t){ai -h 2ai{.T -[- 1) 4- • • •) 

IVith the help of these expansions, we can now study the case co'(l) = 0. 
From (35) we get, regardless of the mode of approach, 

lim d^~^/dz — — Jw"(l)/ai . 

Precisely the fact that in general the derivatives of odd order do not vanish at 
or » 0 prevents one from applying without modifications this argument to higher 
derivatives. 
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Thus, by (27) we get 

Theorem 7. If AB is of class C'", then co'(l) in Theorem 6 exists. Fur- 
thermore, if a?^(l) = 0, then the free and fixed boundaiy have the same 
curvature at the separation point and the acceleration vanishes on both 
sides^®. 

A similar discussion can be carried out for separation points which at 
the same time are dividing points. One finds that there must be a cusp at 
the separation point and that expansions (31)-(35) hold with ai = 0. 
Thus, unless w'(l) = = 0? cuiwature of the free streamline is 

infinite. This result holds tiue, a fortiori, for cusps on free streamlines. 
In such cases, co'(l) = 0 (since co is a regular function of T), and it is neces- 
sary that co"(l) ^ 0 to avoid local overlapping near the cusp. 

8. Inflections of free boundaries. Much qualitative information about 
the geometry of free streamlines can be obtained from the following 
theorem. 

Theorem 8. In the infinite cavity flow of an unbounded stream past a 
fixed anal 3 d:ic barrier^^, the number of inflections of the free boundary-" is at 
most equal to the number of inflections on the wetted barrier, including its 
ends“°. This bound can be reduced by two if the barrier is convex away from 
the fluid at the dividing point. 

Proof, The function k/q, as the real paii of an analj^tic function, is har- 
monic by (27). The locus k = 0 of streamline inflections consists of level 
curves of K/'q, which, since k/q is harmonic, must begin and end on the 
boundaiy. Further, the ‘‘inflection lines’^ (lines of inflection points) start- 
ing on the free boundary cannot end on the free boundary (separation points 
excluded) nor at infinity. For, if this were not the case, a domain bounded 
by free streamlines and inflection lines would be formed, and either k/q 
or its normal derivative d{aq^^)/ds wmuld be zero on its boundaiy; by 
Green’s identity, this would imply that K/qis constant, which is impossible^^. 
The same argument proves that no two inflection lines can end at the same 
inflection point on the wetted barrier or its endpoints^. 

Now from the asymptotic formulas (8) and (9) of §3, with d = 0, we get 

One can easily check that the hodograph has a continuous tangent in this case. 
As in the flow described in Ch. II, §§2-4, with a general barrier in place of the 
plate. See also Ch. VI, §5. The proof can be extended to non-analytic barriers with 
angular points. 

20 We say that the barrier has an inflection at one end if the fixed and free boundar}" 
have curvatures of opposite signs there. 

21 From the asymptotic developments of §3, it follows that the reasoning applies 
to inflection lines starting on the free boundary and ending at infinity. 

22 At such points k/q may be singular; in such a case, formula (35) shows that there 
is no more than one inflection line leading there. 
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dr'/dz = d log r^/dW = iia/2f + + ■■■ ), showing that there are 

three or (if a = 0) more inflection lines leading from the interior of the fluid 
to infinity. 

At the dividing point, since the barrier is analytic, we have 
= a/z + b + cz + dz^ + , df^/dz = -a/z^ + c 2dz + • • • 

If we take the inner normal as the positive imaginary axis and assume that 
the x-axis points in the direction of the fluid motion, then a > 0, and, set- 
ting 2 = re''^, K/q = r~-(a sin 2^ -h • • ■ ). by (27). Thus, locaUy, k/q is 
positive in the first quadrant and negative in the second, and an inflec- 
tion line detaches peipendicularly from the barrier. Now if the barrier 
is convex in the immediate right vicinity of the stagnation point, k/q 
is negative there, and a further change in the sign of x/g occurs pro- 
ducing an inflection line tangent to the obstacle. Similarly on the left. In 
conclusion, there are 1, 2 or 3 inflection lines leading to the stagnation 
point, according as the stagnation point is in a concave, inflected, or convex 
point of the obstacle, respectively. Therefore, on the barrier, the number of 
terminals for inflection lines is equal to the number of inflection points plus 
the number of inflections at the points of separation plus 3 or 1, according 
as the stagnation point is convex or not. Three of these terminals must lead 
to infinity, leaiing the number indicated in the theorem to be joined, in 
the most favorable ease, with the inflection points on the free boundary. 

CoRoiiii. 4 .RY 1. Each free streamline bounding an infinite cavity behind 
a convex obstacle (cavities of zero drag excluded) has one inflection or 
none according as the corresponding separation point is a point of inflection 
or not. 

The above method can be applied to other flows, and only requires the 
determination of the number of inflection lines leading to the characteristic 
singularities. One obtains in this way such results as the following 

CoHOLiABT 2. The S 3 rmmetric cusped cavities^ of a convex or doubly 
inflected symmetric obstacle are concave. 

The number of inflection points of the free boimdary can also be related 
to the number of points in the barrier where the acceleration vanishes, that 
is, to the number of maxima and minima of the velocity. 

Theorem 9. In infinity cavity flow, the free boundary inflects at most 
as often as the acceleration vanishes along the barrier. 

Proof. The lines of zero tangential acceleration are by (27) level lines 
of the harmonic fmction dq~^/ds, and as such start and end on the bound- 
ary. The only singularities of dq~^/ds are the stagnation points and possibly 
the separation points. The free boundaries are themselves lines of zero ac- 
celeration and hence they are met by other such lines at points where the 

See Ch. V, §14 and Ch. VI, §10. Also, U. Cisotti, Ann. sc. norm. sup. Ksa 1 
(1932), 101-12. 
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normal derivative of dq~^/ds is zero, that is, where the tangential derivative 
of K/q vanishes. Now, since K/q vanishes at the points of inflection and at 
infinity on the free boundary, there must be, between any two such points, 
a point where dU/q)/ds is zero. Thus there are at least as inau 3 ’ lines 
of zero acceleration starting on the free boundary" as inflections. Such 
lines obviously cannot end on the free boundaiy nor at infinity', and must 
end on the obstacle. A local expansion, as in the proof of Theorem 8, shows 
that there are exactly two lines of zero acceleration leading to the dividing 
point. At the separation points, it follows from (35) that the velocity'- is 
stationaiy if and only if the free and fixed boundary' have the same curva- 
ture there, and that in this case only there is an interior line of zero accelera- 
tion detaching from the separation points. Furtheimore, as in the case of 
inflection lines, one sees from the as^^mptotic expansions that there are 
two interior lines of zero acceleration leading to infinit 3 \ Consequentlj", all 
lines of zero acceleration starting on the free boundaiy, and the two at 
infinity, must end at points of zero acceleration on the obstacle, except 
for two ending at the dmding point, and the theorem is proved. 

9. Free stream surfaces. In §2, we saw that any free streamline was 
analytic. This result has the following partial converse, due to Volterra"^. 

Theorem 10. Localty, any anal 5 rtic surface S can be a free stream surface, 
and any anal^^-tic cur\"e C can be a free streamline. 

Proof, On choose an analj^tic curve A ; the geodesics in S cutting A 
orthogonally will then be an anal 3 rtic family covering S localty, and the 
orthogonals to these cur\-es vill intercept equal lengths. Let U = « be 
the directed distance from A. 

Extend the resulting coordinate net to a (u, v, w) s^'stem in space. Then 
the boimdarj'' conditions U = s and dU/dw == dU/dn = 0 on S are analj^tic 
initial data for = 0”^; hence there is an anal^’tic U satisfying them 
and == 0 in an open region containing S. For this U, the gradient cur\"es 
(streamlines) will be the given geodesics, and VU'VU = 1; hence S will 
be a free stream surface. — ^The proof for the plane is similar, but simpler. 

We shall now characterize the geometry of streamlines on free stream 
surfaces in space. Since the pressure is constant on a free surface S, the 
pressure gradient is normal to S. Hence the fluid acceleration is normal to S. 
It follows^® that the free streamlines are geodesics. Thus 

Theorem 11. On any free stream surface, the free streamlines are geo- 
desics. 

Volterra, J. de math. 11 (1932), 1-35. In the plane, any free streamline is 
analytic (Theorem 2, Corollary 1, above). 

J. Hadamard, Lectures on Caucky^s •problem. New Haven, 1923, Ch. I. 

Blaschke, Vorlesungen uber Differ entialgeometrie, vol. 1, Berlin, Springer, 
3d ed., 1930, p. 150. 
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Using this fact, Hamel"' has shown that the only irrotational space flows 
in which all streamlines are “free’’ are helical flow's (vortex line plus uniform 
flow parallel to this line). 

The sense of the cmvature is indicated by Bxillouin’s Principle (Ch. I, 
§13), which we now sharpen. We appeal to the following 
Strict Maximum Principle'^, Let ^ satisfy L[^] g 0 in a region R wuth 
(smooth) boundary S, where 

L = J^aik(x)d“/dXidXk + ^biC^)d/dXi , 


with ai!:(x) positive definite. Then either ^ is eonstant, or \j/ assumes its 
maximum only on the boundary, and satisfies bpjbn > 0 at all its maxima 
occuring at regular points^. 

As inCh. I, §12, this principle applies to the (siibharmonic) pressure func- 
tion, to give the follo^ng result. 

Theorem 12. If a barrier (or orifice) is nowhere strictly convex away from 
a plane or axially s^nmnetric &ow, then the cavity behind it (jet issuing 
from it) is everywhere strictly convex away frona the flow. 

Proofs. The fluid velocity, being bounded and continuous, must assume 
a maximum somewhere. By the Strict Maxiimim Principle, this maximum 
cannot be assumed on the fiLxed boundary, but is assumed somewhere on 
the boundary; hence it is assumed (constantly) on the free boundary. The 
proof is completed by using the preceding lemma. — ^Three typical special 
cases of Theorem 12 are sketched in Figs. 9a-9c. 




G. Hamel, Preuss. Akad. Wiss. Sitzungsber. (IQST), 5-20; see also L. Castoldi, 
Rend. Accad. Lincei 3 (1947), 333—7; also P. Nemenyi and R. Prim, J. math. phys. 
MIT 27 (1948), 130-5; J. Weingarten, G5tt. Nachr. (1890), 313-35; W. C. Graustein, 
Trans. Am. math. soc. 47 (1940), 173-206. 

See E. Hopf, Proc. Am. math. soc. 3 (1952), 791—3, for a precise formulation 
and proof. (Alternatively, see L. Lichtenstein, Enzykl . Math. Wiss. 2 (II C 12), pp. 
1290, 1310). 

A point on the boundary is regular if there is a circle through it totallj’’ contained 
in the domain. 

»» For plane jets, this result is due to T. Boggio, Atti accad. sci. Torino 46 
(1911), p. 1043. 
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We shall now prove a dual principle of the jkdtetiing of eqiiipotentials 
near free streamlines^^ In three dimensions, let the a;-axis be tangent at the 
origin to a free streamline with velocity v 9^ 0, Then the (y, 2 ) -plane vill 
be tangent to the equipotential surface U = ?7(0, 0, 0), while Us = v, 
Uy = Ug ^ 0, where subscripts denote partial derivatives. Also 

0 = ^ (yU-VU) = UJJ^ + VyUr, + = vU„ . 

Hence Uxx “ 0; but since V^U = 0, this implies Uyy + Ugg = 0. Thus the 
equipotential surface i7 = ?7(0) has, near the origin 0, the expansion 

® ^ [Uvuiy" - z^) + 2U,,yz\ + ■■■ . 

The mean curvature oi x = \[Ly^ + 2Myz + N^) is however L + N\ 
hence we have proved 

Theorem 13. On a free streamline, every equipotential surface has mean 
curvature zero. 

Corollary 1. In plane flow, equipotential curves have curvature zero 
on a free streamline. 

Corollary 2. In axiaUy symmetric flow, equipotential surfaces curve 
on a free streamline towards the axis of symmetry with cuiwature sin 4*, 
where 4> is the angle between the axis of symmetry and the flow direction, 
and r is the distance from the axis. 

10. Variational principle. We shall now show that, under certain 
conditions, free streamlines give stationary values to the kinetic energy®^. 



Legend 

///// 
\\\\\ R-R* 


Fig. 10. 



(&) 


Due to P. Molenbroek, Verh. Kdn. Akad. Wet. (Amsterdam) (1893), p. 31 ; Ann. 
der Phys. u. Chem. 52 (1894), 207-8; Verh. Ges. Deutsch. Nat. u. Arzte 65 (1894), 
9-12. 

This result is due to Riabouchinsky [71]. A fuller discussion of the literature 
will be given in Chap. VII, §1 and §§10-12. 
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To show this, Ave suppose the flux given across a portion S of the boundary 
S u S of a finite regular region i?, where 2 is a stream surface. If U is 
the associated velocity potential, we Avill thus have dU/dn given on 5, 
and zero on S. 

Xow let Z be displaced to a new surface 2*, a part 2+ being moved 
outAvard to 2^*^ and the rest 2- iuAA'ards to 2_*, as in Fig. 10a. Let R* de- 
note the interior of S u 2*. 

Le^abl^. If U and L"* denote the velocity potentials of the ideal flows 
inside R resp. i?*, having a given flux across 5, then the difference T* — T 
between their kinetic energies satisfies 

^ - 1 {!!L. I 1 ’ - //L. I I ■ 

(36) + // (tr* - to ds 


Proof. Almost by definition, 

T* - T = V(L^* + U)-V{U* - U)dR 

+ ffL. I I ■ ‘® - //L. I w I ■ <is} , 


We now apply Green’s First Identity [44, p. 212] systematically, together 
with the relations dU/dn = 0 on S, dU*/dn = 0 on S*, and 

d(U — U*)/dn = 0 on S. 


Applied to the first term of the preceding display, it gives 


a + U)(dU*/dn) dS - /jC iU* + U)(dU/dn) dS, 


where positive normal derivatives are out from R n R*. Applied to the other 
terms, it gives two relations like 
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Summing all three terms, we get the simple formula 

(37) T* - T = Uff U^dS - ff, U* ds\. 

2 dfi •l‘'s j 


Obviously, this is equivalent to 



Substituting from the identities above (37), and using dUJdii = 0 on S, 
dU*/dn = 0 on S*, we get (36). 

Theorem 14. If the boundary S is varied, while the flux through S is 
held constant, then 

(38) dT y |jf (VU-VU) 8R [SR = SndS], 

provided ;S + S is piecevise analytic and bounds tx finite region. 

Proof. In formula (36), the last terms are second-order infinitesimals. 
Passing to the limit as the normal displacement tends to zero, we get (38). 
(The rigorous proof requires further assumptions, which are certainly ful- 
filled if 2) is piecewise analjiiic; we omit the details.) 

Corollary 1. For a given flux through >S, the sum T + vol (J?) 
has an extremal if and only if 2 is a free stream surface with constant 
velocity q. 

Corollary 2, Any free stream surface 2 extremalizes the kinetic 
energy, subject to variations which leave the volume enclosed by 2 in- 
variant. 

Related to Cors, 1^2 is the following Minimax Principle of Garabedian 
and Spencer [28]. For a given flux through S, a free streamline 2 mini- 
mizes the maximum velocity on 2, and maximizes the minimum velocity 
on 2. If 2 is analytic, the converse is also true. We refer to [28] for details. 

11. Extension to infinite stream. Now consider a finite obstacle B 
with boimdary S u 2, held in an infinite stream moving vith free stream 
velocity c parallel to the x-axis. Formula (38) is meaningless because the 
total kinetic energy involved is infinite. One can, however, replace (38) 
by another variational principle (41), as follows. 

Letting <i> denote the velocity potential relative to the fluid, we can write 

(39) r = cx + <^ = c(x + ixix/r^ + + paz/r®) + <i/, 
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where <j) is regular at infinity, the fZi are the dipole irioment coeflScients, and 
the remainder <j>' dies out like l/r“ at infinity, and its gradient like 1/r^. 
All terms of (39; are harmonic. 

Relative to the fluid, the total kinetic energy is finite, being 


(40) 


T = 



dR = ipkc\ 


Here k is, by definition [4, Ch. V], the induced mass coefficient for transla- 
tion parallel to the jc-axis; thus pk is the inertia of the fluid against ac- 
celeration of B parallel to the a;-axis. 

Theorem 15. If one varies a part 2) of the boundary of B, past which 
an unbounded stream is moving with velocity (c, 0, 0), then 

(41) c^S[k + vol (B)] = 4xcVi = - 11 i'^U-VU) dR, 
where dR = 8n dh as in (38). 

Proof. The first equality follows from G. I. Taylor’s identity 

(42) 4tjl4i = & + vol(B); 
we omit the proof [4, p. 161]. 

To prove the second equality, we proceed as in the Lemma of §10, but 
enclosing R in a large sphere K of radius a, replacing Shy S uK (see Fig. 
10b), and replacing U and hy<t> and (j>*. The difference of the kinetic 
energies is 

T* - T ^ fp/lim fff V(^* + 0)-V(<35>* - 4d dR 

+ ff lv,p*l^dR-[f 

By application of Green’s Identity to each term, and by noting 
that bV /bn = 0 on S, bU*Jbn = 0 on S* and b{U* — U)/bn = 0 on >S, 
this becomes 


(43) 


r*-r = |p|/£(<#>*-h<^) 

-K 


dU* 

dn 


dS 


fl ir + *) 


3^ 

dn 


dS 


d<t>* 

dn 


//| ^* S ^ ^ + //i 

+ lim ff (4>* + <^) ^ i<t>* - <j>) diSl . 

a-^co JJk dn J 

By (40), the integrand in the last term is 0(a“®), so the integral tends to 
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zero as a t ^ . Moreover, in (43), the integrals over and add up to 



The second and third terms cancel because U* and cx are harmonic func- 
tions iuE* — jB; the term in brackets is equal to the volume of R* — J?. 
Proceeding similarly vuth the integrals over and 2-*, and adding 
the results, we get 

T'-T-ip [// U iS - If. U-§,IS + c‘ vol (B* - R) 

+ - 

- c- vol (R - i2*) J . 

That is, since vol B* — \ol B — vol (R — i?*) — vol (i?* — R), 

(43') - „) - V as - u- g <jb] . 

The right sides of (43') and (37) are identical. We now repeat the argu- 
ment of §10, shovung that the right sides of (37) and (36) are equal, getting 

27rpc“(/zi* — Ml) = Right side of (36). 

We then argue as in the proof of (38), that the last terms of (36) are second- 
order infinitesimals. Passing to the limit as 8n 0, we get the second 
equation of (41). 

Corollary 1. If the volume is fixed, then the kinetic energy’', the induced 
mass, and the dipole moment are extremalized by the free stream surface. 

The converse is true for extremalizing surfaces to which (41) is applicable. 
In particular, anal 3 rtic extremalizing surfaces are free stream surfaces 
(cf. Ch. VII, §11). 

In terms of the ca'vdty underpressure coeflacient Q == (g^ — de- 

fined as in Ch. I, (3a), we iofer also 

Corollary 2. A ca^dty flow, uniform at infinity, extremalizes k ( B ) — 
Q vol (B), in the sense that 

(44) 8 [ k ( B ) - Q vol (B)] = 0 

for all variations of the free stream surface 2. 

Proof. In (41), — jj (VU-VU)dR = ^^5[vol (B)]. Substituting, and di- 
Auding by c^, we get (44). 
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Unfortiinatel 3 ", our proof of (44) breaks down in the case Q = 0 of in fi n ite 
cavity volume. 

12. Lavrentieff’s theorem. The comparison method of hydrodynamics, 
recently developed^^ for plane and axially symmetric flows, has greatly 
simplified the theory of the uniqueness and qualitative behavior of free 
streamlines. The method consists in comparing the stream functions of 
two flows with differenc boundaries, using as a basic tool the fact that the 
stream functions satisfy the equation 

(45) F.. + - pi/'-X = 0 

(in p + 2 dimensions (cf. Gh. X, §1)), and hence satisfy the Strict Maxi- 
mum Principle. In this section we present two comparison theorems of im- 
portance for the free boundary problem. 

Theorem 16 (Lavrentieff). Let two plane or axially symmetric ideal flows 
ha\’ing the same free stream velocity be defined in regions JD and D, bounded 
respectively hy streamlines S and S extending to =boc (Fig. 11). If Z) ^ 
D and if the boimding streamlines have a point P in common, then the re- 
spective flow speeds q and q satisfy at P the inequality 

(46) qiP) ^ §(P), 

the equality holding only w’hen the Aotts are identical or q{P) = 0. 



Fig. 11. 

Proof, Let V and V be the stream functions for the two flows. We may 
assume without loss of generality that the free stream velocities are in the 
positive or-direction, and that 

7 = 0 on iS, 7 = 0 on S, 

(47) 

T" > 0 in D, 7 > 0 in 5, 

the regions D, D being open. It may also be assumed that D 9 ^ 3, for 
otherwise the theorem is tri\daL 

If we put Wa = T" — aV, where a is any constant less than unity, then 
Wa satisfies (45), and hence obeys the Strict Maximum Principle (§9). 

33 The method was originated by Lavrentieff [51]; his ideas have been extended 
and simplified in a series of papers by Gilbarg [29] and Serrin [75, 76] and J. rat. 
mech. anal. 3 (1953), 563-75. Dr. Serrin helped us draft §§12-14, 
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Since at any point in D 

du'a/dy = y^{u - au), 

where u, u are the horizontal velocity components, it follows that 

(48) lim dWa/By > 0. 

Also, ^ 0 on S, and so 

(49) IVa ^ 0 

outside any suitably large circle. These two inequalities, together with 
the Strict Maximum Principle, imply Wa > 0 in Z). By letting a approach 1 
we derive for w = Wi 

(50) w(x, t/) = V -V ^0 in i). 

Since w also obeys a strict maximum principle, equality cannot hold; that 
is, to > 0 in D. 

Choose points A and Bon S such that P is between A and B and neither 
w(A) nor w{B) is zero; this construction fails only when ;S = S on one side 
of P. Now connect A and B by a line C Ijdng inside D, E'vddently w > 0 
on C so that, for some 5 > 1, 

Wb V - bV = w - (b - 1)V > 0 on C. 

Since to^ ^ 0 on APB it follows that > 0 in the (open) region bounded 
by the arcs APB and C. Thus the inward normal derivative of Wb satisfies 
at P the inequality^^ dWb/dn(P) 5 0. From this we derive 

IV) - iV) = L g (P) £ ^ IT (P) . - 1),(P). 

It follows that 


m ^ q{P), 

equality holding if and only if q{P) = 0. 

If = S on one side of P, we choose a regular point B on this side, so 

s* In asial S 3 Tnnietry, when P is on the axis, this is replaced by 

Bwi/dyiJP) = 0, dhoi/dyKP) ^ 0. 

The inequality is then obtained as follows: 

?(P) - g(P) = lim i ^ (P) ^ (6 - 1) (P) ^ (6 - l)g(P). 

y dy dy^ dy^ 
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that by the Strict ^laximum Principle dw/d'n{B) > O''. Defining C and 
U'6 as before, we have Wb{B) = 0; moreover 


(51) 


— (S) > 0 

Bn 


provided that 6 - 1 is sufficiently small. Thus S 0 on some arc BBi of 
C. Since to > 0 on the arc BiA of C we see that, for sufficiently small e > 0, 
Wb S 0 on C, and the desired conclusion follows as before. 


13. Under-over theorem. A more subtle comparison theorem is the 
following under-over theorem. 

Theorem 17. Let two ideal flows having well-defined velocities at in- 
finity (not necessarily in the same direction) be defined in regions D and 
D, bounded respectively by streanalines »S and ;S extending to oo. Suppose 
that S and S have a common arc i¥*V, and a common point J outside ilfiV 
such that arcs JM of S and NJ on S together with MN bound a simply 
connected region 21 NJ = D' interior to D and D. The possibility that J 
is the point at infinity is not excluded. Then 


(52) 


qjM) ^ q(M) 
qiN) - -q(N) ’ 


pro\'ided the ratios are well defined. Equality holds only when the flow's 
are geometrically similar or qiil) = 0. 

Proof. Since the theorem is obvious when the flows are geometrically 
similar, we need not consider this case further. Also, in order to avoid repe- 
titious discussion of particular cases, we shall present the proof only in 
case the speeds at infinity are both in the ^-direction and J is the point at 
infinity (Fig. 12). 

Suppose for the moment that there is a point P on MN where 


(53) q(P) = ^(F) 7^ 0, 

and that the velocities at infinity, q„ and q„ , are different. Let V and F" 
be the stream functions, defined so that relations (47) hold. Setting 


The above argument breaks down in the axially symmetric case when B is on 
the axis. In this case we choose B so that 


w{B) = dw/dy{B) = 0, aV92/®(5) > 0. 

Equation (51) is then replaced by 

(51a) diDb/By{B) — 0, B^fdy^ > 0, 

but the rest of the proof is unchanged. 
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w = V -- V we have 


(54) 


ic > 0 on the arc Jil of S, 
< It’ = 0 on the arc MX, 
u’ <0 on the arc XJ of S. 


By the Strict Maximum Principle, since div/dn(P) = 0, P is neither a 
point of local maximum nor a point of local minimum and a level line 
C:w — 0, runs in the interior of P' in the vicinity of P. Its endpoints are 
both on the boundary of P', and since ob\dously not both are on MX, one 
at least is at infinity (by (54) w does not vanish on JM and JN). We shall 
now see that not both endpoints are at infiLoity. 

Consider the arc L of a circle of large radius, joining a point on the arc 
JM of 5 to a point on the arc NJ of S and l>dng entirel}^ in P'. It is ap- 
parent from the condition 


T 1 A 

lim -T — 7*^ 0, 


and the inequalities (54), that there is exactly one point R on L where 

= 0 . 

We can thus define two (open) subregions of D', secy Pi and P 2 (see 
Fig, 12). From the Strict jMaximum Principle, 


> 0 in Pi , tcj < 0 in P 2 , 


and hence, as in Theorem 16 

g(i¥) - q(M) ^ aq(M), 

In order that the ratios in (52) be defined, it is necessary that q{N) > 0; 
hence 


(55) 


g(iV) > q(.N) > 0. 
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If q(,M) = 0 we derive q(M) = 0 and (52) holds trmally. Otherwise we get 

(56) qQI) < g(il-f), 

and from (55) and (56) follows 

g(i¥) ^ ^ q{N) 

?(¥) ^ ^ s(A0 ' 

Therefore 

q(M) ^ m) 

q(N) ^ m ’ 

proiing the theorem in the special case that (53) holds. 

If there is no point on MN where q — q, we choose P* on MN such that 
q(P*) ^ 0 and qiP*)/q(P*) Ulu. This is possible as long as the flows 
are not similar. Define a new flow by the stream function 

V* = (qiP*)/qiP*))V. 

Then q*(P*) = qiP*) and q„* ^ q„ . From the special case proved above 
we obtain 

q(M) __ g*(ilf) ^ $(ilf) 
q(N) q%N) - m ’ 

the equality holding if and only if q{M) = 0, q.e.d. 

14. Uniqueness theorem. The two theorems of the preceding section 
have far-reaching application to the free boundary problem; they are instru- 
mental in reducing the previously complicated (see Ch. VII, §1) uniqueness 
problem to comparatively simple geometric considerations, and they pro- 
vide a powerful tool for the discovery of geometrical properties of the free 
streamlines. 

In the following demonstration of the uniqueness of an infinite cavity 
set up by a fixed obstacle in an infinite stream (with given points of separa- 
tion) we assume that the flow, is plane symmetric or axially symmetric and 
has uniform free stream speed v in the positive a:-direction. We may confine 
all consideration to the “upper half” of the flow, which will constitute the 
basic flow region D. The letter T denotes the streamline consisting of the 
negative a:-axis and the “upper half” wetted vrall; the free streamline de- 
taching from T is denoted by 2), and we put S ^ T + S. The proof of 
Theorem 18 will be confined to the plane case for greater simplicity: a 
more refined version of the argument suflSces for axial symmetry (see [29]). 
We shall make the further assumption that the flow is simply covered, 
thus avoiding some difficulties which only obscure the main ideas. 
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Theorem 18. No infinite straight line which fails to cut T can inter- 
sect the free streamline Z in more than one point. 

Proof. Suppose for contradiction that a line I intersects Z in more than 
one point. We can assume that I is not horizontal, for a line making a small 
angle with I would also intersect Z in more than one point. Since Z is 
horizontal at infinity we can find a line m in D parallel to I and tangent to 
Z such that all lines parallel to ??i and to the right of m intersect Z in 
just one point. Let ill denote the point of tangency: consider the two rays 
of m determined hy M. Two cases arise according to whether one of the half- 
rays is in Z) or outside D. 



In the former case (see Fig. 13a), consider the points of the arc (il/, x) 
of Z which are on the left of m, and let N be one at a maximal distance 
from ilf . Finally let D be the region bounded b}’' il/iV and the parallels to I 
indicated in Fig. 13a by hea\'y lines. Its construction is apparent. Clearly 
there exists a flow in D with u nifor m velocity at infinity. By translating a 
replica of D along the vector MN we obtain a configuration of the type 
emfisaged in Theorem 16, and thus derive 

g(il/) < g(iV); 

but from Theorem 17 

g(M) ^ g(ikf) 

q{N) ^ ’ 

and these inequalities imply q(M) < qiN). This result, however, contra- 
dicts the assumption of constant speed on Z. In the remaining case (Fig. 
13b) a similar contradiction is obtained and the proof is complete. 

A curve is called starlike if there exists a point 0 ha^dng the property that 
every straight line through O intersects the curv^e in at most one point or 
along a segment. Let us call an obstacle starlike if the corresponding curve 
T is starlike, and, in the case of axial symmetry, 0 is on the axis. Then it is 
an easy consequence of Theorem 18 that, if an obstacle is starlike with re- 
spect to a point 0, the whole streamline S is starlike with respect to O. 
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In proving the following uniqueness theorem, we shall again restrict 
attention to the plane case, although it will be seen that the proof need be 
changed only in one place to account for the axially symmetric case. 

Theore:^! 19. There can be at most one symmetric cavity flow^ with given 
separation points past a given starlike obstacle. 

Proof. Consider two flows of the required tyipe, with corresponding free 
streamlines S and 2* (Fig. 14). If the origin is taken at 0, then these 
cur\"es may be represented by 

r = r{e), r = r*(0), 

in polar coordinates, and by Theorem 18, r{6) and t*{B) are single valued 
functions. From the asymptotic expansion for a free streamline 

y ~ cx\ 


derived in (lid) we find®® 


(57) 


r*(d) 

lun 

r(d) 



^ 1 . 


In \iew of (57) the ratio r*/r is bounded from above; moreover r*/r = 1 
at the separation point. Therefore r*/r has a maximum value p ^ 1 at 
some value say 6p , corresponding to a finite point P on 2. Let a region 
3 be obtained by a similarity transformation (expansion about Q) of P* 
in the ratio p“"^; in D we take a flow similar to the original flow in D* and 
wdth velocity unchanged at corresponding points, defined b}’' the stream 
function f(P) = p“^F(pP).E\ddently P ^ P and >8 and S have the common 
point P, so that Theorem 16 applies. But since q(P) = q(P) = v the equality 
must hold in (46) and the two flows are identical. So that D == D == P*, 
q.e.d. 

D. Gilbarg®^ has shown that some of these results carry over to the com- 
pressible case. 



Fig. 14. Fig. 15. 


5® Tins result can be obtained alternately in the axially symmetric case by using 
Levinson’s formula (Ch. X, §5), 

y ~ ca^^*(log 

for the asymptotic shape of the free streamline. 

” Cf. J. rat. mech. anal. 2 (1953), 233-51; 3 (1954), 201-30; see also J. Serrin, J. 
math. phys. MIT 33 (1954), 27-45. 
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15. Minimum cavity drag. Using comparison methods, one can de- 
termine the S3mimetric^® obstacles of given length a and diameter 2b, having 
least cavity drag. The correct formulation of this problem is, however, 
rather subtle. 

If not restriction is made on separation, the minimum is zero attained 
by the “cavity of zero drag’^ behind anj^ such obstacle. Hence we assume 
Brillouin^s separation condition (Ch. I, §14) : the velocity is a maximum on 
the free streamline. Next, we define a Kirchhoff profile K to consist of a 
flat plate or disc L, followed by a s;yTnmetric cavity having a diameter 26 
at a distance a behind (see Fig. 15), as in Ch. II, §2. 

Theorem 20. An^’- Kirchhoff profile K minimizes cavity drag, relative 
to any other symmetric barrier of the same length and diameter which 
satisfies the Brillouin separation condition. 

Proof. As the flow is assumed sjmimetric, we need consider onl3" the flow 
in a half-plane bounded hy the axis of s^Tnmetry. Let us consider, for an\" 
other obstacle C of length a and half-diameter c, the corresponding flow 
satisfying Brillouin’s condition. There is a flat plate or disk L* whose free 
streamline S* is tangent to C, say at Q, and which lies entirely above 
Clearly the plate L* is at least as wide as L. We assert that the free stream- 
line S associated with C is above S* at infinity. If this w’ere not the case, 
then we would have 

lim T{e)/r*{e) ^ 1. 

From this and the fact that the ratio r/r* is greater than or equal to one at 
Q, we see that r/r* attains a maximum value p ^ 1 at some value of 0, 
say Bp , corresponding to a finite point P. As in the proof of Theorem 19, 
using Lavrentieff^s theorem, wx thus obtain a contradiction of the Brillouin 
condition stated above. Now, of tw'o obstacles, the one setting up the larger 
drag will be the one whose free streamline separates the most from the 
rr-axis at infinity (cf. (17a), (17b)). Hence 

Drag of C ^ Drag of L* 

^ Drag of K, 

and equality holds if and 011I3" if C + S = L* + S* = X, that is, if 
and only if the flow profile set up by C is the same as the Kirchhoff profile 
K. 

38 Cf. J. Serrin, J. rat. mech. anal. 2 (1953), 572-3. Presumably, these obstacles 
also minimize cavity drag relative to as^mimetric obstacles satisfying the same re- 
strictions. 

39 If P is (a, 6), then C may not be tangent to S* but in this case it is immediately 
evident that C 4- S does not remain below L* -{- S*, so that the following conclusions 
remain valid. 
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1. Parametric rectangle. This chapter will be largely devoted to 
"'simple'’ flows (i.e., to simply connected, smoothly bounded ideal plane 
flows as defined in Ch. Ill, §2), whose boundary consists of two straight 
streamlines ("plates”) separated by two free streamlines, in cyclic alter- 
nation.^ 

The case of a plate held in a nozzle (Fig. la) is typical. Since the flow is 
simply connected, it can be mapped conformally onto the upper half 
T-plane (Ch. II, §1). By Theorem 2 of Ch. Ill, the complex potential W 
will satisfy 

(1) ^ = R(T) = C UiT - AdiT - Ai*) UiT - - T,), 

where RiT) is a real rational function. 



(a) (&) 

Fig. 1 


By a suitable real linear fractional transformation and suitable choice of 
A; < 1, we can even make the four "separation points” Si , S 2 , Sz , S 4 fall 
on T = 1, —1. If we define t as the elliptic integral t = 

J dTj^iX — T^){1 — k^T^) the flow is then mapped onto a 'parametric 

rectangle 

(2) R: -K ^ Re{t} ^ K, O g Im{t} S K' 

1 As in Chs. II-III, the boundary is regarded as continuous around any branch of 
the flow extending to infinity. In §§14r-15, we shall even regard the point at i nfini ty as 
an interior point, since K*®) has a well-defined value. 

9 ? 
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in the auxiliary ^-plane. The plates are mapped onto the vertical sides, the 
free boundaries onto the horizontal sides, and the four separation points 
Si, S2, S3, Si onto the corners, as in Figs, la-lb. Here K and K' denote 
as usual the complete elliptic integi'als associated vdth a suitable ''modu- 
lus” k, determined by r = iK^K, By definition, 

dT 

(3) ^ “ Jq ^(l — !r-)(l — /t'-T-) ’ ^ ~ 0 < /: < 1 , 

whence sn(±ir) = ±1, sn(0) = 0, and sn( 2 X 0 = . 

Theorem 1. If f = /(f) is known, then the flow is completely determined 
by formulas (l)-(3) and the identity 

R (sn 0 cn f dn f dt 

The proof is by direct substitution of (dW/dT)dT for dW, using (Ij and 
the formula d(sn f) = cn f dn f dt. 

Our analysis vdll be based on Theorem 1. Usually, f{f) will be determined 
by ^ ^reflecting” the flow in the parametric rectangle R, so as to obtain an 
analog of Theorem 3 of Ch. III. This method will be described in detail in 
§4; we shall first digress to outline a more general (but less conclusive) ap- 
proach, which contains (2)-(3) as special cases. 

2* Case of m plates. Formally, flows bounded b}^ 771 plates separated 
by m free strea mlin es, in cyclic alternation, can be treated similarly. Al- 
though the determination of parameters becomes extremely involved when 
m > 2, we shall outline the analysis. 

Formula (1) is still valid. The upper half T-plane (and hence the flow) 
can be mapped into a rectangular polygon R;„ ^\ith 2m sides, by a Schwarz- 
Christoffel transformation ([44, p. 370] or [62a, p. 189]) of the form 

(5) t = [ Vm dT, Q{T) = n (r - r/) /n (r - r/O. 

Here the Tk and Tf correspond to the 2m separation points S^m 

separating free from fixed boundaries, one of which may be at T - x . 
That is, f is a hyperelliptic integral in the general case. 

We have discussed the case ?w = 2 in §1. The case rn = 1 eori-esponds 
to the case of “simple” flows past straight “wedges” treated in Chs. II-III, 
with n = 1 in the notation of Ch. Ill, §1. When m = 1, Ri reduces to a 
quadrant with QiT) = T, 27" = if we set Ti = 0 and Ti" = x . The 
variable w = (1 + it)/ (1 — it) proves to be more convenient than u, how- 

* See [62a, pp. 280-96] or [89, Ch. XXII], for the theory of elliptic functions. The 
present chapter requires some familiarity with this theory. 


(4) z = j r' dir = J 
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ever, when m = 1 . It maps Ri onto a unit semicii-ele T, and often makes 
i = w- 

We now consider the variable" a = i In f , as a complex analytic function 
of f. The derivative do}/dt ~ i dt is clearly tguI on iho ontivo hound'- 
ary of Rm (except at isolated singularities), since w = f In g - ^ has piece- 
wise constant real part on polygonal boundaries. Hence, excluding es- 
sential singularities, du/dT must be a I’eal rational function of T, and so 

(0 ) du>/dt = Ri{T), a real rational function. 


Substituting from (l)-(3) in ds = f ^ dW, we get the following very general 
result [19, pp. 56-64]. 

Theoeem 2. Simply connected flows, whose boundaries are alternately 
free and straight, satisfy 


(7) 


dz = exp iRi{T)VW) dT, 


Avhere Q{T), R(T) and Ri(T) are real rational functions. 

Bent plates. Theorem 2 applies also to bent plates (e.g., wedges). Near a 
vertex, where the flow direction turns through w/n radians, we have f = 
A(t — < 0 )^^" + • • 'i whence an easy calculation gives 


do)/dt = i dt/^dt = ^ /n(t — <o) + • • • • 


Hence ( 6 ) still holds near such points, which are poles of Ri{t). 


3. Annular sector hodograph. In the special case of flows whose hodo- 
graph is an annular sector, centered at the origin, can be guessed by in- 
spection. By a change of units and rotation of coordinates, we can nor- 
malize to the case 

(8) 0 g arg g jS, y g | f | ^ 1, 

as in Fig. 2a. 

Since u = f In | f | — ^, the oj- diagr am is a rectangle boun ded by 2Je{w} = 
— on Si Si , Im[u} = In y on <82/83 , = 0 on <83/84 , and Im[o] = 

0 on SiSi . (See Figs. lb-2a). Hence, if k is so chosen that, in (2), 

(9a) K'/K = (-2 In y)/^, 

the &j-diagram can be mapped onto the parameter rectangle R of (2) by 
horizontal translation and change of scale. Thus 

(9b) c« -j- ^ 

® The utility of w was first pointed out by Max Planck, Ann. Phys. Chem. 21 (1S84), 
499-509. 
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(9c) f = 

Thus the Ri(T) of (6) reduces in the present case to the real constant 
-I3/2K. 


" - Plane 3. S3 



Fig. 2. 

The flow of Fig. 2b is interesting, because it shows the mathematical in- 
determinacy^ of the symmetric Bobyleff flows discussed in Ch. II, §§2-4. 
The same indeterminacy applies to the R6thy flow past a wedge in a chan- 
ner (Fig. 2c). Physically, the shaded deadwater region is unstable. Finalh’', 
Fig. 2d sketches a pipe elbow with constant (theoretical) velocity in both 
bends; this generalizes the R4thy flow discussed on p. 61 (see Fig. 10b). 

In all cases, dW/dT = i^(T') in (1) has a simple expression, 'which can 
be read off from Theorem 2 of Ch. III. In the case of Fig. 2b, 

(10a) dW/dT = C/(T - Ti)\ where Ti = 1/k, 

since the pole of W(T) occurs at Si . For given there is just one essential 
parameter v < 1 ; it corresponds to the over-pressure in the h^’pothetical 
deadwater region. In the cases of Figs. 2c-2d, we may set 

(10b) dW/dT = C/iT - Ti){T - To). 

^ This was first pointed out by H. Vlllat [83, 84]; see also R. Thiry, Ann.sci. ec. norm, 
sup. 38 (1921), 229-239. For a wedge, other possibilities were pointed out by Villat, 
Ann. fac. sci. Toulouse (1913), 357404. 

*See F. K. G. Odqvist, ArHv Mat. Astr. Fys. 19 (1926), No. 13. The flow of Fig. 
2d has been discussed by G. Caldonazzo, Annali di mat.pura appl. Milano 26 (1916), 
p. 40. 
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In Fig. 2c, one singularity is at S 4 , \There T 2 = 1/fc; in Fig. 2d, there is 
one singularity on each of the two ‘‘plates”, so that — 1/fc < Ti < — 1, 
1 < To < 1 '/j. 

In all these cases there are exactly two jets: == 2andWo = rh — rid — ns 
= 0 in Ch. Ill, (3). To permit a cusp on the free boundary, 2 + Ud 3: 
more jets are needed. This is the case for the model represented in Fig. 3, 
which illustrates the indeterminacy of aBymmetric Kirchhoff-Rayleigh 
flows.® 

We know no flow with annular sector hodogi'aph for which f dW 
can be expressed in closed form. 

4. Method of reflection. In the general case m = 2, the determination 
of f (0 is best accomplished by extending the method of reflection of Ch. 
Ill, §2 to the parameter rectangle R of formula (2). We shall now describe 
this extension. 

Let # be any “simple flow” (cf. §1) bounded by two plates and two 
free streamlines. Formulas (1)~(4) are then applicable, and so (Theorem 
1) it remains to determine f == /(O- 

The conjugate velocity as a function of i, is analytic and regular in 
R. It has a finite number of zeros, corresponding to the stagnation points 
of the flow. It has a constant modulus on each horizontal side of R, and a 
constant argument on each of the vertical sides. Without loss of generality 
we can assume [ j — 1, j f p = v < 1, arg T = 0 (mod t) and arg f = jS 
(mod tt) on the lower, upper, left and right side of R, respectively. This 
amounts to choosing axes and units so that the boundary is in turn (i) 
horizontal, (ii) free, with constant velocity (iii) at an angle — j3 with the 
horizontal, and (iv) free, with j f [ = 1. Reflecting in these boundaries, one 

6 Cf. E. G. C. Poole, Proc. London Math. Soc. 26 (1927), 148-50. A careful dis- 
cussion by one of us, J. de math. (1954), 29-80, shows that there is no other alter- 
native to Kirchhoff-Rayleigh flow past a plate. 
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obtains 



(11a) 

m = 

on the lower side, 

(11b) 

tit* + 2iK'} = v-t^\i) 

on the upper side, 

(11c) 

ti-2K - t*) = t*it) 

on the left side, 

(lid) 

ti2K - n = e-'^t*i0 

on the right side. 


On the boundaries of the reflected rectangles, f behaves as in R. Hence 
the process can be repeated indefinitely so as to extend f = /(O, as a mero- 
morphic®^ function, to the whole i-plane. Since (11a) and (11b) change zeros 
into poles and poles into zeros, while (11c) and (lid) preseive both poles 
and zeros, f has no singularities except poles; moreover it is meromorphic, 
even at the corners. By repeated application of (lla)-(llb) and of (llcj- 
(lld), we derive 

(12a) r(t + 2iK') = 

(32b) tit + 4JC) = i'^tit). 

This shows that the function f (i) is a doubly quasiperiodie meromorphic^^ 
function, vdth quasi-periods 4cK, 2iK', in the following sense. 

Definition. A number w is said to be a quasi-period of a function f(t) 
if there is an a such that f(t + w) = A function with two such factors 
ai , a 2 and linearly independent quasi-periods a>i , co 2 is called a doubly quasi- 
periodic function. If ai = ao = 1, the function is called doubly 'periodic, 
with “periods” oji , aj 2 . 

By a cell of a doubly quasiperiodie function J{t) is meant any parallelo- 
gram with sides wi , c«j 2 equal to the quasi-periods. In the present case, the 
quasi-periods coi = 4K and co 2 = 2iK' are orthogonal. Hence the “cells” 
involved are rectangles, similar to R, but -with sides twice as long. 

Lemma. Two doubly quasiperiodie meromorphic functions ha\dng the 
same quasi-periods, poles and zeros, coincide up to an exponential factor 
Ae^\ 

Proof- Let/(0 — gi(t)/g 2 (t) be the quotient of two such functions. Then 
f(t) will be quasiperiodie and without poles or zeros. Hence the logarithmic 
derivative f(t)/f(t) is bounded; it is also doubly periodic. By Liouiille’s 
Theorem, it is therefore a constant C- The relation f(t) = Ae^^ follows by 
elementary calculus. 

Corollary. Two doubly quasiperiodie meromorphic functions -with the 
same quasiperiods, factors, poles and zeros coincide up to a multiplicative 
constant. 

A meromorphic function is one whose only singularities in the j&nite ^-plane are 
poles. 
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For, the exponential factor must be doubly periodic, hence a con- 
stant. — Applying the preceding corollary to flows satisfying (11a)— (lid), 'v\e 
reach the following conclusion. 

Theorem 3. The conjugate velocity f = fit) of any ‘‘simple^’ flow satis- 
fying (i)-(iv') is doubly quasiperiodic and meromorphic, with quasi-periods 
4:K and 22 K' and factors and r“, respectively. It is determined, up to a 
factor ±1, by v, /:, and the location of the stagnation points in R. 

In Thm. 4, §10, Ave shall extend Thm. 3, showing that the location of 
the stagnation points in R is not arbitrary. 

Elliptic functions. But first, in §§5-9, we shall apply Thm. 3 to some 
special cases when r == 1 and = dhl, whose stagnation points can be 
located in R by symmetiy. In such cases, f = fit) is an elliptic function, 
that is, a doubly periodic meromorphic function. In fact, the periods are 
clearly -^K or Sif, and 2iK\ IMore generally, the following result is obvious. 

Corollary 1. The function f(0 is elliptic if and only if 2 ; = 1 (i.e., the 
pressure is the same on both free streamlines), and ^ = ^tt/s is a rational 
multiple of t. 

For, in this case, tit) is doubly periodic vdth periods 4sZ and 2iK\ 
Since any elliptic function with periods iK* and 2i K'* can be represented 
as a rational function®^ of sni = T and cn ^ dn ^ = ^/(l — T^)il — k*^T^), 
we see that f = i2*(sn f, cn t dn t) for some new modulus k*. Substituting 

in Theorem 1 (with k replaced by fc*), we get 2 = j Riisn t, cn t dn t) dt, for 

some rational function Ri(xi, v) . But it is classic®'’ that any such integral can 
be expressed in terms of elliptic integrals of the first, second, and third 
kinds. This proves 

Corollary 2. Under the hypotheses of Corollary 1, ^(0 can be expressed 
in closed form, in terms of elliptic integrals of T = sn(i,fc*). 

This result is analogous to the main result of Ch. II, §9 (see also Ch. Ill, 
(1)), Unfortunately, its straightfon\^ard application to specific cases gives 
extremely complicated formulas, unless r and s are both very small. In the 
following, we shall work out the position integral in a few of the simplest 
cases, for which r/s = 0, § or 1. We have tried to simplify these formulas 
using Glaisher^s notation 

sc ii — sn u/cn w, sd u = sn o^/dn w, odu = cnu/dnu 

cs w = cn u/sn ii, ds w = dn u/sn ii, dcu = dn w/cn u. 

The resulting formulas are still complicated. 

W. F. Osgood, ^‘Lehrbuch der Funktionentheorie”, p. 487, Sat 2 7. For / Rzisn t, 
cnt dnt) dt, see [89, p. 615], or A. Erdelyi et al., ‘'Higher Transcendental Functions,” 
vol. 2, §13.3. 
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5. Impinging jets from nozzles !• First, consider two impinging jets 
from parallel nozzles, symmetric about a fixed center of symmetry 0, under 
rotation through 180°, as in Fig. 4a. (The general case will be treated in 
§10). In the notation of §4, /S = tt and y = 1; hence f = j\t) is an elliptic 
function with modulus /:, if the flow is mapped on the R defined by (2). 
Further, by reflection of f (i) in the fixed walls, we see that its maximum 
modulus occurs on the free boundaries. Hence | f | ^ 1, and the free stream- 
lines are convex, b^" the Brillouin Principle (Ch. I, §13). 
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Fig. 4. 


Again, from physical intuition®®, we see that there is just one stagnation 
point, which must be at 0 by symmetry. Hence /(i) has just one zero in i?, 
at i = iK/2, By repeated reflections in the fixed and free boundaries (see 
Fig. 4b), we get all zeros and poles of /(^) as in §4, 

(13a) zeros at t — iK*/2 + 2mK + 2nK'i, 

(13b) poles at t = -‘iK^/2 + 2mK + 2nK'L 

But it is well known^ that the zeros and poles of sn t, being at 2mK + 2niK', 
resp. 2mK + (^n + l)iK', have the same spacing. Hence, by Theorem 3, 

®«More rigorously, by Ch. Ill, (30). Dividing points cannot be on a junction of 
free streamlines, the latter being convex, nor on a nozzle wall, by definition; hence 

Tld = 0 . 

7 [89, p. 504]; [62a, p. 284]. The fact follows from the method of reflection, noting 
that T ^ $nt has a single zero in R, at i ~ 0, and a pole at i = tK\ and is real on 
the boundary of R. 
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= c sn(t — iK'/2) for some constant c. Since = 1 when 
i = iK'. c si\{iK'/'2) = 1, and so^ c = —iy/k. Therefore 

(14a) s' = — iK'/2) = — iV^sna*, x — t — iK' 12. 

Hodograph method. Alternatively, the hodograph of such a flow (if simply 
covered) is obviously a notched circle T*, with two symmetric horizontal 
notches as in Fig. 4c. Comparing with (14a), we see that sn x maps the 
rectangle 

R*: -iSC ^ Re[x] ^ K, -K'/2 ^ Im{x} ^ K'/2 

into r*, and each quarter of R* onto a quadrant of F*. Conversely, if one 
happens to know that the conformal transformation X = sn a; maps the 
rectangle R* onto a notched circle like F*, one can deduce (14a) from the 
hodograph by inspection. (This property of X = sn a; can be deduced 
analytically somewhat as follows. Substituting — 1/fcX into 

x = J dxm - X^)0. - k^x^)t 

we get sn{iK' — x) = (— l/fc)sn x. Also, on Im{x} = K'/2j 
j sn(zX' — ;r) I = I sn x | . Hence, | sn x | = l/Vfc on Im{x} == K'/2.) 

Position integral. However, the simplest evaluation of z in closed form 
is obtained by another parametrization, in which the flow is mapped onto 
the rectangle®"^ 

Ri : -Ki ^ Re{u} g Ki , -X/ g Im{u} ^ Xi', 

with the stagnation point at the center u = 0. Then f is doubly periodic, 
with periods 4Xi , 4zXi', These are the least common periods of the func- 
tions sn u, cn u, dn ii, which is why Ri is so convenient. 

By symmetry, the points iii , ti 2 y hz, 'U 4 , which represent the jets and 
nozzles, go into symmetric pairs on the boundary of Ri . Thus Uz — — , 

lU = — . Now noticing that cn u is an even function purely imaginary 

on the boundaiy, the complex potential is readily foxmd to be (up to a 
constant real factor) 

(15) 

cn zz — cn ^2 

To obtain the velocity, one notices that |(f + f”^) is the unique function 
real on the boundary with a simple pole at the origin and taking the values 

8 For the formula sn(iK'/2) = i/^/ky see F. Tricomi, “Funzioni ellitiche,” 2d ed., 
p. 147, or the discussion of the hodograph method below. 

^ Clearly, the modulus ki associated with Ri is related to the k associated with R 
by a Landen transformation [89, p, 507]. 
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=h 1 at the corners. Such a function is (A* sn u) \ and so solving the equa- 
tion = (/: sn 20~\ one gets 


(14b) 


k sn u 
1 + dn 2 / ' 


From (15) and (14b), there follows 
dz = 

1 r 1 1 n 

dn dn ii) du. 

k \_cn u — cn lOy cii ii — cn z/i J 

This can be integrated in closed form, giving z = G^iu) — Gi{u), where 


(160 


G.{u) = 

1 ^ + <^(i0 dn n, ^ 8 d (220 + sd( 22 ) 

k sn \ii 4>(Ui) — 0(n) 2k sn tq sd( 22 i) — sd (20 

1 .wx , cn u- 

IL{u, 'll, — iK) + XL 




k Bd{iu) 

with<^>(i 2 ) = 81122/(1 + cn 22 ), sd('u) — sn it/dn u. In the preceding formula 

TT/ \ 72 j SnSz rf22 

n( 22 , a) = /: sn a cn a dn a / — r r — 

’ Jo 1 - /r-sn^a sn^ 22 

is the elliptic integral of the third kind [89, p. 522]. 


6. Perpendicular plates. One can also express ^(t) very simply in the 
case of ideal plane flows about a plate held perpendicularlj” in the Jet from 
a nozzle (Fig. la). Assuming that there is a single stagnation point on the 
plate, the hodograph is evidently a symmetrically notched semicircle 
(Fig. 5a), and the logarithmic hodograph is a symmetrically notched semi- 
infinite rectangle. Comparing Fig. 5a with Figs. 4b-4c, one sees that if the 
flow is mapped onto the new parametric rectangle (Fig. 5b) 

Ro ; -X ^ Re{u} ^ 0, -K'/2 ^ Im[u} S K'/% 

then f is given by formula (14a), |* = —i^/k sn 22 . This formula can also 
be checked by noting that, when f is extended by reflection (§4) to the en- 
tire complex 22 -plane, its zeros are at u — 2mK + 2inK\ and its poles at 
u = 2mK + (271 + l)iK\ like^ those of sn x. 

Again, the function U = sn (22 + iK^ 12) clearly maps the flow onto the 
second quadrant of the L^-plane. Hence, T = — sn^f 22 + iK^/2) maps the 
flow onto the upper half T-plane. By Theorem 1 (§1), the flow is completely 
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(a) 


( 6 ) 

Fig. 5. 


determined by these formulas, and a knowledge of 


(17) 


dir" 

dT 


C{T - A) ^ ^ h, 

Il(T-Tk) 


+ As = 0, 


where Ti is on SzSa , on SaSi , Tz on . The constant C determines 
the scale of the flow, Ti determines the asymptotic nozzle velocity, while 
Ta, Tz determine the directions of the outgoing jets. 

Various limiting cases of the flow of Fig. la have special interest^ Among 
these ma 3 ^ be mentioned: (i) the flow generated by a vertical plate “plan- 
ing’’ in a stream of finite depth (Fig. 6a), and (ii) the cavitating flow at 
Q = 0 past a plate held perpendicularly but off-center in an infinite channel 
(Fig. 6b). In Case (i), Ts = — 1 and Ti = 1; in Case (ii), Tg = —1 and 
Ti = 1. By reflecting the flows of Figs. 6a-6b in one wall, we get (iii) the 
impact of a symmetric jet from a nozzle on a perpendicular wall with sym- 
metrically placed slot (Fig. 6c), and (iv) two perpendicular plates held 
symmetrically in a channel. 


7. Position integral. We shall now discuss the formal integration of 

z = j dW, and various related integration formulas. To obtain these in 

simplest form, we rotate the parametric representation through 90°, map- 
ping the flow onto the rectangle 

Rs J 0 ^ Re [x] ^ Kz , —Kz ^ Im {rc} ^ 0, 

where Kz'/Kz = K/K ' . Then 

(18) r-‘ - - KJ2) - (1 + kO ^ ^ . 

® The s^Tnmetric case was treated in Ch. II, §§7-8. Case (i) has been treated by 
A. E. Green, Proc. Camb. Phil. Soc. 32 (1936), 67-85, and 34 (1938), 167-83; Case (ii) 
by J. Bonder, Ann. Acad. Sci. Techn. Warsaw 3 (1936), 155-93. See §12 for further 
references. 
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(a) 


(b) 

Fig. 6. 



Formula (18) can either be derived from f sii u by rotation and 

translation or (more easily) by comparing the locations of the zeros and 
poles of with those^ of dn t. 

As to the complex potential, one simplj^ notices that, since the function 
sn^o; maps R3 onto a haK plane, it must be given by (17) with T = sn’x 
and Tj = sn^xj , where the Xj are three points on the boundary" of R3 . 
Since the stagnation point is mapped on a; = Kz/2 — 2X3', we have^ 

(19) A = sn'(Xs/2 - fXa', h) = l/A' 3 * 

Substituting in (17), we get 

3 

(20) TT = A,- In (sn“a: — snlry), where 

(20)' 23 hj = 0, 23 — sn%-) = 0. 

7=1 j=i 


Physically, the = dj are the jet thicknesses; the iBrst identity of (20') 
corresponds to conservation of mass, and the second to the condition (19) 
that dWJdx = 0 at the di\dding poiat (i.e., that the stagnation point is in 
the finite plane.) 

The position can now be computed from (18) and (20), as 


2 = 2 E Ay(l + h 


«[/ 


sn re cn a; dn^a; dx 


(dn^a; + J:z)(sr^x “ 

+ (1 — kz) J 


SR^Xj) 

sn^x cu“x dn 


(dn^a; + kz)(sn^: 


a X dx 

•X — sn®a;y)J ‘ 


These two integrals can be evaluated in closed form by the substitutions 
u — dn a; and?; = dn(x — iKz') — i(on x)/{dnx) respectively, and using 
(200 wherever possible. Letting cs a? = (cn x)/(sn a;), the result is 



110 


T. MULTIPLE PLATES 


= I S j^(f/ ^ + sV) 


dn g; — dn oTj 
dn a; + dn Xj 

+ fi) 


cs a; — cs a;^ 


^ csa;+ csa:J’ 

where the f y = \/Z ?7 dn {xj + Kii/2) are the velocities at infinity. 

Applications, The length of the plate can be computed directly from (21) ; 
it is 

(22) I ^ hi di [(fi + rr) - iisT - f.) In • 

By Ch- IV, §4, the force F on the plate is 


(23) F = % {z{2K, - iK,') - ziiK^)] = ^ E [((?,/2)(fy + r7‘)]. 

In the limiting case (ii) of a plate in an infinite channel fFig. 6 b), 

0 = a ;2 < a;i < Xz = Kz and f i = y < 1 , f 2 = U = 1 - 

The drag coefficient Cd = 2F/plv^ is 

(24) Cd = 2(1 — r) y/ j^l — ~ (1 + v) arctan ^ J 

which shows the surprising fact that Cd does not depend on the position 
of the plate. For a plate planing in a stream of finite depth (Fig. 6 a), 
a-o = 0, .ri — Ks , and Xz is on the left side. Correspondingly, f i = f 2 = 1, 
fg = The drag coefficient is 

(25) Ci) = 2y/ j^l + ^ cot ^ In cot 

If the oncoming jet is allowed to thicken to , one obtains as a limiting 
case, half the flow of an infinite stream impinging perpendicularly onto two 
equal and symmetrically placed plates. An inspection of the above formula 
shows that Cd then becomes 2t/(w + 4), the drag coefficient for a single 
plate^°. 

In the interesting case of a jet impinging perpendicularly and symmetri- 
cally on a perforated wall (Fig. 6 c), half the flow is obtained by setting 
.Ti = Zg , ^2 = 0 and .rg = Kz — iKz. Naturally = 1, fg = 1, fs = —i. 
The aperture of the hole is 

= ilzHK^') - z{-iKz')] 2Th - 2 A 3 I 11 . 

This fact has been observed by J. Bonder, op. cit., in footnote 9. 
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From (20) and (200 follow 

/i 2 = —kzh and h = -’(I — kz)hi . 


Thus, the ratio r of the impinging jet to the hole and the contraction 
coefficient c of the out coming jet are 


r 


c 


h 

2h 

h 




+ « - i--') h 


(1 — kz) 

TriV 


In 


1 + tsH 

1 - kz'j 

1 + fts n 
1 - A-a'J 


For kz' sufficiently near 1, r < 1. Hence the flow may be in equilibrium 
even though the diameter of the impinging jet is smaller than the aperture 
of the hole. It would be interesting to study the stability of this equilibrium, 
experimentally. 


8. U-shaped obstacles. We consider next flows hatdng one free bound- 
ary, a ‘‘U-shaped’’ fixed boundaiy composed of two vertical plates con- 
nected by a horizontal one, and no stagnation points except at the corners. 
Typical are the flows sketched in Figs. 7a-7b, and fii*st^^ discussed by 
Michell [60]. Other variants are sketched in Figs. 8a-8e and lOa-lOc. Re- 
flecting such a flow in the horizontal side, we get a flow with two free bound- 
aries separated by two parallel vertical plates (cf. Fig. 7a), 



(a) (6) (c) 

Fig. 7. 


It would be natural to map the doubled flow obtained by reflection onto 
the rectangle R of §1 (formula (2) and Fig. lb), so that S^^', S 2 , & , 5/ 
fall on Ki, Ki + iKi', -Ki + iKi\ -Ki , respectively. The zeros and 
poles of f would then fall on {Ki + iKi/2) + 2mKi + 2nKi and 
{Ki — iKil2) + 2mKi + 2nKi . Comparing mth those of sn this would 
give f = c sn (i — iTi — iK-i!f2) by Thm. 3, determining the flow by Thm, 1. 

See also C. W. WitozynsH, Vortrage Hler Hydro- und Aerodynamik, Berlin, 
Springer, 1924, 260-1. 
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However the formulas are simpler if, instead, we map the original flow 
onto the rectangle R of an auxiliarj’ «-plane, as in Fig. 7c, so that the ver- 
tical plates go into the vertical sides of R, the horizontal plate into the 
lower side, and the free boundar 5 '’ into the top side. InR, f = f(u) is real and 
positive on the real a.xis, imaginary on the vertical sides, of modulus one 
on the top side, and with no zeros except at Si, Si. By Theorem 3, 
these properties determine /(t) uniquely. They are however shared by 

V(fc' — dn u)/(k' -f dn m), 

since Z;' g dn m g 1 on the lower side, 0 g dn m g on the vertical sides, 
and dn u is imaginary on the upper side. Therefore 

(26) f = ■\/(k' — dn u)/(k' -f- dn «) = — cn u/(k' 4- dn u). 

Again, the number of jets is two, and so by Ch. Ill, (4), 

(27) dW/dT = l/(r - Ti) - l/(r - T-d, T = sau, Tj = sn uj , 
if the jet thickness is normalized to ir. Hence the position 

z = f dW — h~^ /"l ^ 1 1 Qz + dn u) dn u du 

J JLsnM — sn«i snw — snwsj 

is the difference of two similar integrals. To integrate, the integrand is de- 
veloped in the form 

(/s' 4- dn zt)dn u _ A'dn u ^ dn° ui sn u _ ^ 

sn « — snwi SD.U — sn«i ‘ sn^tt — sn^Mi 

— ^ _l_ dn^^i sn^tf 

sn wi sn Ml sn®M — sn*Mi ' 


The flrst four terms are easily integrated by taking sn u, (dn u/ca. u), 
cn M and u as independent variables, and the last, after replacing sn ui by 
[k sn(Mi — zfcOrS can be seen to have the canonical form of an elliptic 
integral of the third kind. Noticing 


- i-i) 


k' 

kcnui’ 


l(fi^ 4" fi) 


dn Ml 
k cn Ml 


the final result can be written 


(28) Z = Zi — 22 , 

where 

“ The modulus k for this map is related to the modulus hi for the map just de- 
scribed by a Landen transformation. 



r-SHAPED OBSTACLES 


113 


~ w)[lii(cg ?/ - eg Uj') - lllfcg U + eg lij)] 

+i(f7^ + rj)[ln('dc H — dc ) — linden // — dc ?/,!] 

+ u/(k sn Uj) + lU'j + i'7\) ih - fO, 

where eg u = (eu u)/{i + sn u), dc u = (dii iO/ and II(#^ a, k) is 

the elliptic integral of the third kind (end of §5). 

In the special case represented in Fig. 7a, the sink Ui and source are 
at ±2? + iK\ hence f i = — fs = f. Most of the terms drop out, and (28) 
reduces to 

(28a) z = 2u + i ln(/:' — ik cn n) — i ln(/j' + ik cn it). 


Figs. Sa-Se depict some other special cases of interest obtained hy lo- 
cating the source and sink (singularities) at different place on the boxmd- 



(«) (&) icj id) {e) 

Fig. S. 


Special interest attaches to the flow of Fig. 8b, which represents half the 
flow of a jet impinging symmetrically on a U-shaped obstacle (plate with 
“spoiler’’^^ or stagnation cup). In this case, Ui is on the upper side, u% = 
— if + iK^ and fi = f 2 = i correspondingly. The half length 

6 = 2(20 - z{-K) 


of the transversal plate is 

h = t( 1 -f- sin <^>) 2K — 2 cos <l> Z(iii — iK ) , 

k sn 

^ E 

where Z(u)= dn“w du — is the Jacobi Zeta function [89, p. 518]. 
Jo K 

The length a — | z{K + iK') — z(K) | of the spoiler is 

Some of these flows have been considered hy G. Greenhill, [32, pp. 39-46], and 
iVIichell [60]. U. Cisotti treated the jet from a rectangular vessel (Figs. Sd-Se) and 
its limiting form of the jet from an infinitesimal orifice, Hend. Circ. Mat. Palermo 
(1908) 145-179; Rend. Accad. Lincei SS (1914) 73-79. Other U-obstacles were con- 
sidered by Cisotti, Rend. Accad. Lincei (1913) 417-22, 580-84; see also [62] Part IV. 

See Love [58] and Greenhill, op. cit. Also, [59a, pp. 45-53], where experimental 
data are given for the axially symmetric analog of Fig. 8b. 
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a — sin <t) 


, / cn ui ik' \ , / cn Ui . ik' \1 

_ ° \i + sn i/1 r+rj \i + sn i/1 ' r+i^j J 


+ cos <l> 


+ sn Ui 

TT {K “f* III — iK ) 


2K 


sn 

K Z {ill — iK ) 


— In A* + -f A i^n iii)/k sn iii . 

The force on the obstacle is F = 2c/p(l -r ssin <^J, acting vertically, b\' Cli. 
IV, Thm. 7. From these relations, the ratio a 'b of the spoiler to the plate 
and the drag coefficient Cd = ~F/pb can be immediately computed. If 
— > — iC + the limiting case of a plate with spoiler in an unbounded 

stream (Figure 9a) is attained. The corresponding limiting values of a, b 

_ 2(K' - E') + In A“' ~ IrK' - l/y'2 
‘ TT + 4F ~ 2tr'K 

Cd = 2ir/[x + 4F - 2A"ii:], 


and Cd are 
(29a) 

(29b) 


which show that Cd increases with a/b from 2Tr/(Tr + 4) to 1, the variation 
of Cd being very fast at the beginning {dCn/dia/b) = x), as in Fig. 9c. 

Sinrilar formulas hold for the model represented in Fig. 8c, which can be 
viewed as half the flow either of the Bordaks mouthpiece in a finite container 
or of a plate with ^‘spoiler’’ in a finite chamiel^®. In this case 


Ui = — K “f* i — u\ 1(2 = — K + iK', i'l = y, ^ 

The transformation from the anaMic parameters A and Ui to the geometric 
ones a and b (taking the vidth of the chamiel as unity) is graphed in Fig. 9b. 

Half the flow of Fig. 9a is a special case when the source and sink have 
^'coalesced”, producing an '‘ocean” (Ch. Ill, §3) for which dW/dT == 
l/(r — TiY, when the flow is suitably normalized. The limiting cases so 
obtained are sketched^® in Figs. lOa-lOc. 



(a) (6) (c) 

Fig. 10. 


9. Riabouchinsky flows. Fig. 11a represents the case of a source and 

^®cf. U. Cisotti, Rend, cir, mat. Palermo, 25 (1908) 145-79; for the limiting case 
of a jet from a raised slot, see J. H. Michell [60], 

Fig. IDa represents a particular case of a class of flows considered by T. Boggio, 
Atti r. accad. sci. Torino, 4^ (1911) 1024-1051. For bibliographj" on flows of the type 
of Fig. 10c, see §9. 
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sink symmetrically placed on the lower side S^Si of a flow past a U-shaped 
obstacle. If the fl'ovv is reflected in the lower wall, one gets a flow past a 
two-dimensional Venturi meter, first considered by Coloiietti^'. If the flow 
is reflected in the upper wall, as in Fig. lib, one gets a flow past a flat 
plate in a channel, having a positive wake (cavity) underpressure coefficient 

(30) Q = (P^- Pc)/hpvJ > 0, 

as in physical reality. This was first recognized by D. Riabouchinsky”, in 
the limiting case of Fig. 11c, when the channel wall recedes to infinity. Be- 
cause of the great importance of his obseiwation, the name Riahotichinsky 
Jlou's is now give to flows of the type just described. 


1 Cavity ^ j Covity j— »- 


(6) (c) 

Fig. 11. 


Venturi 


meter 

(a) 


The mathematical formulas can be calculated as special cases of those 
of §8; this we now do. From (27) and (28), setting nt = -wi, = ti, "'ve 
get 

(31) dW/dT = 2Ti/(T'' - Ti^ = 1/(7 - 7i) - 1/(7 + 7i), 


(32) 


2 = §(fi - fi) In 


sc It, — sc Ui 


+ 


2u 


sc ti + sc 111 ‘ Ic sn Ui 
+i(tr^ + fi)[n(tt, Ui — iK', k) - Uiu, - Ml - iKi, &)] 


A^ain, the velocity at infinity is 

(33a) v„ = & cn ui/ik/ + dn Mi), 

and the cavitation number Q satisfies(smce z) = 1) 

(33b) Q = vj - 1 ^ 2¥/idxi ui - k'), 

The width b = 2a = —i[z{K -f- iK') — z{K — iK')] of the plate is, with 
our normalization to a discharge d = w, 

G. Colonetti, Eend. accad. Lincei 20 (1911), 649-55 and 789-96; the dual interpre- 
tation is given in [6, Part II]. ForRiabouchinsky’s work, seeProc. Lond. math, soc. 18 
(1920), 206-15, and 25 (1926), 185-94, where other references are given; also [19, Ch. V]. 
The relation to cavities (as contrasted with wakes) seems to have been first remarked 
by F. Weinig [46, pp. 294-300], 
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, j sn 111 I T’’'? 
arctan k h A. k sn ui 


(34) 

and the length Z of the cavity 


cn III 


TT dn 111 


K' dn 111 
k cn ^<1 


Z\ui) 


(35) 


I = zi-K+iK') - z{K + iK') = 42v 


—k' su til + 


dn i<i 
cn 111 



The force on a plate computed from Ch. IV, §4, is 


F = hAziK) - ziK + 2iK')] 


From these formulas, the drag coefficient Cd can easily be computed as a 
function of the dimensionless cavitation number Q and ratio a/b of plate- 
vddth 2a to channel diameter 2b = 27r/r„ . 

The most interesting special case is Riabouchinsky’s limiting ease vi = 0 
of an infinite stream, depicted in Fig. 11c. Then half the flow represents 
an ocean, vith TF = and 

(36a) a - /-■ fc nif + + EW - i''«l , 

L sn 11 snu J 

dn7 dt is the elliptic integral of the second 

0 

kind [89, p. 517]. Correspondingly, ii E = F(l, k) and E' = E(l, k') 


(36b) = k/a + k'), Q = 2fcV(l - /:'), 

(36c) b = 2k^^[E' - k^K' + k'\ I = 2k-\E ~ k'^^K], 

(36d) Cn = 2F/pvJb = 2(1 + Q)(E' - k^K')/(E' - I;rK' + /:'“). 


It is interesting to compare the Eiabouchinsky model for a cavity with 
the reentrant jet model. (Ch. Ill, §8). Plate 11 reveals a striking coincidence 
in many aspects, for capitation numbers^* as big as Q = 0.4. This coinci- 
dence applies to the forward hah^es of the ca\ity profiles, to the drag co- 
efficients Cn = 0.88 (1 + Q), and to various other geometrical quantities 
gi'aphed in Plate 11 and described verbally in Ch. Ill, §8. Thus, the two 
models gh^e nearly identical predictions for the “blocking constant^^ of a 
fiat plate (Ch. I, §11). 

This agreement was observed by D. Giibarg and H. H. Eock, Nav. Ord. Lab. 
Memo. 8718 (1946) and M. I. Gurevich, Izv. Akad. Nank (1947), 143-50 (DTIMB 
Translation 224) . 
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\"ariout 5 generalizations of the Riabouchinsky flow have been treated 
in the literature. These include: flows past inclined plates, which will be 
treated in §12; flows past parallel plates held perpendicularly in the middle 
of an infinite jet^^, and Riabouchinsky flows past symmetric pairs of wedges 
subtending an angle 2/3. 

These last can be treated by the hodograph method. If y = r and 
u = then (in normalized variables) W = uf\/u^ + tan^a, 

where a is determined by the cavitation number Q. In the case ^ = 7r/4, 
z{u) can be expressed quite simply in terms of elliptic integrals. 


10, Impinging jets from nozzles, II* TVe now consider the general 
case of two impinging jets from two nozzles, whose directions differ by an 
angle /3 (Fig. 12a). We assume constant external pressure, so that [ f | = 1 
on aU free streamlines, if suitable units are used. For a suitable modulus k, 
we can map the flow on a parametric rectangle R, as in §1 (see Fig. 12b) 
so that sn t maps the flow on the upper half T-plane. 



Im(t) 



(&) (c) 

Fig. 12. 


Assuming two outgoing jets, the complex potential must satisfy 

(37) dWfdT - c(r - A){T - A^) / il{T - T,) - Z h/{T - T,*), 

just as in Ch. Ill, §4. Here the scale factor c is real, A corresponds to the 
interior dividing point, A* is the complex conjugate of A, and the cor- 
respond to the incoming and outgoing jets (points at infinity of the flow). 
The rate of influx from Tj is = dy , and Z == 0; thus W{T) involves 
seven arbitrary real parameters. 

For plates in a jet, see [6, Part II]; the limiting case of coalescing plates was 
treated by U. Cisotti, Rend. Accad. Lincei 21 (1912), 583-93 and 22 (1913), 417-22 and 
580-4. For Riabouchinsky flows past wedges, see G. Colonetti, refs, of ^otnote 17; 
M. S. Plesset and P. A. Schaffer, J. Appl. Phys. 19 (1948), 934r-9; E. L. Arnofif, Navord 
Rep. 1298 (1951); Byrne Perry% Cal. Tech. Hydro. Lab. Kept. 21-11; [82, pp. 125-35]. 
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Again, our hypotheses clearly imply that ^ = c(t) has the following prop- 
erties: (i) e(t) is regular in R, (ii) , €(t') | = 1 on the horizontal sides of R, 
(hi) e{t) is r eal on the right side S 1 S 2 of R, (iv) its argument is constant on 
the left side SsSi of R, (v) it vanishes at / = a (where sn a — A) and no- 
where else in R. 

It is also plausible that the hodograph is a unit circle with two notches 
at an angle j3 with each other, as in Fig. 12c. Since this configuration in- 
volves thi*ee parameters, it is plausible that c(0 = €(t, a, /:) is determined 
by the modulus fc of R and the complex number a. We shall now establish 
this conjecture as a special case of the following extension of Theorem 3. 

Theorem 4. Under the h}i)otheses of Thm. 3, if the stagnation points of 
f = f(t) are located at a& in the interior and bk on the boundart^ of R, then 

(38) ^ In [2 X) Im{ak] + 13 mod tt 

In the case of an annular sector hodograph (§3), the expression in brackets 
vanishes, and (38) reduces to (9a). In the cases of §§5-9, formula (38) was 
tacitly assumed from symmetiy considerations; thus, in §5, e(t, iK'/2, k) — 
c sn(i — iK'/2), In the present case of impinging jets from nozzles, (38) 
reduces to 

(38a) /3 = —2TrIm{a]/K^ (mod ir), 

or 

(38b) Im{a} = -iSiSC'/Sx (mod 2Z0, 

w'hich shows how a determines In the general case, (38) is a corollary of 
the following 

LEmiA. In any ‘‘cell” of a doubly quasi-periodic function, the number of 
zeros equals the number of poles. ^Moreover, if wi and ojo are quasi-periods, 
o!i and 0:2 the corresponding factors, Zk the zeros and 'Pk the poles, then 

(39) E - Z P;: - rnod W , co,)- 

Proof. The difference between the number of zeros and poles is the total 
residue of the logarithmic derivative which, since the logarithmic deriva- 
tive is elliptic, is zero [89, p. 431]. To prove the last assertion we start from 
[89, p. 119] 

where C is the boundary of the cell. Decomposing C in its sides and taking 
account of the quasi-periodicity of /(^), 
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= coi(lii Cki 2 /ti27ri) "f~ cooCln olx -1“ 


which gives (39), 

To apply these results to f , we let = 4ir, co 2 = 2iK'^ In ai — 2ip and 
0,2 = v\ We let the ^‘celP’ be -K ^ R€{t} < 3K, -K' ^ Im{t} < K', 
and obsen^e that a zero a inside R generates by reflection a new zero at 
a' == 2K — a*, and two poles at a* and a'*, while a zero h on the boundary 
produces no new zeros and one pole at fe*. Substituting in (39), we get (38). 

Theorem o. Properties (i)-(v) above define e{t) = e(t, a, k) up to sign 
(i.e., a multiplicative factor ±1). 

Proof. By Thm. 3, e{t) is doubly quasi-periodic, with quasi-periods AK 
and 2iK\ and corresponding factors and By (ii), y = 1, and so AK 
is a period. By (38), since v = 1, 13 = 27rIm[a]/K' (mod tt ), which deter- 
mines the multiplicative factor e“*^. Hence, by the Lemma of §4, properties 
(i)--(v) determine €(i) up to a constant factor c. By (ii), | c | = 1, and by 
(hi), c is real, complethig the proof. 

From the discussion of (37)-(38), it is now clear that the general case of 
impinging jets with unit velocity on all free streamlines involves 7+1=8 
parameters (A determines a, but not k). But the nozzle configuration in- 
volves 7 parameters (p and the relative locations of the nozzle edges). Hence, 
as in the case of freely impinging jets (Ch. Ill, §4), the flow is not deter- 
mined by the natural physical assumptions. 

11. General formulas. We shall now show that the functions e(t,a,k) 
defined in §10 can be used to deduce an expression for f(i), in the general 
case described in §4 (and in Thm. 4 of §10). 

Theorem 6. The complex velocity of any flow satisfying conditions 
(i)-(v) of §4 is given by 

(40) f n eit, a,- , k) H e(t, , k), 

where aj are the interior zeros of f and K those on the boundary of R. 

Proof. From the properties of the functions e, it follows that the right side 
has simple zeros at the points aj , 6„ ; has modulus one and modulus v on the 
lower and upper side of R respectively; is real on right side of R and has 
constant argument modulo tt on the left. But by (38), this constant is P, 
and so by Theorem 3 the right side of (40) must coincide with f . 

Theorem 6 shows clearly the importance of the functions e(ty a, k) for 
the theory of flows bounded by two plates and two streamlines. In view of 
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this importance, it seems worthwhile to deduce an expression for them in 
terms of Jacobi theta functions [89, Ch. XXI]. This will, incidentally, prove 
the existence of e{t^ a, k) for any complex a e R, and any modulus 
0 < fc < 1. The details follow. 

Lemala.. If zq is any point of the cell with veitices at "" ^ 

^ ^ ^ , then the function 


(41) 


h{z,zo;T) = <; 


f gi(s — gp I r)di{z — Zq* I r) 
_ J Bliz + So* ! T)6i{z + 2o ; ~) 


Bjjz — Zq* I r) 


L Bi(z -r Zo [ t) 


if Im\z(i] 7^ ± — 

ifimjso} = 


is regular in the cell, has a simple zero at zo (and no other), it has modulus 
one on the vertical sides and its argument remains constant (modulo x) 
on the horizontal ones. 

TTT 

Proof, The proof is a simple verification. We give it for Im zq 9 ^ zh ^ 

the other case is even simpler. According to the locations of zeros of the 
theta functions it is immediately seen that h is regular and that it has no 
other zero than zo = Xq + iyo . On the right side z = 7 r/2 + is, for some 
real s. But [89, p, 464], 

d 2 {i I r) = ^ 1 j I r) = 04 - I , 

and so 

01 4 " f(s •” 2/0) + 04 *ro + i{s + 2/0) + 

01 ^^0 + i{s — 2/0) + 04 ^^0 + 'i(s + z/o) + ^ 

^ 03(-yo + i(s - 2/ o ))02(— I'o + i{s + 2/0)) 
03(‘^o + — yo))0fi{xQ + + 2/0)) 


Since 02 and 03 are even fimctions taking conjugate '^^alues at conjugate 
points, this shows that | | = 1. Same proof for the left side. Now, on the 

lower side, z = — ^ + s (5 real) and 

Bi — Zo — Bi (^s — Zo* — 

$i + Zo* — Bi + Zo — 
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We now use the identity Bx{t) = + 7rry'2), whence Bx{t — 7rT/4) = 

— iq*e^^Bi(t -r TTT '4h Substituting in the last expression for h gives 

b/s - 20 + els - ^ 0 * - 

_ ^-h=Q^ = Q*} ^ / \ 

Bi^S + Zo* + ^ 4^5 + ^0 — 

04^5 - 20 + 

04 (s + ^0 - 

Thus, the argument of h is constantly equal to — 2i?e{^o}. A similar proof 
goes for the upper side. 

Let us now consider the function h(z, zq , 2r') connected with the param- 

2iK^ 

eter 2r' = 2iK/K\ The transformation t = z carries the cell into 

TT 

the rectangle R: —K ^ Re\t] ^ S Irri{t] ^ K\ Hence 
Theorem 7. For any a e R, the function 

(42) a, k) = ; 2/) , 

where r' = iK/K' and h(Zy zq , t) is defined by (41), has properties (i)“(v) 
listed at the begimiing of this section. 

By Thm. 5, ±:e(t, a, k) are the only such functions. By (38a) and (12b), 
they are elliptic if and only if Im{a}/K' = P/2t is a rational fraction p/q. 
In this case, the periods are 2iK' and 2qK if g is even; 2iK^ and AqK if q 
is odd. 


12. Plate in jet from nozzle. As an application of the general formulas 
of §§10-11, we consider the case‘° of a plate held obliquely in the jet from a 
nozzle (Fig. 13a), and having equal pressure on all free streamlines. As 
usual, we can normalize to the case If] = 1 on all free streamlines. 

Just as in §6 (which dealt with the ease /3 == Tr/2), we can write 

(43) dW/dT = c(T - B)/iT - TiKT - T^KT - T^), 


where the Tj = sn tj have the same interpretation, and B = m b cor- 
responds to the dividing point on the plate. Further f = 6(0 evidently has 
properties (i)-(v) of §10. Hence the hodograph is a notched semicircle (Fig. 
13b), and we can write, by Theorem 7, (38), and (41), 


(44) 


f = e(f, b, k) 


e^Mt + b*)/2iK' I 2t) 

® diiwit - b)/2iK' I 2r0 ’ 


See [32, §§10, 11], 
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where r' = iK/K' and Im{b] = ^K'/ir (mod iv')* the special case 
P = 7r/2 of §6, 7m{6} = K' /2 by s^^mmetiy'' and e{t, K — iK'/2, k) is 
elliptic. 

The limiting cases having special interest when /S = 7 r/ 2 , and enumerated 
in §6, also have special interest here. We mention also the case h — t\ — K, 
U = K + iK', of a plate in the presence of an infinite wall, treated by Vil- 
lat^\ and the case h = U K + iK\ —K of a plane jet from 

a nozzle impinging on an infinite wall. Also, the preceding formulas give a 
solution to the problem of designing bends which will divide a channel 
into parallel branches, ha\dng constant pressure on the bends (to avoid 
separation). 

Related flows. Closely related to the flows just defined, are analogous 
flows ^dth unequal pressures in the different regions separated hy the 
branches of the flow. 

If we modify further by continuity, we get the case of Villat -Morton^, 
sketched in Fig. 14a. The hodograph includes a reentrant circular arc, 
which corresponds to the free streamline with a point of inflection. 



By allowing two stagnation points, we get many possible configurations 

2^ H. ViUat, Ann. sci. ec. norm. sup. 35 (1918), 251-312; Tomotika and Hasimoto, 
Appl. mech. revs. 2371 (1950). 

^ H. Villat, Ann. fac. sci. Toulouse 5 (1913), 375-404, and [84], [86]; see also W. B. 
Morton, Plul. Mag. 41 (1921), 301-8 and 48 (1924), 464-76. 



124 


V- anjLTIPLE PLATES 


invoKTiig t^vo plates in a finite or inJSnite stream, of which a sample is 
sho^^Tl in Fig. 14b. refer the reader to the very considerable literature 
dealing with this case“’'; some results concern the case m > 2 (see §2) of 
multiple plates; others concern flows with circulation and multiply con- 
nected flows. 


13. Interior sources and vortices. A simple extension of the preceding 
ideas covers flows bounded by two plates and two free streamlines and hav- 
ing interior point-sources and point-vortices . As regards the complex 
potential, W(T) has a logarithmic singularity TF = m ln(T — To) + * * • 
at a point -source, and one of the form TF = ini ln(r — To) + * • ■ at a 
point-vortex [61, p. 324], Fy reflection in the real T-axis, we can obtain the 
contribution to TF(T) from any number of interior sources and vortices. 
As regards f (i), it has a simple pole a/(t - U) + • • • at an interior source 
(sink) or vortex. Such poles introduce factors e(t, to , k) into the denominator 
of (40), which is otherwise unchanged. 

We shall treat in detail only two symmetric cases; just as in §§5-9, we 
can then get simple expressions for ^(t) and zit), using elliptic integrals. We 
consider first the case of a point-vortex between two plates^^ (Fig. 15a). 



-K+iK'/2 




-K-iK'/2 


Fig. 15. 


EB 


JtUWC/Z 
-Re{t} 


K-iK/2 


( 6 ) 


The plates are equal and parallel \vdth their ends forming a rectangle and 
the vortex is placed at the center of this configuration. The plates are joined 
by two free streamlines and the resulting flow is assumed symmetric about 
the vortex. We take the rectangle R: —K S R^[t\ ^ if, —K!/2 ^ Im[t} ^ 
K^/2 as the parameter domain (Fig. 15b), and map the flow onto it so that 
the plates go onto the vertical sides and the free boundaries onto the hori- 
zontal ones. The mapping of this rectangle into the half plane is given by 

23 See E. G. C. Poole, Proc. Lond. math. soc. 22 (1923), 425-53, 25 (1926), 195-212, 
and 26 (1927), 148-58. Also, R. Thiry, Ann. sci. ec. norm. sup. 38 (1921), 229-329, 
and [19, Ch. V]. 

2^ The technique is due to B. Hopkinson [38], who made pioneer use of the method 
of reflection in the hodograph plane. 

If the plates are allowed to become infinitely long, one obtains the limiting 
case treated by Greenhill [32]. The interesting case of a vortex in a jet from a nozzle 
(deviating vortex) has been considered by N. Simmons, Quar. J. math. 10 (1939) 
283-311. See also, Phil. Mag. SI (1941) 81-102. For other cases, see [19, Ch. VII]. 
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the function T = sn , the vortex being located at the point To = 

iK' -A 

sn — ~ ik \ The complex potential has logarithmic singularities at 

T = Tq , T == To* == ~ To with purely imaginary’' and opposite coefiBcients, 
so (after normalization) 

^-5'“ Jit- 

As to f , it has a simple pole at ^ = 0, } f j = 1 on the horizontal sides, and 
is purely imaginary on the vertical sides. By Thm. 3, ^*(0 is uniquel}" de- 
termined (up to sign) as an elliptic function of periods 4iv and 2iK\ having 
these properties. But (cf. §5) the same properties are shared by i/y/k sn t; 
hence 

(46) ^ = i/(y/k snt). 

Integrating (45)~(46), we get 

(47) s = hk^iEit) - (1 ~ m, 

where E{t) = / dnhi du is the elliptic integral of second kind. It follows 
Jq 

that the distance d between the plates, and the plate-length I, are given by 

(48) d = k-^[E - (1 - k)K\, I = iJr^lkK' - E' + 1 - k]. 

The force separating the plates is, by Ch. IV, §5, 

( 49 ) F = pk~*[E' - kK']. 







Fig. 16. 

The case of a symmetrically placed source between two plates (Fig. 16) 
can be effectively treated, using the same parametrization. Since the jets, 
of thickness 9r, go into ^ — zLiK'/2, T = zLi/y/k, the complex potential can 
be written 


(50) 


TT = I In (r + k'^/T), r = sn(i + iK'/2). 
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Comparing locations of zeros and poles, we get 

(51) ? = sn(f - K)/sn t =- -cn t/sn t dn t. 

Upon integrating ^ — j ^ one obtains 

(52) z = h[i In (i\/k sii(t — iK^/2)) + E(t) — (1 — k)t]. 
From formula (52), one gets the analog of (48), 


(53) d ==^l-E+(l-k)K, Z = Min k^^ + E' - kK']. 

The force tending to separate the plates is (Ch. IV, §5) F = p(E' — kK^), 

14. Cusped cavities. Cavities of finite length, ending in a cusp, have 
frequently been considered, and their existence has been the subject of 
some controversy. They were introduced in 1876 by M. Brillouin, who 
later (1911) rejected them [10, p. 170], because they contradicted his prin- 
ciple that ca\dty pressure“® had to be a minimum, hence (Ch. I, Thm, 2) 
cavities convex. In 1913, Yillat showed that a symmetric cusped cavity be- 
hind a wedge was impossible, and conjectured that cusped cavities were 
mathematically impossible in general. 

Although some examples with singularities and some approximate solu- 
tions were given earlier, the fimt explicit construction of a symmetric cusped 
cavity (behind a curved obstacle) was given by Lighthill^^. Here we shall 
exhibit some cusped cavities behind fish-like bodies. The technique used 
can be applied more generally to the case of two bent plates (wedges) sepa- 
rated by two free streamlines, mentioned at the end of §2. 



J 


(a) 


Fig. 17. 



(&) 


Let us consider the flow tentatively dravm in Fig. 17a. It can be viewed 

Brillouin referred to wakes, for which the principle is not always true [31, p. 
422]. However, cusped cavities have never been produced experimentally. Villat^s 
work is in Ann. fac. sci. Toulouse 5 (1913), 375-404; see esp. p. 402. 

ARC RAl 2328 (1945). For simple examples with infinite velocities, see U. Cisotti, 
Ann. scu. norm. Pisal (1932), 101-12; C. Schmieden, Luft. Forschg. 17 (1940), p. 37. 
For approximate solutions behind circular obstacles, see M. Kolscher, Luft. Forschg. 
17 (1940), 154r-60; and Southwell and Vaisey [78, p. 159], See also B. N. de C. Allen, 
QJMAM 2 (1949), 64-71. 
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a Riabouchiiisky model with a '‘tail'" added. BC and DE are free stream- 
lines with velocities which can be 1 and v respectively. Let us map half the 
flow onto the rectangle R of §1, with BAJE going into the light side 
(Fig. 17b), CD into the left side and BC and DE into the lower and upper 
side respectively. The complex potential is clearly 

(o4) W = ?72./(sn t — sn j), 

where j is the value of i at ^ = x . 

As to the velocity, we observe that : 

arg f = 0 on EA, arg f = ai on AB, arg f = —as on CD: 

i f i = 1 on BC and i f i = on DE 

Hence satisfies the conditions of Thm. 3 and is a ciuasi-periodic func- 
tion. Thus, if cj = f in f as in §3, then (—iir/ai) dcji/dt is elliptic, takes imagi- 
nary values on the boundary and has a pole with residue 1 at / = a. Up 
to an additive constant such a function must concide with 


and consequently 


cn a dn a / (sn t — sn a) 


— idea _ Oil cn a dn q 
dt IT sn i — sn a 


The constant C can be determined by the condition that the points A and E 
are of the same level. The jump from A to E can only occur at infinity due 
to the residue of 


(h _ -1 dW 
dt dt 


at 




which, therefore, must be zero. In view of the behavior of W at t = j, 
this simply implies dos/dt ~ 0 at i = j. 

Thus C is uniquely determined and 


(55) 


-idea __ o:i r cn a dn a _ cn a dn a 
dt TT Lsn i — sn a sn j — sn a 

— — ^ cn g dn g (sn t — sn j) 
w (sn j — sn a)(sn i — sn a) * 


Recalling that at R, f 


f = 



ai cn g dn g f ‘ sn ^ — sn j 
T sn J — sn g Jjc sn ^ — sn g / * 


Upon integration, this gives 
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loG) 


la-j / dc t dc <x \ ^ " ^(a 1 1 it) Fit) 

\dc t + dc aj 


with 


F{i) = n - iK\ a, k) - H a, fc) - (i - k) 


cn a dn a 
sn j — sn a 


where dc == dn/cn and n (t, a, k) denotes as usual the elliptic integral of 
the 3rd kind. It is now a matter of inspection to check that the flow de- 
fined by (54) and (56) has the qualitative features sketched in Fig. 17a. 
The details are left to the reader. 

If BC is no longer considered free but fixed, one has a cusped cavity flow 
past a solid bounded by two wedges and two convex curves BC/\ and B'C' . 
This model, however, gives one cusped cavity for each obstacle, because 
any change of the cavity produces a simultaneous change of the curves 
BC and B'C", and so of the obstacle. No analytic formula for f (i, a) is 
knovm, which gives a one-parameter family of cusped cavities behind a 
fixed obstacle. 


13. Hollow vortices. The case of a hollow vortex in a channeP® (Fig 18a) 
can also be treated by the Lemma of §4. We shall assume that the fluid is 
stagnant at oc , that the velocity is one on the vortex boundary and that the 
flow pattern has a center of symmetry. To parametrize it, we map half the 
flow (below the dotted line) onto the rectangle '—2K ^ Re{t]^ 2K, 
0 ^ S K' (Fig. 18b) so that the free boundary goes into the upper 




w 

Fig. 18. 

side of the rectangle, the lower wall of the channel onto the lower side and 
the two halves of the line of symmetry onto the vertical sides. Under this 
mapping, the points at infinity go into dzK. It is clear that the line of sym- 
metry is an equipotential and that the velocity is purely imaginary there. 
The function W{t) is thus regular, and has constant real part on the vertical 
sides and constant imaginary part on the horizontal ones. Thus, W{t) must 
be of the form 

(57) W = ytl4JC + const., 

28 Cf. [60] and H. C. Pocklington, Proc. Camb. Phil. Soc. 8 (1894), 178-187. 




Ji 


‘Re® 


( 6 ) 
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where the multiplicative constant 7 represents the total circulation around 
the vortex. Again, ^(t) is real on J 1 J 2 , imaginary on AiJi and A 2 J 2 , with 
modulus 1 on A 1 A 2 , and zero at i = AzK. By Thm. 3, these properties 
uniquely determine f (0 up to sign as an elliptic function with periods 4iv 
2iK\ Such a function is however 


(58) f = \/k sn(i — K) = —\/k(cn 0 /(dn t) = —y/T: cd i. 


We get 


(59) 


dz = rVTT = - 


z — 


: In 


7 dn t 
WkK cn t 
I — sn t 


dt. 


SVJ:K 1 + sn r 


with 


The same method can be applied to a hollow vortex in a regular polygon”^ 
with n sides, of which the case n = 4 of a square is depicted in Fig. 2 b, 
Ch. IV. If a sector of the flow is mapped onto the above rectangle, one gets 
(57) again, with 


(60) W = {yt/2nK) + C 

(61) f = [Vk suit - K)f^ 


where n is the number of sides of the polygon. The integration of z cannot 
be done in finite terms. 


Cf. [60] and G. Greenhill [32, §3S and §45-7]. If the flow is reflected in the vortex, 
as in Ch. IV, §3, we get the flow between two concentric, similar, regular polygons. 



CHAPTER VI 

CURVED OBSTACLES 

1. Semicircular parametrization. In the present chapter, we shall 
discuss stationary ideal plane flows with free boundaries past curved ob- 
stacles. The problem of determining such flows will be reduced, in various 
cases, to the solution of non-linear integral equations with side conditions. 
Flow’s obtained by solving such equations numerically w’iU be described 
and interpreted ph^’-sically. The existence of solutions w^ill be proved in 
Ch. VII and the technique for solving the integral equations will be ex- 
plained in Ch. IX, §8. 

In §§1-6, w’e shall treat the case of a divided jet, and shall assume the flow 
to satisfy conditions (i)-(iii) of Ch. IV, §1. 

Let a jet of width^ d be divided by a curved obstacle P into two branches 

, t/ 2 , as in Fig. la. Let C denote the dividing point of the flow, and A, B 
the points w’here the flow’ separates from P. Further, w’e shall assume that 
P has finite length and finite curvature^, except perhaps at C, where an 
angle of /Stt radians may occur. 

We shall assume that the flow is bounded by fixed walls (the wetted 
portion ACB of P) and by free streamlines of constant pressure. As usual, 
w’e shall choose units making | f | == 1 on the free boundary. We shall also 
translate coordinates so that the bisector of Z ABC is parallel to the positive 
real axis. 

Let <t> denote (as in Ch. IV, §7) the angle made with the positive real 
axis by the tangent to P, in the (positive) sense which leaves the flow on 
the left. Then 

( 1 ) = 4>{cr) - (1 - ^)t. 

Further, if Z measures arc-length along P from C, the intrinsic equation 

(2) ^ = ^(Z) 

will locate P in the physical plane (up to translations). 

1 We include, as limiting cases (d infinite or semi-infinite), a cavity in an infinite 
stream, and a curved obstacle ‘^planing” near the surface of an ocean. These flows 
were first described by U. Cisotti, Rend. Accad. Lincei (5) 30 (1911), 314-22, 494-502, 
and H. Villat, Comptes rendus 152 (1911), 1081-4. 

* In §§1“3, it is enough to assume that the tangential direction 4 satisfies the 
Lipschitz condition 1 4 (Zi) - 4>{h) \ <h\li-U\, where I denotes arc length along 
the obstacle. In the disc\ission of separation, stronger conditions are needed (cf 
Ch.IV, §7). 


130 



SEmCIRCUI/AR PARAMETRIZATIOX 


131 



Following Levi-Civita [54], we shall map the simply comiected interior 
of the flow conformally and one-to-one onto the interior of the semicircle 

(3) r: I i [ < 1, Im {t} > 0 

(Fig. lb). By the Fundamental Theorem of Conformal Mapping, there is 
exactly one univalent transformation t = f(z) of the domain occupied by 
the flow' onto T, w'hich maps A, JS, C respectively^ onto 1,-1, and i. This 
transformation f(z) w'ill map the free streamlines onto the real diameter^ 
and the W'etted portion of the harrier P onto the circumference t = of F, 
as indicated in Figs, la-lb. (In this respect, it is the opposite of the par- 
ametrization used in Chs. II-III.) 

To express the complex potential, it is convenient to map F on the upper 
half-plane by the conformal transformation 

(4) T (t + r')/2, so that dT/dt - -(1 - r^)/2. 

By Theorem 2 and Remark 5 of Ch. Ill, the complex potential then satis- 
fies, for some M* > 0 

dW _ M*T 

dT (T - Tf){T -Ti)(T - Tt) ’ 

since there are ho interior stagnation points, and the dividing point t — i 
occurs when T = 0. In order to include the limiting cases w^hen one or more 
Tk — and because | T* ] > 1 in any case, we write this equation in the 
alternative form 
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(5) - T— ^ [M >0, -1< c., < 1], 

11(1 - a,T) 

where ak == TT^. 


2. The function 12(Z). By relation (30) of Ch. Ill, there are no interior 
stagnation points. Thus f (^), which is analytic and regular, does not vanish 
in r. We shall now prove that f cannot vanish at any point other than C 
in the closure r of T. These facts are also intuitively plausible. 

Indeed, since f = {dW/dz) = {dW/dT)l{dTldz) is nowhere zero on the 
free streamline, we need not consider T == qo . Elsewhere in T, dW/dT 9^ 0 
by (5) except at C, where T = 0 and dW/dT has a simple zero. The facts 
that dT/dz 0, x for T 5^ 0, mddTJdz ^ near T = 0, are however 
classic results^ about conformal mapping which complete the proof. In 
particular, in the vicinity of T = 0, f T^, showing that, unless (7 is a 
cusp (jS = 0) f vanishes at C. 

Now consider the function (i — t)/(i + t) (1 + — it). It has 

modulus one when t is real, and its argument is by elementary geometry, 

t/2 on AC and — x/2 on CB, with a jump of — tt at C. Hence the new 
function Q(t) ^ 6 + ^V, defined by the equations 



is still analytic and regular in the interior of T. On the free boundary, when 
t is real, | 1 + 2^ | = 1 1 — 2^ [ , and so 


(7) 


1 = If 1 


1 + it ^ 
1 - it 






Hence r(0 vanishes on the real diameter of F. That is, Q(t) is real on the 
real diameter of F. 

It follows, by Schwarz’s Principle of reflection (Ch. Ill, §2), that 
can be extended to an analytic function, regular inside the unit circle and, 
as we shall see, bounded on its perimeter. We can therefore write 

(8) Q(^) = ao + aif, + a^f + * * * , all real, 

where the radius of convergence of the series (8) is at least one. On the fixed 
boundary | i 1 = 1, the boundedness of 0(0 is equivalent by (6) to that of 
f (0 for i 7 ^ i, and to that of for t — i. A. more refined argument permits 
one to prove that 0(0 is even continuous in the closed’ unit circle (Cf. 
Remark at the end of §3). 


® W. Seidel, Math. Annalen 104 (1930), p. 2225 C. Carath4odory, ‘^Conformal rep- 
resentation*’, Cambridge TJniv. Press, 1932, pp. 91, 94. 
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Conversely, given a function Q(t) with expansion (8) and continuous on 
I i I = 1, and given constants il/, ao , ai , and a2 , equations (6), (5), 
(4) and 

define a “divided” jet flow past a barrier P, having an angle ^ at the 
dividing point ^ = 0, and a continuously turning tangent elsewhere. This 
gives Levi-Civita’s classical result^. 

Theorem 1. The dmded jets past barriers vith vertex angle pir cor- 
respond to choices of functions Q(t), regular for | ? | <1 and continuous on 
1^1 =1, and of constants 3/, ao , ai ^ The correspondence is through 
equations (4), (5), (7), and (9). 

Using Theorem 1, it is easy to construct a large class of dhfided jets and 
ca\fities behind curved obstacles®. Thus, in the symmetric case (see §5), a 
large and typical family is given b^” the trinomials 

O(^) = ail 4” a^t^ 4" 

(see Ch. IX, §8). The case Q(^) = 0 gives a wedge (Ch. II, §4). 


3, Geometrical interpretations. By Theorem 1, Levi-Civita may be 
said to have solved the inverse problem of describmg the class of all jets 
divided by cur^^ed barriers®. We shall now turn to the direct problem: 
Given a particular cur\"ed obstacle P held in a particular jet, what is G(t)? 

To solve this problem, it is convenient first to express various geometrical 
quantities in terms of the unknown function 0(i). 

Along the fixed boundary t = we get from (8), for 0 = ^ + ir 


(8a) 

(8b) 


6 = ao + ai cos a + a 2 cos 2cr + 
r = ai sin O' + 02 sin 2a + 


on t = 


It is convenient to consider also the derivative 


( 8 c) \(a) = —ddjda = ui sin cr + 2a2 sin 20- + • • • . 

* [54]; see also [49]. Levi-Civita treated only the case ao » ai — ci '2 « 0 of an 
infinite stream, but his argument needs only minor modifications. 

® Many examples are given in [32, Appendix]. The first cavity flow past a curved 
obstacle, having a crescent for hodograph, was obtained by G. KirchhofF, Vorle- 
sungen uber Mechanik, Leipzig, 1874, p. 293, using conformal mapping. Recently, 
Lighthill has used this hodograph method effectively to illustrate the bending of jets 
around obstacles (“Coanda effect’’) in ARC RM 8943, and to exhibit a flow with a 
cusped cavity (Ch. V, §14). 

« As remarked by M. Brillouin [10], some of these flows are self -overlapping in the 
large. 
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We do not assume that the series on the right of (8a)-(8c) converge; the 
equal signs mean only that they are the formal Fourier expansions of the 
functions on the left. 

We shall first show that 5(o-) is simply related to the obstacle tangential 
direction. Since arg dz/dT - arg + arg dW/dT and arg d^/dT = 4> 
(except at C), eiddently 

{<t> - T 

arg f = 


(See also Fig. la, and the Eemark below.) 

On the other hand, by our discussion of arg (i — t )/ (i — t) 

, f 6 - M2, 


on AC 
on CB 


arg? = 


S + ^5r/2, 


on AC. 
on CB 


w'hence by comparison with the preidous evaluation of arg ? one gets 


( 10 ) 


8 = 




on AC, 


on CB. 


Clearly, 8 is then equal to the angle with the 2/-axis of the tangent to the 
^‘straightened barrier’’ Pi , obtained from P by rotating AC and CB until 
they become vertical. Unlike ^ is a continuous function of I even at C. 
The condition that 0 = 0 when a- = 7r/2 and t = ^ amounts, by (8a), to 

(10^) do 0,2 — Ok "b <^6 — * • • . 


In the most interesting case of a smooth obstacle, P = 1 and 0 = — t/2 

all along ACB. 

From equation (10), we see by inspection the interesting fact that the 
case of a mdge with straight sides (Ch. II, §4 and Ch. Ill, §7) is simply 
the case 0 = 0, whence r = 0 and Q(0 = 0, by (8a)~(8b). 

Arc-length along P can be found by evaluating (9), which gives^ 


di^\r 


I dW/dT I • I dT/dt I - dcr. 


By (7), on t = o**", 




1 — it 

1 + it 

2 + 2 sin (r 
2 — 2 sin <r 


m 


e = 


1 + sin (T 
cos cr 


^ The existence of dl/do- follows from known theorems on conformal mapping (cf. V. 
Smirnoff, Math. Annalen 107 (1932), 313-52). For a careful discussion, see [49, p. 163]. 



BASIC INTEGRAL EQUATION 


135 


using the identity it = —sin <j + i cos cr to evaluate j (1 — it)/ 0- + ^0 i • 
Similarly, by (4) and (5), since T = —cos cr, 


dt 


M I cos cr sin cr \ 

2 

IJ (1 + ak cos cr) 


on t = 


For given jS, ao , ax ^ Ave naay define v(<r) as the particular function 

. . sin cr(l + sin <r)^ | cos cr 
(llj v{c-) = 2 . 

11(1 + OJjk cos cr) 

Jb“»0 

In terms of j'(cr), Ave then get by direct substitution in the preceding equa- 
tions, 

( 12 ) dl - dcr. 

Using this relation, Ave can express the curvature k along P. Defining k as 
—d^/dl, we haA^e by (9), (8c) and (11) 

(13) K = /Mv{<t) 

Remark. We now proA^e that Q(0 is continuous in | ^ j g 1. Let d = 0(Z) 
denote the angle between the z/-axis and the straightened obstacle, as a 
fimction of Z. By hypothesis“, 0(1) satisfies a LipscMtz condition all along 
ACB. Since also ACB has a continuous tangent (except for an angle Ptt at C), 
the correspondence I = 1(g) between ACB and the circumference t — e’*" 
satisfies a Lipschitz condition of order arbitrarily close® to min (2 — jff, 1) 
on the interval 0 ^ cr ^ tt. Therefore, d(G) — 0(i(o^)) is itself Lipschitzian on 

0 S cr ^ X. Since d(G) is even, it is also Lipschitzian on — x g cr S 0. By 
the Fatou-Privaloff Theorem (Ch. IV, §7), it follows that ^(t) also satisfies 
a Lipschitz condition on Z = c**" — ^and hence is continuous on the closed disc 

1 i ^ 1. As a corollary, f (Z) is also continuous and A^anishes at C only. 

Thus, we have shown that the divided jets under consideration are “sim- 
ple flows” in the sense of Ch. Ill, §2. Conversely, we have shoAvn that, 
when all free boundaries are at the same pressure, conditions (iii)-(iv) of 
Ch. Ill, §2, can be replaced by the weaker conditions (iii') the fixed bounda- 
ries have Lipschitzian tangents, and (iv') the velocity is everywhere 
bounded. 


4. Basic integral equations* It is evident from formulas (8a)-(8c) 
and (10') that any one of the three real functions on 0 < <r < x determines 
the other two, if (100 is used. The relation is given either through the 

® M. Lavrentieff, Rec. Math. Moscou 36 (1929), 112-15. 
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Fourier coeflScients of these formulas, or by the three integral operators® 
C, J, D defined by 


(14a) 

(14b) 

(14c) 

(14d) 


in (T f’^ 6(a) — 6(a') 


cos a — cos a 


Cd(a) = r(v) = f 

IT Jo 

JX(<r) = e(a) = r'' \(a')da' 

Jff 

DX(tr) = T(a) = f D(a, a')\{a')da , where 
Jq 


i?(.r,.0 = ^tsinicrsiny ^ lln 

TT y-1 J TT 


tan Jo- + tan Jo-' 
tan Jo- — tan Jo-' 


In (i4a)-(14c), the pairs of letters C6, JX, DX do not represent composite 
functions; thus C6(<r) = C[^(o-)] is not, for any individual a = o-i , a func- 
tion of the number 6((ti); it is the value at o-i of the conjugate of the entire 
function ^(o-). The integral operators J and D will be discussed in Ch. 
VII, §5. 

Taking advantage of these relations, one can easily reformulate the direct 
problem of finding Q(t) for a given barrier P in terms of a system of integral 
equations \\nth one or more unknown parameters. 

Thus, for given P, if Z is measured from the dividing point C, the quantity 
B is easily expressed by (10) as a fxmction 6 = 0(Z) of 1. The flows past P 
are then characterized, in virtue of (12) and (14a), by the fact that 

(15) 1(a) = M r v(a)e-^^^^’'>"da. 

•'ir/2 


This formulation of the direct problem is due to Villat [83]. 

We have developed^*^ an alternative formulation, which seems well 
adapted to computation in the case of barriers having curvature of constant 
sign (i.e., no points of inflection). For given P, using (10), one can easily 
express the curvature /c as a fxmction k = K($) of the pseudo-tangent angle 
6, Using (13) and (14b)-(14c), the divided jet flows past a given barrier P 
are then characterized by the fact that X(<r) in (8c) satisfies the functional 
equation 

(16) X = JlfvE:ax)e-®\ 

where v = v(a) is given by (11). Thus we have proved 

« The integral form of the conjugation operator C can be deduced from the limiting 
form of the Poisson integral; see also A. Zygmund, “Trigonometric series”, p. 146. 
The expression for the conjugate integral D is due to Dini, Annali di mat. 5 
(1871), 30&-45. 

1® The curvature function was previously used by Brodetsky [11, 12], Nekrassoff 
[63], and others to find r. 
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Theoeem 2. For a flow given by Theorem 1 to involve a barrier P hav- 
ing the intrinsic equation 6 = 6(Z), it is necessary- and sufficient that (15) 
hold; if P has cur\"ature k = K(6) of constant sign, it is necessary and 
sufficient that (16) hold. 

5. Symmetric cavities. Apart from other difficulties, the solution of 
the direct problem by (15) or (16) is complicated, in the general case, by 
the fact that one does not know M, ao , ai , or ao . Thus there are four free 
'parameters in the general case. 

In the important special case of a symmetric cavity in an infinite stream^ 
however, ever^^ parameter except 21 is known a priori. Thus ao = 0 since C 
is on the axis of symmetry of P; and ao = an = ao = 0 since, in (5), 
W = 2IT^I2 as in Ch. II, §2. This greatly simplifies (11); in the most im- 
portant case jS = 1 of a smooth obstacle, v{cr) reduces to the function 

v{a) = sin o'(l + sin a). 

Again, in the symmetric case, d{Tc — cr) = — ^(o-), so that by (8a) Go = <22 = 
a 4 = • • • =0, and Q,{t) is an odd function 

0(i) = ait + a^t + a^t (symmetric case). 

The curvature function is also easily expressed in such simple cases as 
that of an ellipse, when w’e can take K{B) = [cos^ B + sin^ Bf^^ , a parabola, 
when K{B) = cos^ B, or a cycloid, when K{B) — sec B. Note that the absence 
or presence of a constant factor in K(6) does not aJffect Q(0; such a factor 
simply corresponds to a reciprocal factor in il/. 

Since the angular extent of the whetted portion of a barrier (or solid 
cylindrical obstacle) having the intrinsic equation k = K{B) is nowffiere re- 
flected in the integral equations (15) and (16), one easily surmises that this 
extent is determined by the choice of M. Theorems bearing on this surmise 
are discussed in Ch. Yll, §4-6; they are quite deep. Using (8a), (8c) and 
(10), one can however show very easily that the angular extent 2^* of the 
wetted portion of the ^'straightened barrier’’^ is given by 

1 r 

(17) + flts + ^^6 + * * ' “ 2 io 

Again, by formula (17) of Ch. IV, the drag D is given by 

(18) D -= pxM(2 - ai)V4. 

From this, the drag coefficient Cd based on the wetted cross-section is easily 
computed. Moreover, the condition for a camty of zero drag is clearly ai = 2. 
In Table I, we have tabulated the separation angle , M, Cb , and the 

“ By this, we mean J k dl, which is simply — <^(0) if p 1. 
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coefficients ai , as , , a? , Gb , for cavity flows past several symmetric 

barriers^. The method of computation is explained in Ch. IX, §8. 

6. Brillouin-Villat separation condition. The prediction of the sep- 
aration angle, in the case of a smooth solid obstacle, is not touched b}^ the 
preceding discussion. 

In the case of wakes, the actual location of the separation points depends 
on several physical parameter (see Ch. I, §5). However, in the case of a 
vapor-filled cavity, and more generally (approximately) in the case of the 
air-filled cavity behind a high-speed missile^^, one can use any of four 
rather simple conditions, first noted jM. Brillouin [10, p. 180]. 

In these cases (cf. Ch. I, §13), we can argue that the pressure must be a 
minimum in the cavity. For otherwise, even small reductions in the pressure 
coefficient Cp = pl\pv^ would induce ca\dtation elsewhere. This implies 
that the free streamlines must be ccmvex towards the cavity", in the direction 
of the negative pressure gradient (Ch. I, Thm. 2). By Bernoulli’s Theorem, 
it is also equivalent to the condition that the velocity is a 7naximum on the 
free streamlines. 

Assuming convexity, for the flow not to penetrate the solid obstacle (as- 
sumed in §1 to have finite curvature), the free streamlines must have finite 
curvature at the separation points A, J5. In fact, the local cur\’’ature of the 
obstacle cannot be exceeded. Villat [85] has given a neat mathematical 
criterion for this last of Brillouin’s four conditions to be satisfied. 

Theorem 3. The curvature at the separation points A, B, where 
t = =t=l, is infinite towards the ca\dty, infinite away from the cavity, or 
equal to the curvature of the obstacle, according as 

(19a) /(tt) > —ft r'(T) < —ft or t'Ctt) = — iS for A, 

(19b) r'(0) < ft r'(0) > ft or r'(0) = jS forJ5. 

Proof. The conclusion is simply a restatement of Theorem 6, Ch. IV, 
in terms of S2(i). To see this, note that the function cu = ^ In f of Ch. lY, §7, 
equals il(t) + i/5 In [(1 + it) /(I — it)] by (6). The result is now obvious. 

Since t' = cos k<r, the first equality in the following corollary is 

also obvious (cf. (14a)). The limiting form of the Poisson integral permits 
us to express r'(<r) in terms of its conjugate function — X(cr), and gives the 
second equality. 

Corollary. The curvature of a symmetric divided jet is finite at the 

Our results for the cavity of zero drag behind a circle are in a fair agreement 
with those of C. Schmieden, Ing. Arehiv 3 (1933), 356-70, and 5 (1934), 373-5. 

By a “high-speed'’ missile, we mean one travelling at 300 //s or more, so that the 
Thoma cavitation number is small. 
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TABLE II 


1:2 ellipse 

64.54° , 

. 49656 

2.86016 

1.19982 

-.08574 

.01438 

- .00262 

.00065 

1:1 ellipse I 

55.04' ’ 

.60S3S 

1.13593 

.94277 

.01643 

.00123 

.00017, 

.00004 

(circle) 

3:2 ellipse 

! 

! 46.06° ; 

.66520 

! .66949 

.79162 

1 1 

.05838 

1 

.00544 

.00063 

.00011 

2 : 1 ellipse 

44.78° ; 

.53426 

.46336 

.68893 

.07902 

.01140 

.00180 

.00033 

Cycloid 

51.42° 1 

.64328 j 

.86336 

.85378 

.03769 

.00488 

.00088 

.00019 



separation points if and only if 

(19c) = ai + Zaz + Sas -[-•••= 7 r“^ / X(o’)csc cr d<r. 

Jo 

Of these two forms, the integral form is more general. 

We shall refer to conditions (19a)~(19c) as conditions for smooth separa- 
tion^ and to cavities satisfying them as cavities behind solid obstacles. In 
Table II, we list <f>a,C2> , M, ai, ,..,09 for the symmetric cavities behind 
various solid obstacles, together with the appropriate wetted angles and 
drag coefficients^^. Fig. 2 shows the free streamlines in the case of a solid 
circular obstacle. 

7. Asymmetric case: parameter problem. In the asymmetric case, 
the parameter problem is a good deal more complicated. If the barrier has 
a sharp vertex, then the dividing point must be at the vertex to avoid in- 
finite velocities. The procedure of §§1-4 is still applicable, but the problem 
is overdetermined, as in the case of a wedge (Ch. II, §4). There are only 

In this tabulation, the drag coefficient Cn is based on the obstacle diameter. 
The case of the circle was first treated by Brodetsky [11, 12]. C. Schmieden, Ann. der 
Physik 2 (1929), 350-6, gives a comparison with experiment. 
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four parameters to meet the five conditions fixing separation at the ends 
of the barrier, the width and direction of the impinging jet, and the distance 
from the vertex to the jet midline. 

The case = 1 of a smooth obstacle is better discussed in terms of the 
original parametrization of Levi-Civita [54]. This also maps the flow con- 
formally onto the semicircle T of (3), so that ACB is mapped onto the cir- 
cumference, and the free boundary- onto the real diameter. However, the 
flow is rotated so that the impinging jet is parallel to the positive real axis, 
and the point J at infinity mi the impinging jet is mapped onto ^ = 0. In the 
symmetric case, the dividing point C is still mapped on t == i, and §§1~6 ap- 
ply. But in general, the image to = of C is unknown, as are those h , to 
of the outgoing jets. Corresponding to (5), one has 

../x dW _ M{T - To) 

^ ^ dr (1 - aiT)(l - aoT) 

where Tq = — (io + to^)/2, ai = “2/(fi -f- ?i^). 

In place of (6), one VTites 

(60 r' = ((«o - Qx(0 = e^{t) + 

Like Qi(^) is regular in | ^ j <1, real on the real axis, and continuous 
on the boundary. Theorem 1 holds with <ro in place of U . In addition, 
0i(0) = 0, so that an = 0 in the analog of (8a). 

As to the geometrical interpretation one obtains, as in §3: 

^ “ 0*0^ ; dl — \ K = /Mviia), 

where is the angle of the positive tangent with the ^-axis, and 

Viicr) = sin (7 (1 — cos (tr + €ro))/(l — ai cos cr)(l — aro cos o'). 
Villat’s equation becomes 

(15') Z(cr) - M r 

Jo 

similarly, the curvature equation takes the form 

(160 Xi = <ro' = ^ - <to ■ 

Here 0(Z) indicates the tangential direction as a function of the arc-length 
measured from the endpoint A, and Kijli) is the obstacle curvature as a 
function of the tangential direction. Ji is the integral operator 

JiX bo A" j X(o') dc, 6o — — — J <tX(o') d<T, 
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Finally the conditions for smooth separation at -4 and B become 
ti(t) = —tan (o-o/2), n'CO) = cot (orn/2), 
respectively. In terms of XiC^) these are simply 

(190 i [ hM tan ^ = tan ; i jf XiM cot | rf<r = cot ^ . 

The preceding formulas show how the integral equation (16') depends 
on four real parameters: il/, o-q , h , h * In any reasonable mathematical 
formulation of a physical problem, one would expect the number of param- 
eters to equal the number of natural geometrical or physical conditions. 

This requirement of “reasonableness” is fulfilled in the case of a smooth 
barrier held in a jet, where there are four conditions to fulfill: two separa- 
tion conditions, one condition fixing the width of the impinging jet, and 
one condition ghmg the distance from, (say), A to the jet midline. The 
case of a smooth solid obstacle involves the same parameters and condi- 
tions, the conditions for separation being given by (19')- 

The limiting ease of a banier in an infinite stream contains only the tw’O 
parameters M and ao , which presumably are determined by the t^vo sepa- 
ration conditions, as one would expect from physical intuition. 

On the other hand, the case of a planing barrier with given orientation 
involves three parameters. It “would be natural to suppose that one of these 
represented the depth of the cylinder submergence. This is however not 
true, as already shown in Ch. Ill, §6. 

8. Analogs of R6tliy flows. The case of a symmetrically divided jet 
reduces, in the case iiL(^) = 0 of a flat plate, to a reflected R4thy flow of the 
type discussed in Ch. II, §7 (see Figs, lla-llc there). Corresponding figures 
for the case of a curved barrier, held symmetrically in a jet from a straight 
nozzle, are showm in Figs. 3a-3b^®. One can modify the Levi-Civita parame- 
trization, mapping half the flow on the quarter-circle. 

By reflection, one gets a single-valued function fi(0 = ait + + 

+ - * • defined in the unit circle, just as in §§2-3; moreover the geo- 
metrical interpretation of §§4-6 holds without change, provided attention 
is restricted to the symmetric case, and provided the formulas involving 
dWfdT are changed correctly. To find dW/dT, use the transformation 
i > (i -b r^)V4 = to map half the flow^ onto a half-plane. Theorem 2 
of Ch. Ill then applies with in place of T, giving 

(21) dW/dT = MT/{\ - T7^T^){1 - 77'r'), 

Treated by U. Cisotti, Rend. cir. mat. Palermo 23 (1909), 307-52; H. Villat, Bull. 
Soc. Math. France 40 (1912), p. 266. See also E. B. Schieldrop, Sk. Norsks Vidensk. 
Akad. 1 (1928) No. 2. 
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Fig. 3. 



where Ti and Tj correspond to the upstream and downstream points at 
infinity. If v is the upstream velocity and d the channel width, clearly 

(21a) vd = 7rJ//(!77“ - T7-). 


On the boundary, T — —cos cr, and substituting in the expression for 
dl in §3, one finds 


(21b) 


v{ct) 


sin < 7(1 + sin aY [ cos ^ 
(1 — 0 ^ cos^ {r)(l + 7 ^ cos^ O’) 


where we have set a = and 7 = —iT7^. Clearly a and 7 are real, and 
I a I < 1. Formula (21b) can be simplified in the case of a symmetrically 
divided free jet, since 7 = 0 , and in the case of a curved barrier symmetri- 
cally place in an infinitely long channel (Fig. 3c), when a = 0, 

By reflecting the flow of Fig. 3c in the channel wall, we can get symmetric 
jets from curved nozzles^ at the end of infinite straight pipes. Figs. 4a-4b 
illustrate two cases, t\ith jS = 0, 1, respectively. More general jets from 
nozzles are considered in §14. 




V 

7 " 


9. Physical applications. Most quantities of physical interest have 
quite simple expressions in terms of our basic parameters. We shall briefly 
derive some of the more useful formulas, and give some numerical results 
of possible interest. 

If the upstream point at infinity is at i = fs, then 7 = 25/(1 
The ratio v of the (upstream) channel velocity at infinity to the (down- 
stream) free streamline velocity is, using (7), 
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( 22 ) 


V 



^ais— aasS+dfisS 


Similar^, if the ends of the jets correspond to i = dcr, then a = 2r/ (1 + 
r). The corresponding velocities f at in fin ity are given by 

(23) 5 = 2)S arctan r -- a^r — azr^ — — 


Knovring one can compute the channel width d from the expression for 
J/ in (21a) 

(24) vd = TcM/{a + 7^)- 
Finally, the drag D is the difference 

(25) D = vd (cos 3 — lO = (cos 5 — v)/{a 7^) 

between the time rates of efl3.ux and influx of horizontal momentum (cf . Ch. 

I, §10). 

Of considerable interest for applications is the case of an obstacle of di- 
ameter h in an infinite channel of breadth d. Table III gives, for solid 


TABLE III 


d/b 


V 

Q 

Co 

Cd 


M 

ai 

QSs 

as 

1 + Q 

00 

54.988° 


.000 

.499 

.499 


1.134 

.941 

.017 

.002 

49.747 

55.280° 

,899 

.236 

.621 


.1 

1.293 

.948 

.015 

.001 

14.026 

56.159° 

.809 

.526 

.778 

.509 

.2 

1.394 

.972 

.007 

.001 

7.076 


.729 


.974 

.518 

.3 

1.428 

1.010 

-.006 

.001 

4.522 

59.596° 

.658 

1.306 

1.216 

.527 

.4 

1.718 

1.063 

-.026 

.003 

3.271 

62.198° 

.597 

1.809 

1.495 

.532 

.5 


1.135 

-.056 

.006 


TABLE IV 

Solid circular obstacle in a free jet 


dfb 


5 

r 

M 

ai 

az 

as 

at 


2.8571 

50°39'52'^ 

23°13'33^ 

.3782 

.7965 

.8337 

.0446 

.0049 

\ .0008 

.0002 


Solid circular obstacle in jet from nozzle 


d/h 



5° i 

V 

r 

8 

M 

ai 

az 

as 

2.395 

1.779 

50.408 

25.409 

.801 

.419 

.186 

.5484 

.827 


.007 

6.904 

.888 

54.968 

11.830 

.804 

.200 

.200 

.1129 

.940 

.017 

.002 

2.922 

.023 

57.119 

15.709 

.639 

.289 


1.1579 

.999 


.004 
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(nearly) circular cylinders, the variation with the ratio d, b of channel 
width to obstacle width, in r, Q = 1 — Cz> (based on downstream 
velocity), 5, and the separation angle <l>a . The changes in the entries Cd 
give a measure of the wall effect. 

Table IV gives corresponding results for solid circular cylindei'S in jets 
and jets from nozzles. The tabulated results were calculated in almost all 
cases using a three-point approximation (Ch. tS, §8). However, the results 
agree pretty well with more accurate^®'^ sample calculations using 24 points. 

10. Cusped cavities. Symmetric cusped cavities (Fig. 5) behind convex 
obstacles in an infinite stream can also be treated by mapping the flow con- 
formally onto the semicircle T of Fig. lb. The complex potential evidently 



corresponds to a vertical dipole at the point at infinity, whose image in the 
-plane we denote by f = is. 

Let r be mapped by T = onto the half-plane, and let iS = 

— f (is — 2s“^), so that 8 = §(1 — s^)/s. Then by the method of reflection 
(Ch. Ill, §2) W(T) is given by a vertical dipole at iS, and its image at 
—iS. Hence 

TT- „ ^ dW _ MT 

(26) TF and (1 + 722^)2’ 

where y = == 2s / (1 — 5“). In the case jS = 1 of a smooth obstacle, 

/orr\ / ^ sin <r (1 + sin 0-) 

(27) via) = ^ ' 

(1 + 7 COS^ cry 

Conversely, the flow determined by any solution of (27) and (16) has 
the structure of Fig. 5, except that the two parallels ocT? and Doo to the 
a:-axis will usually be on different levels. These parallels w^ill coincide so 
that the correspondence z ^ i is one-one at » , gi\ing a cusped cavity, if 
and only if the residue of dz/dt at i = is is zero — ^that is, 

(28) n'(is) = Qi - Sazs"" + - - • • = 2(1 - s^yK 

This can be written in an integral form by expressing by Schwarz’s 

*•* G. Birkhoff, H. H. Goldstine and E. H. Zarantonello, Rend. Sem. Mat. Torino 
13 (1953), Cases 10, 14, 18. 
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formula [4, p. 77] in terms of its real part on the boundary -X(<r). Taking 
account of X(cr) = — X(— c), one gets 


(280 




sin cr da- 


2(t + cos a * 


In the symmetric case this reduces to 

(28") Q (0 = _|. t-i) I 1 - i(t + rO"^ cos^ 0-' 


With this (28) becomes 


(28"0 



sin <r 

1 + T® cos® O' 


d(T 


1 . 


It can be proved (Ch. VII, §6) that for a given y (i.e., 0 < s < 1), a posi- 
tive M can be found for which (28) holds: that there is one cavity at least 
for every negative number 

(29) Q = r\iB) - 1 = j 


Hence there is a one-parameter family of cusped cavities behind a given 
convex obstacle. 

The cusped cavity behind a circular cylinder for Q = ~ .2819 has the 
coefficients: s = .47, Oi = 2.5026, aa = — .0855, as = ,02928, cv; = .0065, 
09 = .0066. Cusped cavities behind circular cylindera have been pre- 
viously computed by M. Kolscher^' and by Southwell and Vaisey. Cusped 
cavities behind non-circular cylinders have been exhibited by Lighthill. 


11, Reentrant jets”. Symmetric reentrant jets offer no new difficulties. 
Such a flow (Fig. 6a) is again mapped into the unit semicircle, with the free 
boundary going into the real axis, the barrier into the semicircle, and the 
axis of symmetry into the imaginary axis. Then J and C go into t = 0 
and t = i, respectively, while the point at infinity I and the stagnation 
point S on the back of the cavity are also represented on the imaginary 
axis (see Fig. fib). 

Clearly, f has a simple zero at t(_S) = <o (cf. Ch. Ill, §8), so that if we set 




i ^) .■£>(« 
F) ® ’ 


LuftfaJirtforscliung 17 (1940), 154r^O; he used the method of Schmieden, loc. 
cit. in §5. See also K. Eppler, Dissertation, Tech. Hooh. Stuttgart, July, 1951. South- 
well and Vaisey £58] used relaxation methods. M. J. Lighthill, ARC RM 2328 (1945), 
published in 1949, also gave special solutions of the ‘‘inverse problem’’. 

See Ch. Ill, §8, where a bibliography is given. 
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c 




Fig. 6. 


then £2(0 must be, as in §2, a regular function real on the real axis and 
vanishing at the origin. The complex potential, having a logarithmic 
singularity at J and a simple pole at the point at infinity J, must satisfy 
(cf. Ch. Ill, (20), whose T is the negative reciprocal of our T) 


dW _ 2d TiT^ - To') 
dT T (T- - Ti^y ’ 


where T = — (i + i ^)/2. 


From (30) and (31) we obtain for v(a) 

(32) vi<r) = sin <r I cos <r i^~^(l + sin a-f T f”/ ") , 

\1 + a- cos** a/ 

where 


a = T = ct > 


(1 - 


, _ tM y 
2 a*' 


Moreover, since 2(0 must be single-valued, the residue of dz/dt = 
dW/dt must be zero at f = tj- . By direct computation, this condition is 
found to be 

£ 2 '( 0 ) = [! + (! + «*)*1 [iS - • 

By (28") J this can also be T\Titten 


(320 - r J 

TT Jq 1 


sm cr 


+ cos^ <r 


dir ^ P 


2t 

a{a + 7(1 + cc^y^^y 


12. Riabouchinsky flows. Symmetric “Riabouchinsky'’ flows (cf. Ch. 
V, §9) of the type sketched in Fig. 7a can be treated similarly. One maps 
half of such a flow (i.e., the part on one side of the axis of symmetry) con- 
formally onto the unit semicircle r slit along the imaginary axis, so that 
the free streamline goes into the real diameter, each half-barrier into a 
quarter-circle, and the dividing streamline into the slit, as in Fig. 7b. The 
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TABLE V 



1 

Q 

Ct> 

Cz,/ 

(1 + e) 

s 

M 

ai 

as 

as 

54.988 

0 

.499 

.499 

0 

1.134 

.941 

.017 

.002 

55.143 

.135 

.568 

.500 

.06 

1.150 

.945 

.016 

.002 

55.431 

.235 

.621 

.503 

.1 

1.178 

.952 

.013 

.001 


two stagnation points C and C' are mapped in the point i t at each side 
of the slit, and the point I at infinity is mapped on the end of the slit. By 
S3anmetiy, f is a single-valued function on the unit semicircle, the slit in- 
cluded, so (6) holds. The complex potential is (note that (T“ — 
maps the T-domain onto a half-plane, and apply Thm. 2 of Ch. Ill), 

W = M(T- - Af > 0. 

Hence, using (6) and (9), we get (11) with 


(33) 


v{(f) = 


sin <r(l + sin (t) 

(1 + a2cosV)»/2’ 


if 


= 1 , 


where a = T7^ = + i/). 

Table V, computed by a three-point approximation, gives, for the Ria- 
bouchinsliy flows past a solid circular cylinder, several relevant quantities 
for Q = .135 and Q = .235. (See also Cases 23ar-23c and 24 of the reference 
of ftnt. 15a.) 


13. Cascades of airfoils. Cavitation behind a cascade of flat plates has 
been treated by Betz and Petersohn [2] and applied to pump impellers by 
Gongwer“. The theory can be extended to a periodic array (“cascade”) 
of curved barriers as in Fig. 8a*®. To compute the flow, we use the parametri- 

“ Trans. Am. soc. mech. eng. 63 (1941), 29-40. 

i* The more general case of a cascade of reentrant jets has been described by D. A. 
Efros, Bull. Acad. Sci. URSS, Class. Tech. (1947), p. 1068. 
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zation described in §7, and map this periodic array onto the unit semi- 
circle, with a branch point at an interior point t = tj corresponding to the 
point at infinity upstream (Fig. 8 b), in such a way that the plates go onto 
the semicircle with the dividing point at t = to ^ and the free boun- 
daries into the real axis. The j ets between the cavities correspond at ^ = + oc 


, 5 ^ 



(a) 

Fig. 8. 



0 ) 


to t = 0. This mapping can be carried out in two steps: First, by means of 
^2t%z/5 .g relative displacement of two consecutive plates), the periodic 
array is mapped onto a simply connected domain, its boundary" being in a 
one-to-one correspondence with the boundary of an^^ of the periodic ca'V’i- 
ties, and the point at infinity upstream going into the origin: Second, by 
the (standard) conformal mapping theorem, this domain may be mapped 
conformally onto the unit semicircle with the indicated correspondences. 
The complex potential obviously has logarithmic singularities at tr and 0, 
the first corresponding to a source-vortex and the second, to a sink of the 
same strength. Upon differentiation, these become poles of the first order, 
and, since dW/dt vanishes only at t = to 

dW _ 3I*(T - To) _ M(T - To) 

dT (T - Tj)(T - Ti*) (1 - 2yT + a^T^) ’ 

where 

T = -Ki + r‘), a=\T7^\, y = Re{T7^]. 

The conjugate velocity is the same on all sheets of the semicircle, and we 
can write ( 6 ') as in §7. We get for nio) 

f K sin cr(l — cos (o- + cro))^ I COS <r — COS ao I 

(l-2-yC0S<r+«^C03^<r) * 

The problem thus depends on four parameters, ikf , a, 7 , <ro , which pre- 
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sumably correspond to the orientation of the profile in the stream, the 
separation points, and the relative distance between adjacent barriers. 

14. Other examples. Various other simply connected flows bounded by 
one fixed wall and one free boundary^ can be treated in the same way. We 
shall content ourselves vith a brief recapitulation of the main formulas in 
each case. 

Jet from curved nozzle. The jet from a curved nozzle with asymptotic 
angle at infinit 3 ^ can be similarly represented^^ by (see Figs. 9a, 9b) 

, W = Min IT/{T - Tj)] 

( 35 ) M 

cos cr(l — a cos cr) \1 — SlU cr/ 

d = a. = + T7^)r , 

where tj is the image of the jet in the i-diagram. The symmetric case is 
obtained by setting tj — 0, Tj = » , W = M In T, a = 0. 



(a) (6) 

Fig. 9. 


For a channel of finite width h,p = 0. In this case, if z; is the velocity up- 
stream and h the asymptotic width of the channel, then d = vh, and in the 
integral equation corresponding to (16), M can be eliminated and, in the 
case of symmetry, the equation can be transformed to 

(36) X = - tan (T 

1C 

This integral equation is clearly singular’, we do not know how to solve it. 
It contains no free parameter and yet, to account for separation from a 
variable point, it must have a one-parameter family of solutions. 

As usual (Ch. Ill, §7, etc.) the boundary is allowed to pass through the point at 
infinity. 

Cisotti, Rend, cir, mat. Palermo 26 (1908), 378-82, Comptes rendus 162 
(1911), p. 181; H. ViHat, Comptes rendus 152 (1911), 1081-4; A. Weinstein [87, 88]. 
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T 



Flexible profile. If the rigid barrier is replaced by a flexible one, fixed at 
its endpoints as in Fig. 10, one gets an interesting problem also treated by 
CisottP. 

Analytically, one only has to replace, in the formulation of §§1-4, the 
equation k = K(d), giving the shape of the profile, by the equilibrium con- 
dition kT ^ Pc — p equating the pressure jump across the barrier to the 
local pressure exerted by the (constant) tension T. By Bernoulli's equation, 
the above condition becomes k = — (p/'2r)(l — j f Equating this to 
the curvature in formula (13), one obtains an integral equation for X(cr) of 
the form 

(37) X = 

where vi and ^2 (n g vi) are positive continuous functions depending 
on the type of flow under consideration, vanishing at cr = 0, x. For instance, 
for a symmetric barrier in an unbounded flow: vi = sin <7(1 — sin o-), 
V 2 = sin <7(1 + sin a). 

Variationally, a flexible bander minimizes the kinetic energy among 
barriers of constant length’^. 

Further literature. In the literature, still other models of interest have been 
investigated and their formulas derived. Such are, for instance, the free 
jet deflected by a curved plate and its limiting forms'^, the flow of a stream 
in a partially imcovered chamieP, and different types of planing surfaces'®. 

Flows with two fixed boundaries and two free boundaries of different 

Rend. Accad. Lincei 15 (1932), 165-73, 253-7. Using the **dead water’' wake in- 
terpretation (Ch. I, §12), this may be imagined to correspond to a sail. 

An existence proof for fle.dble barriers based on this variational property has 
been given by P, R. Garabedian and H. Roy den, Proc. nat. acad. sci. 38 (1952), 
57-61. 

Boggio, Atti. accad. sci. Torino 46 (1911), 1024^51; A. Broikos, Comment. 
Pont, Acad. 3 (1939), 627-57; M. J. Lighthiil, Ministry of Supply, London, Rep. 
MO 2105. 

*5 G. .Colonetti, Rend. Accad. Lincei 20 (1911), 649-55 and 789-96; V. Segre, Giorn. 
di Mat. Battaglini 55 (1917), p. 1. 

« A. Franke, ZaMM 18 (1938), 155-72. 
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!iav<‘ ul^n ihh-h .studied. The analytical treatment of i^uch flow?^ 
require" the ehantre ut the ."(‘inieireular paranietrizatioii of Levi-Civita («ee 
§2 tu a ,"eirji-annuktr <K.e. and the eurn*.'»pondiiig change of the different 
kernel-' and operator- to tho.-e i‘orre>ponding to the annulirs''. Thus have 
been tn*ated in interrupted f*hannels'^ obstacles in curved channels 
and curved nozzles’^', a>yminerrical Riabouchinsky flows’'^, etc, 

Vilhit :ti»K 

<i. C:iIdoriLi 22 o, Aiinali di mat. para appl. Milano 25 • 1016), p. 40, 

H. Viii'it, ( 'urnpte.*^ readus 152 I‘.U1;, lONl-4: [60]; J. de math. i,6) 7 (1911;, pp. 

4ns ; Ann. Sci. ec. nurm. -up. 2t» 10l2., 127-‘07 ; Bull. soc. math. France 40 (1912), 
p. 2r>6; >3, s6,; J. Kravtchenko It. Huron, Comptes rendus 22S 11940'), 290-2, 
557-S; A. i Midart. J. Math. Purc-^ Appl. 22 :1043i, 245-320; 23 )1944t, 1-36. 

=0 B. Demtchcnko, Proc. 3d Inlorn. ( ’ong. Appl. Mech., Stockholm, 1030. 
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EXISTENCE AND UNIQUENESS 

1. Historical introduction. The question of the existence and unique- 
ness of potential flows past general obstacles, having free boundaries of 
given tjT)e, has intrigued many outstanding mathematicians. Remarkable 
success has been achieved, especially in the case of symmetric flows involv- 
ing one parameter. The most important methods and results are described 
in the present chapter. However, the reader should be warned that the 
proofs are highlj^ technical, and cannot be understood without considerable 
mathematical background and effort. 

It was only after the study by Brillouin [10] and \"illat [84] of the inde- 
terminacy of the separation point, that a reasonable existence and unique- 
ness theorem was even formulated as a conjecture. Gradually, it became 
clear that a continuum of ideal plane cavity flows past a given solid convex 
obstacle was possible^ Hence, to obtain a satisfactory existence and unique- 
ness theory, one must either specify the separation points ("^barrier prob- 
lem”)? or require that the ca^dty pressure be a minimum (“prow problem”), 
or specify other side conditions (e.g., the cavitation number for reentrant 
jets or cusped ca\'ities). 

The first positive existence theorems for curved barriers were obtained 
in 1922 by Nekrassoff [63], for circular arcs of small extent. We shall ex- 
plain his method (in generalized form) in §2; it corresponds roughly to the 
obser^-ation that, for small M, the integral equations of Ch. YL can be 
solved by direct iteration. 

However, the first general results were obtained b^" Weinstein [87]^, who 
treated symmetric jets from convex nozzles (Fig. 9a, Ch. \T). Weinstein 
proved first the impossibility of two infinitely close jets from the same 
nozzle, by showing that a certain quadratic form (48) was positive definite 
(see §8). In the case of polygonal nozzles having ?i sides, and hence in- 
volving n parameters (cf. Ch. V, §2), this definiteness implies that the cor- 
respondence from physical dimensions to values of the parameters is localh’' 
one-one, for any 72. Hence, starting with a known convex polygonal nozzle, 
one can obtain a jet from any other polygonal nozzle by continuous vari- 
ation of the vertices. Jets from curved boimdaries can then be obtained by 

1 See Ch. I, §14; Ch. V, §3; Ch. VI, §6; also, S. Bergman, ZaMAI 12 (1932), 95-121 , 

» Also Rend. Accad. Lincei 4 (1926), 119-23; ibid. 5 (1927), 157-61. Excellent exposi- 
tions of the method, by Weinstein himself: Proc. First Canadian Math. Congress 
(1945), 355-64; Proc. 1st Symp. Appl. Math, of Amer. Math. Soc. (1949), 1-18; [82]. 
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a pas:ragi" to tli 0 limit. TIig class of iiozzIgs to which this ixiGthod of con- 
tinuity’ applies was successively enlarged by HanieP, We}P, and Fried- 
richs [20], with the final result that one and only one symmetric jet issues 
from any gi^'e^ syrniiietric convex nozzle turning through an angle less 
than r, 

Fhe method of continuity pioneered by Weinstein was given much larger 
scope by Leray [o2] in 1935, who extended it to function spaces, using the 
now classic Leray-Schauder theory [53]. In §§3-4, we present various ap- 
plications of Leray s methods to cavity flows past general obstacles, using 
Villat^s integral equation (15) of Ch. VI. In §§5-<5, we give other appli- 
i*ations to cat'ity flows past convex obstacles, using equation (16) of Ch. ^ I 
and a Lemma of Jacob. 

In §§7-9, we indicate how Weinstein’s method of continuity can be ap- 
plied ill another form to cavity flows, so as to give uniqueness theorems. 
This form of the method of continuity is applicable in principle to asym- 
mdric plane flows, though we treat only the sraimetric case here. 

The preceding methods, all based on the integral equations for plane 
cavity flows derived in Ch. \T, provide no basis for existence and unique- 
ness theorems for axially symmetric flows. Techniques for treating such 
flows, discovered in the past decade, have already been introduced in Ch. 
IV. For example, we presented there uniqueness theorems based on the 
comparison methods created by Lavrentieff [51], as simplified by Serrin [75] 
and Gilbarg [29]. Since these methods seem inapplicable to the asymmetric 
case, the results of §§7-9 below complement them, 

Even more striking are the applications of Riabouchinsky’s variational 
principle (Ch. IV, §§10-11). An important contribution to this variational 
approach was made by Friedrichs [26], who showed that the second vari- 
ation was positive in the case of a symmetric jet from a convex nozzle, thus 
showing that the kinetic energy is a local minimum. Very recently [27, 28], 
Garabedian, Le^vy, Spencer and Schiffer have exploited Riabouchinsky’s 
principle and Steiner s^munetrization, so as to prove the existence of axially 
symmetric cavity flows in the plane and in space. We indicate how this 
may be done in §§10-11. 

2. Nearly flbt obstacles* The method of Nekrassoff [63] and his fol- 
lowers^ can be easily described in terms of the theory of non-linear integral 

’ G. Hamel, Proc. sec. int. congr. appl. mech., Zurich (1926), pp. 76 and 489; H. 
Weyl, Gott. Nachr. (1927), p. 227. 

* N. Arjanikoff, Rec. Math, Moscou 35 (1928), 5-17; P. Miasnikoff, S. Kalinin, W. 
Slioskine, Diss. Inaug. Univ. Moscou (1935). J. Sekerj-Zenkowitch, Publ. CAHI 
Moscow (1935-41), Y. Berman, PrikL mat. mekh. 13 (1949), 543-6; S. V. Kalinin, Izv, 
Akad. Kauk SSSR (1950), 966-84; P. P. Kufarev, Piikl. mat. mekh. 16 (1952), 589^8. 
The early work dealt mainly with circular barriers. 
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operators. We shall take as our starting point the integral equation (16) 
of Ch. YIj rewritten as 

(1) X = 3/S[X], S[X] = j-X(JX)e"°\ 


Here M is fixed and v — v{<r) a given non-negative function. 

We now define the “distance” between two functions and X 2 (<r) as 

(2) I! Xi — Xo ii = sup 1 Xi(cr) — X 2 (cr) [. 

Le^ima. If > 0 satisfies a Lipschitz condition 

(3) j K{e) ^ K(e') \^L\d^e^\, 
then the operator S satisfies, for some finite W, 


(4) I! S[Xi] - S[Xa] II S .V :i Xi - X2 !1 , 

identically in the unit sphere j| X*- 1! ^ 1. 

Proof, The function v{(r) is bounded, in all the cases considered in Ch. VI. 
Again, by (14b) of Ch. VI, a change of AX in X changes JX by at most 
TT II AX j|/2; hence ifCjX) by at most wL [j AX j;/2, by (3). Similarly, 

f I D(cr, s) I ds = f D((r , «) ^ f sin ns ds 

Jo Jo TT n-l n Jo 

Hence || D[X] H S 2 I X H and, if \\ X< 1| g 1, 

|j j, ^ II ,1 g 2e' H Xx - X. i . 


Combining these results, Tve get the bound (4) ; we omit the detailed com- 
putation of N. 

Theorem 1. If M is small enough, then the integral equation (1) can be 
solved by direct iteration. For 1| X |1 < 1, the solution is unique. 

Proof. Ji M < 1/N, and all the iterates X„+i = iT/S[Xa] of Xo = 0 lie in 
the unit sphere, then it is classic (the Picard iteration process®) that the 
X„+x converge to a unique solution. In fact, by (4), 

II X„+i - X„ II ^ MN II X„ - X,^ II , 


•whence || Xn+i — Xn |[ ^ (ilfiV)“ || Xi || by induction. Thus, by repeated 
applications of the triangle inequality, since MN < 1, 




® fi. Heard, TraiU d" analyze, 2d. ed., vol. 2, p. 301 ; the abstract version was given 
around 1930 by Hadamard, and, for Banach spaces, by Cacciopoli and others. 
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tends to zero us m, it y-. In other words, the sequence [X,,} is a Cauchy 
sequence. Consequently', the sequence of functions Xr.fcr) converges inii- 
formhj to a limit function X( o-, . Clearly 

Jl/SiX; = Lim MS[\y] = Lim X^^i = X, 

and X ((7 i is a soluiiun of 1 1, . The uniqueness ffor ' X i, < 1,) follows since, 
if Xi = J/S',Xi] and Xj = J/S[X 2 > then 

■ Xi ~ Xs = M s[Xi] - s[X2] ^ MX i Xi - x. ;i , 

whence Xi — Xs , =0 and Xi = Xs , since MX < 1. 

To oljtaiu a sufficient condition that all X^. lie in the sphere j| X jj ^ 1, 
one need only calculate Xif<7' = 3/S[0] = MK(0)v{<t), whence it is easily 
shown to he .'jufficient that 


M < 1/'[*V + K(0) sup 1 /( 0 *)]. 


Theorem 1 i.s often called a Jltpoinf theorem, because the solution X(o-) 
of (l.i is a tixpoint of the operator S. In §3 ff., we shall apply other fnon- 
(‘onstructive’i fixpoint theorems to existence proofs. To exploit such fixpoint 
theorems fully, it is convenient to use other Banach spaces, defined by 
various distance functions. Thus, Leray [52], in his treatment of VillaCs 
equation, originally used the norm 


1 ’ = supff /(<r) ' + sup<r',(r" ?(cr'j — I(a"} cr' — a" 


while Kravtchenko^*' used " I [[ == sup Ua) + sup j ] . In §5, we 
shall use the Hilbert space norm j X ;’ = / j X"(<7) \d<T \ to handle the 

' f 

mature equations. The norms = i i X^(crj i dcr> have also been 


curv 


introduced (see [G7]j for this purpose. 

With the norm] I '[ = sup j l(<r) one can extend the proof of Theorem 
1 to the Xlliat integral equation (15) of Ch. Yl, provided 0(Z) is smooth 
enough to make the operator Z(cr) — ^ C[(0(Z(cr))] satisfy a Lipschitz condi- 
tion (§3, Lemma 3). 

In either case, for each sufficiently small fixed M, our proof guarantees 
constriicimhj the cxistetice and vniqueness of symmetric flows past s;^mimetric 
obstacles of otherwise arbitrarj^ shape. In fact, for symmetric data the 
solution of (1 ) must be symmetric, since any nonsymmetric solution would 
produce by reflection (o- — ^ x — cr) another solution, contradicting unique- 
ness. Further, by the general theorj” of ‘^bounded operators'’ satisfying (4), 


® Because continuous functions form, under the “distance” (2), a so-called 
spacej or B-space in the sense of S. Banach, “Th^orie des operations lin^aires”, 
Warsaw, 1933. 
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it is easy to show that \(a) and 1((t) vary contmiioushj with J/, if MX < 1. 
Since X(<t) and l{a) tend to zero with M, we have the following theorem. 

Theorem 2 . There exists a symmetric cavity flow behind any sufficiently 
small symmetric arc of an arbitrary smooth contour. 

Since v((x) was unspecified, a similar result holds for Riabouchinsky flows, 
etc. 

CoROLH^RY. For sufficiently small M, the separation angle <ps behind a 
convex contour varies monotonehf with M. 

For, by Ch. YI, (17j, 6^ and hence uniquely determines M: the cor- 
respondence <t>a(M) is locally one-one. But we have already seen that it is 
continuous; the corollary" now follows since any one-one locally continuous 
function <ps(M) must be monotone. 


3, Leray^s use of fixpoint theory. A very general but non-constructive 
existence theorem can be based on the Leray-Schauder theory of functional 
operators, which was developed partly for just this purpose. The theorem 
we want ma}^ be summarized as follows [53, p. 63]. 

Leray-Schauder Theorem. Let Fa[x] be any one-parameter family of 
completely continuous® transformations of a Banach space® 8 into itself, 
0 ^ ^ 1. Let 3 l) be a bounded domain of 8 on which the F* are ^'’equi- 

continuous in A*”, in the sense that for any € > 0 there is an 77 > 0 vnth the 
property that j k — A*' \ < 77 implies" Fjt[x] — Fjlw[x] !! < e for all x e 5). 
Let X = Fa[x] for no x on the boundary of S>. Lender these h5T)otheses, if 

(i) X = Fo[x] has a unique solution xo in 3D, and 

(ii) in some neighborhood of Xo , Go[x] = x — Fo[x] is one-one (locally)®, 
then 

(5) X = Fi(x) 
has at least one solution in 3). 

We first apply the preceding theorem to Villat's integral equation (15) 
of Ch. YI, 

( 6 ) K<r) = M r d<r = 

*>rl2 

letting M play the role of the parameter k. We let 8 be the space of all 
continuous functions 1(a) on the interval 0 ^ 6 ^ tt vdth l(w/2) - 0, 

^ J. Sekerj-Zenkowitch has shown that, if the barrier is analytic, then so is 
* A transformation is called “completely continuous*' if it is continuous, and 
carries bounded sets into compact sets, 

® In the language of topology, (i) and (ii) state that the total index of x « Fo[x] 
in 3D is one; Fo and Fi are “homotopic". 



loS 


VII. EXISTEXCE AXD rXIQUEXESS 


under the norm 

( 7 ) ^ i Kff) i- 

Ogff^T 

We shall assume y(ff ; non-negative and continuous, and shall require 6(1) 
to be continuous and have an oscillation 27 = max 0(0 — min 6(1) < ir. 
Thus, we shall consider only obstacles with continuously turning tangent, 
and angular extent 27 < x. 

Some of the hypotheses of the Leray-Schauder Theorem are obvious. 
Thus, since Fo[/(<rj] = 0 for all 1(a), Fo[Z] = I has the unique solution 
1(a) s 0. Also, GoiO = ? — Fo[ll = I is ob\-iously one-one. Again, in any 
domain D of S, evidently 

;; F.„[/] - F„.[f] ;i = : j/ - jr i ■ n FiW h; 

hence equicontinuity in 11/ will follow if we can show that 1| Fi[8] H is 
bounded. (The choice of 0 g 3/ g 1 as the interval of 3/ is, of course, 
irrelevant.) 

The other hypotheses of the Leray-Sehauder Theorem vnll follow when 
we have sho\ra that, (a) Fi/[S] is compact, and (P) Fjtf is continuous in 8. 
For, from (a) and (jS), it follows that 'Em is completely continuous. And, 
from (a) alone, it follows that Fif[8] is contained in the interior of some 
sphere 3): IJ m [j < r, whence F.vP] == I for no 1{<t) on the boundary of SD. 
Hence, when we have proved (a) and 0), we will have proved 
Theoeem 3 . For any 3/ i 0, bounded v{g) ^ 0, and continuous 6(0 
Viith. oscillation less than ir, the integral equation (6) has at least one con- 
tinuous solution 

The proofs of both (a) and 03) depend on the follo^ving lemma.^*^ 

Lemma 1 . If 6(0) has finite oscillation 2y = [max 6(<r) — min 6(0)] on 
0 ^ cr ^ TT, then 

(8) f cosh (pC[0(<3r)]) do- ^ X sec py, 

Jo 

for any positive number p ^ x/ 27 . 

Proof. Let r(<r) = C[ff(<r)]. Then h(a) = d(a) -f fr(<7) are the boundary 
values on t = e” of an analytic function Q(t) regular in ] f [ <1 and real 
for t real. Now let + ^min]; by the residue theorem, 

gi,(D{o)-» I r 

2x1 J 2x J-x 

and, since h(— a) = 0(a) — *>(«•), 

A. Zygmund, Fund. Math. 13 (1929), 284-303. Here and below, we write 0(a) = 
6(1 (»■)), thus avoiding ambiguity. 



leray’s use of fixpoixt theory 


159 


^ 1 coshprdff. 

TT Jo 

TaJdng the real parts, since cos (Q(0) — g 1, 

X ^ I cos p{d — 0) cosh pT da. 

Jo 

But, by definition of y, 1 p(0 — /3) , < py, while cos p(d — 0) ^ cos py if 
0 ^ p ^ ir/2y. Substituting in the preceding inequality, we get (8). 

Lemma. 2. If 0 < s < (x — 2y)/x, then there is a positive constant 
B = B(s) such that 

(9) I m(a) — m{a') j ^ MB [[ v i'{ \ a — a' \’ 

for any transform m{a) = Fi,[Z((7)] of any I « S. 

Proof. By defirdtion, 

i mia) - m(.a') [ = .¥ I f da . 

Letting |j v || = sup v{a), we get from Hblder’s inequality, for any p > 0, 
g > 0 -with p“‘ + S’”* = 1, 

I mia) - mia') 1 g M |1 HI { [' 

^ M [\vl\-\a- a dc^|"^ 

where ria) = C[©(Z(o-))]. Applying Lemma 1 to the last integral, since 
e~^ ^ 2 cosh i—pr), 

j mia) — mia') \ '^M^v'^^-\a — o' |‘■®(2x sec py)^'^, 

valid for any p, I < p < T/2y. Now set q~^ = s and p~^ = 1 — s; we get 

(9) with B = (2x sec pyf^^. 

Lemma 2 shows that Fj/[8] is a set of equicontinuous functions contained 
within a sphere of finite radius MB [j v H x*. Since any such set is compact 
[18, vol. 1, p. 49], we have proved hypothesis (a). 

Lemma. 3. Each operator Fk is continuous on S. Namely, 

(10) li Tm[1'] - F^p] 11 s MC II H! • 11 0(10 - e(Z) l| , 

for some positive constant C = Ciy). 

Proof. Clearly, 

II FmU'] - FjfM W^M r via) 1 | da. 

Jq 
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Keplat-ing hy it.< .-uprenmni v , listing the inequality r " — r ^ ^ 

, aii<l writing 06' cr} = B{/(cr ' — ('->(/'icrn, we get. 


- Fm\1: " ^ M V I c[30] (h, 

Jo 

where e'‘.<r = H’t/iff i, ete. If p~'' -f- ff ' = 1, we get by Holder’s inequality 


F:„[/'i - F„:i: : ^ ■ 


dcr 


O fTT \l//> ' ^ i;./ 

^ [C8eiya} . 


The last integral <.*aii be majorized by the Riesz Theorem^\ while if 1 < 
p < TV 2y. the other two integrals can be majorized by Lemma 1, to give 

F,/[/T -- ^ 2M o sec li BB ' . 

Here .4.^ is the constant in Riesz’ Theorem. If C is properly defined, (10) 
follows directly. This completes the proof of 0) and hence of Thm. 3. 


4, Parameter problem. The preceding argument can be supplemented 
< 4 uite easily, .so as to prove existence for problems involving a single ge- 
ometrical or physical parameter. (The parameter 3/ in (6) has of course no 
direc*t physical interpretation^^ although it usually increases with the 
.separation angle <#>, .) We shall illustrate the technique by treating the case 
of an ob.stacle of pmscribed total length L. That is, w’e shall assume the 
side condition 

(11) L = .1/ r for given L > 0. 

•0 

In the symmetric case, this amounts to the barrier problem with prescribed 
.separation point. We suppose v(<x) given, non-negative and bounded. Thus 
for the symmetric infinite cavity rfo-) = sin o- + sinV; in other cases (e.g., 
Riabouchinsky flow’s », r(<rj involves one or more additional parameters 
w’hose physical interpretation may be uncertain. 

We first eliminate 3/ from (0) and (11), getting the equivalent functional 
eiiuation 

(12) f(cr) = Fi[/(ff)] = L d(r / (f<r, 

in which L is supposed specified. The function ©(/) is also given. Geo- 

A. Zygmund, ‘‘Trigonometrical series”, Warsaw, 1935, p. 147. 

Also, the solution Z{<r) as 0 corresponding to J/ = 0 does not, strictly speaking, 
correspond to a free boundary problem. 
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metrically, it is not defined for 1 > L, or 1 < 0. Yet, in order that the 
operator Fi[Z] be defined on a linear space, it is necessan* to have 0 ( 1 ) 
defined for all I, which can always be achieved by setting (,0) (p) = 0 (0) 
for p <0, and 0(pj — 0(L) for ^? > i. In this way Fi is defined as a single- 
valued transformation on the space S of all continuous functions vanishing 
at or = T '2. 

The next step is to find a convenient one-parameter family of functional 
transformations F^. , 0 g k ^ 1, fulfilling all hypotheses of the Leray- 
Schaiider Theorem. For this purpose we shall use the one-parameter famih" 
of angular functions: 0a.(Z) = k 0 ( 1 ), 0 g A* g 1, and define Fit[Z] as the 
transformation associated with Ok in the same way as Fi[Z] is associated 
with 0. Physically, the change of Fi into Fo amounts to a deformation of 
the obstacle into a straight plate. 

The continuity and complete continuity of the Fa's, as well as the fact 
that all solutions of Z = Fa[Z] remain within a fixed sphere, follow* from 

Lemmas 2 and 3, provided the constants Mk = L ^ 

which are also continuous w ith regard to Z, remain iinifoimly bounded for 
all Z and k. Such is the content of the following lemma. 

Lemivla 4. For ever^" Z e S and eveiy k, 0 g /: g 1, 

(13) r g 1 

•'0 

where -.4, is a positive constant depending on y only. 

Proof. By Jensen’s inequality^^ 

f da ^ (^j rcZo-^expj— f vOdkda I J v da 

Hence, obseiwing^^ that for any tw*o function a(a) and j3(a)j 

[ ci(a)Cp(a) da = — f /3(a) Ca(a) da, 

Jo Jo 


G. H. Hardy, D. E. Littlew’ood, and G. Polya, Inequalities^ Cambridge Uni- 
versity Press, 1934, p. 138. As in Cb. VI, §4, C^a “ Cdk(a) denotes the func- 
tion C[0a(?(<7'))1, CjS denotes the conjugate of /3(<r), etc. 

To prove it, let *4(0 and B(i) be functions anah'tic in | i | <1 and real on the 
real axis, whose real parts coincide with oi(<r) and ^(a) respectivelj* (0 ^ <r ^ x) on 
t ~ Then 


2 


r 


(ofCjS -{- jSCa) d<F — — Re 




A{.t)B{t) dt/t. 


integrated around 1 1 | = 1. Since *4 (0)5(0) is real, this is however zero. 
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we have 

J d(r ^ ^1 V rfo* j exp' — k J dCy dtx ^ v dtrj 

But -l-eciv] ^ -sup ^ • I C[v] , ^ -2ir I CM i , because the angu- 
lar extent of the barrier is at most t, and so 

j do- ^ V d(^ exp"'| — 2x ^ \ Qv \ dc ^ v dtrj . 

Since the right member is never zero (unless v = 0), Lemma 4 is proved. 
It remains only to check that the Fjt are equicontinuous with regard to 7;, 
which is obvious, and that conditions (i) and (iij are satisfied, which is also 
immediate, because Fo[/] maps all functions onto a fixed function. This, in 
particular, completes the proof of the follovring result. 

Theorem 4. For any barrier of angular extent less than t with continu- 
ous tangent, placed symmetrically in an unbounded flow, there is a sym- 
metric cavity flow with infinite cavity, and a one-parameter family of Ria- 
bouchinsky flows. 

The same method applies, with a few modifications, to the asymmetric 
barrier problem which has one more side condition. Limitations of space 
forbid the inclusion of the many other applications of Leray’s method 
which may be found in the literature^*. 

From Theorem 19 of Ch. IT, it follow’s further that for some r(<r) the 
solution of (12) is nniqjie. We have not, however, excluded the possibility 
that distinct values of L, and hence two functions 7(cr), may correspond to 
the same 3/. (Jacob’s Lemma (§5) will show that this is impossible for 
ogival barriers.) 

5. Jacob's Lemma. We shall now show that, at least in the case of a 
convex^® ogival obstacle, the separation angle (i.e., the L of §4) and many 
other quantities increase monotonely with 3/. To prove this, we shall need 
some information about the operators J and D defined in Ch. VI, §4. 
This information is expressed most conveniently in terms of the Hilbert 
space H = L2(0, ir), that is, of the Banach space® defined by the distance 

J. Kravtchenko, J. de math. 20 (1941), 35-239; and Ann. sci. ec. norm, sup, 62 
(1946), 233-68 and 63 (1947), 161-84; A. Oudart, J. de math. 22 (1943), 2i5-320 and 23 
(1944), 1-36; R, Huron, Ann. fac. sci. Toulouse 15 (1951), 5-78; P. Th4ron, Comptes 
rendus 228 (1949), 1922-3; [75]; [76]. 

The theory of §§5-6 breaks down, for example, in the case 3/ < 0 of concave cir- 
cular arcs. Thus (14) may have zero, one, or two solutions. The methods of §§3-4 
show, however, the existence of a unique infinite cavity for any concave circular arc 
of angular extent less than t. 
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function 



where the ‘inner product’' (Xi , X 2 J ia defined as usual as 

/ Xi(<r)X2(<r) d(j, 

Jo 

Lejjala 1. (i; J and D are linear transformations of the Hilbert space H 
of all square integrable functions on the inten’al (0, into the space of 
continuous functions on the same inteiwal. For ever}’ X in H, r = D[X] == 
DX vanishes at the endpoints of the inteiwal (0, tt). 

(ii) For ever}" <r' and a in the interval <0, tt), 

l0(cr') — 0 ( 0 -) + lT((r') — iT(o) ' ^ I cr^ — O’ ;; X 'j. 

(iii) D is symmetric: (DXi , X 2 j == (Xi , DX 2 ). 

(iv) D is positive definite: 0 g ('X, DX), and fX, DX) = 0 implies X = 0 
almost ever}’^"here. 

(v) D is a contraction: (DX, DX) g (X, DXj ^ (X, X). 

(vi) D is order preserving: Xi > X 2 implies DXi > DX 2 . 

Proof, (i) Since ^ = JX is the indefinite integral of X, the statement about 
J is obvious. The kernel D(o-, s) has a logarithmic singularity at o' = s; 
thus, for fixed o-, it is a square integrable function of s on (0, t). So the 

transform (scalar product) r(o') = / D{a, s)\(s) ds is defined and finite 

Jo 

for every <r in (0, tt) and any X in H. Moreover, since D(0, s) = D(x, s) — 
0, T vanishes at o- = 0, tt. 

As to the continuity of r, we first get, by the Schwarz inequality, 

I r(o'0 — r(o')j ^ f I D((r\ s) — D{a-, s) j | X(s) | ds 
*0 

^ jjf I s) - D(<t, s) I® I [ 1 • 

Moreover, by Ch. VI, (14d), 

Diff\ s) — D{a, s) = I 52 j^(sin ja — sin jV) , 

and by the Plancherel Theorem 
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The ^e^k^< on the right ruuverges uniformly and tend;:? to zero as c' — ^ cr; 
hence r Vt is routinunus. 

■ ii< Let 22 Fourier serie.s of X, and let g be the function 

\vho>e Fourier serie.- J ^ + ^,and — ^ gdo- 

is a eontinuous function having the same Fourier series as r((7); hence 

r 

r<<r = — Thus, by the S(‘hwarz inequality 


— 6, a) -f- i\T*<r) — r(cr) '/ ' 



I X + 2g { d<r ^ 1 “ 



X + fg • 

; 


But by Planchendft Theorem, 



X + ?g 1“ d(T 


Jn 


'iii; This property follows immediately from the symmetry of Z)(<7, s). 
^iV' From the Fourier series^ for X and BX, we (*ompute 

(X, DXl = 22 J ^ 0- 

Further, if (X, DXj = 0, all Fourier c(3efficients ^'anish and X = 0 almost 
everywhere. 

(V) One readily computes 


(DX, DX) = I 2: a/if, (X, X) = I L a/, 

and (v) follows at once by term-by-term comparison of the series. 

(vi) This is an obvious consectuence of D((t. s) > 0. 

Properties {i) and (ii) show that J and D are smoothing operators trans- 
forming bounded sets of Hilbert space into bounded families of equicon- 
tinuous functions. Such families being compact [IS, vol, 1, p. 49], J and D 
are comphidu continuous inUyral operators. 

Theorem 5. Given M ^ 0 and v(<r) ^ 0 on 0 ^ cr g tt, the integral 
equation (cf. (1) or Ch. VI, (16),) 

ri4) X(<r) = 

has one and only one solution X(crJ. It is continuous, non-negative, and 
vanishes only where p(<f) vanishes^^ 

Xluch of Theorem 5 is contained in the general theory of Hammerstein^s integral 
equations TActa Math. r54 (1930?, 117-76). For convergence under iteration, see Ch. 
IX, IS. 
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Proof. Clearly, any solution of ri4j must be non-negative. Since D is 
order-preserving (Lemma 1, !vi/J, it follows that rta-. = DX ^ 0, and so, 
by (14), that 0 ^ X(<7j ^ Since D carries bounded functions into con- 

tinuous ones (Lemma 1, (in. we conclude that r(a! = DX and so X = 
3/^“’’ are continuous. Finally, r being bounded. X(cr> vanishes only t\here 
y(cr) vanishes, proving the second sentence of the theorem. 

Therefore, any solution of (14; lies in the Hilbert space H of all square 
integi'able functions on 0 ^ o- ^ tt. Xow consider, on H. the functional 

(15) 4 ,(\) = \ f \D\dcT+ I Mvio-y d,T. 

2 Jo Jo 

Lemma 1, 4 >{\) is defined and satisfies 6(Xt ^ 0 for all X e H; further, 
one readily computes 

“b 3X) — <^(x) == I (X — ^^')!D[5X] dcr -j- — f 5XD[5X] dcx 

Jo 2 Jo 

(IG) 

+ f - 1 - £)[5X]) d<r. 

^'o 

This shows that 0(X + 5X) — (i>lX) is ol ' SX ) if and only if X{<r) satisfies 
(14). That is, the solutions of (14;» are the stationary points of (15). 

To prove uniqueness, it is therefore sufficient to prove that (15) is strictly 
convex"^. But this is evident, since X 9 ^ X' implies 

+ <#.(X')] - 4>m + X']) = 1 f (X - xOd[x - X'] da- 

o ^'0 

(17) 

+ i [ > 0 . 

2 Jq 

To prove existence, we show that the minimum of <j>(X) is attained; this 
requires some ingenuity. 

Let JL4 = g.l.b. 4 >(X) for X € H, and take a minimizing sequence [X„} such 
that <j>iXn) — > jLt as n — tc . By (17) and the definition of /x? 

il^h^Xfi) + (hiXm)] ^ <f>(M^m + X„]) ^ fl. 

Since the left member tends to as m, n by (15), 

0 = Lim {|[<^(Xn) + <^>(Xm)] — (hiiiXn + Xm))} 

?n,n-^ae 

(18) = Lim I5 r (X„ - X„)D[X„ - X J dcr 

m, n-*-ao (oJo 

+ i cf<r| . 

The point is that any stationary point of a strictly convex function on a linear 
space is a strict minimum, as one easily sees from the one-dimensional case. Hence 
it is unique. 
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Both term* on the riglit, being po>itive, must tend separately to zero. It 
follow*. *infv 

I (D[X„ - X„.])' ih g / (X„ - X„)D[X„ - Xj cl<r, 

^(J *0 

that T,, = D[\,] tends in the mean to a square integrable function r, and 
that / d(T has the linite limit f dcr. It is, however, difficult 

Jq *fQ 

to *how directly that is convergent in the Hilbert space H. This diffi- 
<*ulty can be circumvented as follows. Let a? be a continuous function; then 
from 0 g lim inf \(p(\n -r — <t>(K)], we see that 

r:-*« 

r T 2 .»r pT 

el rciS (l(r -T ^ I cjjDo) tier + / Mv€~^{e — 1) d<r ^ 0. 

• Q 2 * 0 -'o 

Dividing by e and letting e — ^ 0, 

..X T ft T 

(19) I to: d<r — / Mvc~^Do: d<r = / (r — dcr ^ 0, 

^0 V •'0 

which is only possible if r = D(3Ive'^). The function X = Mve^ clearly 
satisfies (14). 

Theorem 0 (Jacob’s Lemma [39]). Let X and X + AX be the solutions 
of fl4’i corresponding to two different non-negative values 3/ and 3/ + A3/ 
of the parameter 3/. Then AX/'A3/ is a non-zero function of a which satisfies 

(20) 0 ^ (o') < p((r) on 0 < O' < TT. 


Proof. By Theorem 5, AX (hence AX/'A3/) and Ar = D[AX] are continu- 
ous functions of <r, vanishing at o- = 0, t. Aloreover, since 3/ is uniquely 
determined by the other terms of (14), A3/ 9 ^ 0 implies AX ^ 0. 

Next, from (14), direct computation gives 


( 21 ) 


AX _ ^ -Ar r 1 At - r 

A3/ IM Ai¥ Ar ^ ’ 


Observe that, since (e“ — l)/ 2 ^ is positive for all ii, the right side of (21) is 
non-negative when Ar/A3/ ^ 0. But, since Ar = D[AX], At/ AM represents 
(as in Ch. M, §4) the boundary" values of a harmonic function hire'*"), 
continuous in the unit semicircle F, zero on the real diameter, and having 
AX/A3/ as its outer normal derivative dh/dn on the semicircular part 
of the boundary". The minimum of h{re*'*) is therefore reached on the 
boundary of F. If this minimum were not zero, then by the Strict Maxi- 
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mum Principle (Ch. H", §9)j AX AJ/ < 0 at this point, contradicting (21) 
since (supra) the right side is positive. The same contradiction holds, if 
the zero minimum is attained on 0 < cr < tt. Hence At 'AJ/ > 0 on 0 < 

<7 < TT. 

By the Strict Alaxinium Principle again, assuming AJ/ > 0, we get 
AX > 0 at the maximiun of Ar. By (21 this implies t ~ 1 < AJ/ J/; 
that is, since AJ/ > 0, (At ' AJ/) < AJ/”^ In (1 -r AJ/ J/,). Substituting 
the two preceding inequalities into (21;, one gets 

(21*) 0 g AX/AJ/ < g 

by (14), completing the proof. 

Again, by Ch. VI, (17), the separation angle dg increases monotonely 
with X(cr). We infer the 

Corollary. In the case of ogival obstacles, the separation angle 6a 
increases monotonely with J/. 

Clearly, if d\/dM exists, it satisfies 

(21**) dx/dM = J/”' ~ D[ax;aj/]. 

By a refinement of the above argument one can prove that dX/dM^ dr/dM, 

• • • exist, and that dX/dM ^ ^ Br/dM S 0, -2Jr"- g B^r/B^f S 

0, B^t/BM^ ^ 0, etc. Alore generally, one can prove that T(a-) increases 
with v((7) if v(a) is varied. 

6. Convex obstacles. When one tries to apply the method of §4 to cases 
(such as that of smooth separation or of cusped cavities) where existence 
and uniqueness theorems for straight obstacles are meaningless or unavail- 
able, serious complications result. The case of convex obstacles can, how- 
ever, be treated by first appealing to Jacobis Lemma to derive an existence 
and uniqueness theory for ogival obstacles. We now foUow this procedure. 

To unify the discussion, we recall from Ch. VI, formulas (17), (19c), 
(28'"), and (32'), that various side conditions for such flows can be ex- 
pressed by integral relations of the form 

(22) f X(or)/(cr) da = 1, 

Jo 

where /(cr) is positive except perhaps at or = 0, w. For instance, f(cr) = const, 
corresponds to a fixed separation angle, f(<j) = (t sin (r)“^ to smooth separa- 
tion, f(<r) — sin O' to a cavity of zero drag, etc. 

Theorem 7. Let (i) y ( a ) be continuous on 0 g cr ^ tt, and pc^itive on 
0 < 0 - < T, (ii) /(o') be positive and continuous on 0 < o- < tt, (iii) N = 
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I r'lV.v ff, ifa- < — and’'' iiv D'.rV] ^ f'/- Then the system (14), (22) 

Jo 

admits one and only one .-olutiou. 

Prooj. For given JI ^ 0, f 14' has one and only one solution X^fcrj. We 

eolJ^ider I M = I t\(r'\]f> cT d(T\ bv fiiij and (14), 7(3/ i ^ J/A, and so 

• 0 

/(Oi = 0. Again, PM is an iiK^reasing function of 37 by (ii) and Theorem 
d; unieity follows from this. Further, by (20;, 7(37) is a continuous func- 
tion of 37. To prove existence, it is therefore sufficient to show that 7( x ) = 
X . To show this, we first use (I4i and Jensen’s inequality^" that the arith- 
metic mean ex<*eeds the geometric one, to get 

(23) / fXji do- / \ fvda = M I fvc^' dc / \ (v dcr 

‘ ' .'o * / ‘'o ‘ ‘■'o / -'o 

^ 3/ exp ^ ^ \ dcr^. 

But 

I rfv d(T — f \yrl>[fv] dcr ^ C I X^fda-, SO by (23) 

Jo * Jo Jo 

7W ^ 3/c“''" ^ 

since X = fv da, which implies 
Jo 

(24) 7(37) ^ (A72C) In (C37). 

Thus, limjtf-»* 7(37j = x. 

Corollary. There is a unique symmetric cavity flow having ‘^smooth^^ 
separation (with finite curvature at the separation point), past any ogival 
obstacle. 

Leray [52, p. 2(51] has shown that this is true more generally for s\"m- 
metrie obstacles with non-decreasing cmwature (“accolades’O- 
We are now ready to prove the existence of various flows with free bound- 
aries satisfying various side conditions, past general convex obstacles. The 
integral equation (16) of Ch. VI for a convex obstacle is 

(25) X = J/vK(JX)c-®"; 

ill the ogival case, this simplifies to (14). The parameter 3/ can be elim- 

If is bounded, this condition is certainly verified when / is also positive at 
the endpoints; if / is zero at the endpoints, it is enough that its derivative be different 
from zero there. This is the case for the functions / appearing in formulas (18), (20c), 
(28"), (320 of Ch. VI. 
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inated, and the system (22), {25j reduced to the single integral equation 

(25*) X('o-) = i-(cr)7v(JX)e"®"y/ jj dtr. 

Toapply theLeray-SchauderTheoi*em (§3j toi25*j weset = aK(^6) + 
(1 — oi) and identify Fa with the operator on the Hilbert space H of §5, 

(26) FJX] l^\fyKJ.]X)e-'^^ da. 

As a varies from 1 to 0, the curvature KJS) changes from K(d) to unity, 
producing a continuous deformation of the obstacle into an ogive. 

LEmLi. The operator defined above satisfies all conditions of the Le- 
ray-Schauder Theorem, provided v and / satisfy the conditions of Theorem 
7, and provided K{6) is a continuous function defined for all 6, and bounded 
away from both zero and iiifinit 3 q so that 

(27) 0 <h ^ K(e} s < =c. 

Proof. We first determine a sphere eontainiiig all solutions of X = Fa[X]. 
By (27 ), }: g Ka(.6) ^ A"* for all a, and so 

(28) r fyKaiJX)e-^^ da ^ k f da. 

Jo Jo 

As in (23) and below, 

r fve-'^^ da ^ .V exp \ - (C/N) r f\ dal. 

Jo Jo j 

If X is a solution, then / Xf dcr = 1 and 
Jo 

(29) r da ^ AWr 

Jo 

T akin g this into the equation X = Fa[X], one gets 

X i kT-X-V^v; 
and finally, since X k 0 by (25*), 

(30) I! X ;1 g 1! HI = ^2- 

!!\|! = [/^'X=(<r)d<rj. 

This sa^^s that the solutions of X = Fa[X] are all in the interior of a sphere 
of radius 2R. This sphere we can take as the domain SD of the Leraj"- 
Schauder Theorem, 
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We prove that the are completely continuous by showing that they 
transform bounded sets of functions in the Hilbert space L2(0, t) into 
(bounded sets of equh'Oiitinuous functions. By Lemma 1 of §5, this is 
tnie for the operator and, JX being an indefinite integral and Ka 

continuous, it holds also for KJJK), Hence, since by (29) the factor 

^ J fyKa(jyje“^^ da-J remains bounded, this is also true for the opera- 
tor Fa . 

The equicoiitiuuity of Fa with regard to a is obvious, and the uniqueness 
of the solution of X = FqX has ahead}' been established in §5. It only 
remains to prove that the transformation Go[X] = X — Fo[X] is one~one in 
the vi<*iiiity of a solution X of X = FoX. Let X and X + AX be two different 
functions transformed into the same function by the operator Go . The 
equation 

f31) X - Fq[X] = X + ax - Fo[X + AX] 


can be given the form 

(32) AX = ^1 + ^ , At = D[AX]. 

We now argue as in the proof of Thm. 6. If the maximum value Armas 
of At is positive, then AX > 0 at any point where Ar = Armas by the Strict 
Alaximum Principle (Ch. IV, §9). Hence, by (32), Armax < In (1 + AJil/M) 
there, whence Ar < lii (1 + AJI/JI ) identically, and AX > 0 except at 
tr = 0, X by (32). Likewise, if Armin < 0, then AX < 0 wherever Ar = 
Armin , whence Armin > In (1 + AM/ 21) by (32). This implies Ar > 
hi (1 4- AM/M) identically, and so AX < 0 except at <r = 0, x. In either 
case, AX will have constant sign. 

On the other hand,/(<r) > 0 in (22); hence /AX must also have constant 

sign. Moreover J /AX dtr = 0, as one easily sees by substituting X and 

X + AX into (22) and subtracting. Combining these results, we see that 
AX — 0 almost eve^}'^vhe^e, which implies that Go must be one-one. 

Combining the preceding lemma with the Leray-Schauder Theorem, we 
have the following result. 

Theorem 8. Under hypotheses (i), (ii), (iii), and (iv) of Theorem 7, and 
(27) on K(&), the system (22), (25) has a solution. 

Corollary. Let C be any symmetric convex obstacle in an unbounded 
flow. Then there exist 

(a) A symmetric cavity for each angle of separation 

(b) A symmetric cavity with smooth separation 

(c) A symmetric ca\'ity of zero drag 



METHOD OF COXTI.VUITV 


171 


(d) A one-parameter family of cusped symmetric cavities 

(e) A one-parameter family of symmetric Eiabouchinskj' flows for each 
angle of separation 

(fj A one-parameter family of symmetric Riabouchinsky flows with 
smooth separation 

(g) A two-parameter family of symmetric reentrant jets. 

If C is ogival, the solutions are unique in cases ('a)-(c). 

7. Method of continuity. Earlier proofs ([52], [49]) of uniqueness were 
based on extensions of Weinstein's method of continuity to functional 
equations. This method, though lacking the elegance and simplicity of the 
comparison methods of Ch. IV, §§12-14, has compensating advantages. 
Thus, it brings out the close connection between existence and uniqueness; 
it is applicable to as^ymimetric plane flows, and some of the ideas may even 
be applicable to asymmetric space flows. 

Since the details are quite technical, we shall treat only symmetric plane 
flows past convex obstacles. However, not only can the argument be greatly 
generalized, but it yields variational formulas of intrinsic interest. These 
express the variation in cavity^ (or jet) shape induced by a given perturba- 
tion of the obstacle (or orifice). Expressed in terms of frmctional equations 
such as (1) or (6), they involve differentials of operators between Banach 
spaces, a concept which we shall now define. 

Definition. An operator F from one Banach space into another is said to 
be differentiable at a point Xo if there is a continuous linear operator L such 
that 

(33) 11 F[Xo + d\] - F[Xo] - L[5X] H = o( H 5X H), 

the norms being taken in the corresponding spaces. In this case, L[6X] is 
called the differential of F[X] at the point Xo . We shall denote it dF[Xo ; dX]. 

A one-parameter family Ftt[X], 0 ^ a ^ 1, of operators on the Banach 
space S, can be conceived as a single operator from the Banach space 
S X i2 (i? = real line)^ into 8, and as such we can speak of its differential 
dF[X, a; 5X, 5a:] at a point X and a value a of the parameter, when it exists. 
(In the following, and for simplicity, we shall omit indicating the point 
(X, cc) where the differential is taken, and simply write dF[5X, 6a].) We now 
appeal to the following general principle ([52], beginning of Part II, and 
[53]). 

Principle of Continuity. Let X be a solution of X = Fa[X], and assume 
Fa[X] has a completely continuous differential c?F[5X, So:] at the point X for 
the value of a of the parameter. Under these conditions, if the 'Variation 

8 X is the space of all couples (X, a), X € 8, a e 2?, under the norm (H X [j* -I- 
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♦/quatioir' 5X == //F[5X, oa] urluiit?: a unique tfolution for ever>' Ba, then: 
a X an isolated solution of X = Fa[X]; b‘; the equation X + AX = 
Fa^aa[X -r AX] admits a solution AX for sufficiently small 8a] c) 5X is 
the principal part of AX, that is, ; AX — 5X = o{ oa 

With the help of this theorem, the unieity of solutions of X = Fi[X] can 
be pro\'erl from the unicity assumed for X = Fo[X] by observing that if its 
hypotheses are fulfilled for all a, 0 g a ^ 1, and for all solutions of X = 
Ftt[X], then the iiuml)or of solutions /these being isolated and vaiy^ing con- 
tinuously with ft', must be independent of a. Hence it must be equal to 
the numb(u* of solutions of X = F,j[X], that is, to one. Similarly, the existence 
of a solution of X = Fi[X] follows if existence is assumed for X = Fo[X]. 

In applications to free boundary problems, we shall apply the Principle 
of C'ontinuitt" to the operator family Fa[X] defined by (26). In this case, 
KrJO} ^ 1 , SO that existence and uniqueness follow for X = Fo[X] by Thm. 5. 
For simplicity, we shall consider only infinite sj-mmetric cavity fl.ows past 
convex barriers, with TF = '2 and vfa} = sin <r(l + sin (t). We shall 

also assume that 

134 , K'id) - K'idi) : ^ L \ 6 - K(e\ > 0 


for some finite ‘*Lips(*hitz constant’' L. Finally, we shall let 8 be the Hilbert 
spa(*e Lr(0. t). Then 8 X i? will also be a Hilbert space”®. 

A simple inspection shows that F^tX] is differentiable for every a and X, 
and that its differential is 

,30, ,/««, tal - F.|,M (f + m - DW) 

where 

(315) SK = ^ 3a = (A'(e) - l)8a ; M = 


SM 

J/ 


/>■“(» 


The smoothing properties of the operators J and D (Lemma 1, §5) make 
rfF[5X, 5ft] a completely continuous operator in 5X, for all 5a, transforming 
bounded sets of 8 into uniformly boimded classes of equicontinuous func- 
tions. Hence the first hypothesis of the Principle of Continuity holds. 

Let now X be a symmetric solution of X = Ftt[X], whose existence was 
proved in §6. The variational equation 5X = dF[5X, 5ft], when written out, 
is an integral equation of Fredholm type. For such equations, the existence 
of a solution, and its uniqueness, required by the second h3q)othesis of the 
Principle of Continuity, are each equivalent to the non-existence of a non- 
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zero solution of the corresponding homogeneous eriuation idK = Or. (Ci. 
[IS, vol. 1, p. 99]). Thus all (‘on.^equeiu'cs of the Priin*iplo oi Continuity, 
uniqueness in particular, will hold proA’ided d\ = 0 is the only solution of 
the equation 



for each a, 0 g a ^ 1. 


8. Weinstein’s function. Following an idea of Weinstein we now 
construct from any 8\ satisfying (37j, an anaMic function \{t) satisfying 
special boundary' conditions (see Lemma 1 below.) In §9, we shall show how 
these properties imply that Aff) = 0, and why this implies, in turn, that the 
corresponding 8\ = 0. 

Let us first observe that any solution of (37 ) must be a continuous func- 
tion satisf^dng a Lipschitz condition and vanishing at cr 0 and a- = ^ 
(Lemma 1, §5). Let now 8Q(t) be the analytic function regular in the unit 
circle, real on the real axis and imaginaiy on the imaginary’ axis, which 
assumes the boundar}’ values 50(6**^) = SBia) + f5r(cr), 0 ^ <r ^ tt (6^ = 
J[5X], 8r = D[6X]). Since d(5^)/W = — 5X(<r) is Lipschitzian, the Fatou- 
Privaloff Theorem (Ch. IV, §7} guarantees that 6Q(t) admits a continuous 
derivath^e satisfying a Lipschitz condition in the closed unit circle. 

Let us im^estigate the function"^ 

(38) i(,)=“n'(0-r«)/,'(^ + i»)|*, 

where f , T7 and z denote as usual the conjugate velocity, complex potential 
and position of the flow corresponding to X. A(t) is regular in the unit circle, 
except possibly where W(t) is singular; in the case of an infinite caAuty 
(W = MT“/2) the only singularity is at ^ = 0. Near i = 0, A(t) has an ex- 

A. Weinstein, Math. Zeits. 19 (1924), 265-74. 

Ait) has an interesting interpretation. For any e > 0, the functions 

Ut) - W,it) = (1 -h Mf/M)W(i), 

define a fiow past an obstacle with curvature 27, = JC -h o(e) ; at a fixed point of the 
physical plane the complex potential IF* is a function of a only, and its derivative 
lini 4 .^o(W« — W)/€ is precisely equal to A. Using this interpretation, some of the 
results of this and the next section can be carried over to space. 
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pausiou of the form 

sc 

139) \-i:> = i-it) <a^t fi“‘ /> In (t, i) -f T, 

where, since A(/. is real on the iinaginar\" axis, all coefScients are real. 
Out.-iiie The origin and including the boundary of the unit circle, A(0 has 
a continuous derivative, he(‘au.se of the continuity properties of 5Q obtained 
above, and those of shown in C’h. VI, §3. On t = 0 ^ <r ^ 7r'^2, 

(401 A(^') = ~ Il'i'f'') - J ^ rfff. 

By Ch. VI, ( 9 1 , (10' and ('r2) 


r/<r = ; d? da- = 


and from i3Tj. 


^ „»« iir(2-i3) 'a 

K„(0) 


(41) 


djl 

M 




With this, the integrand in (40) becomes 


(42) 


ITf 

I 


a-s a 


a 

X 


aV 

Ka 


56 + m 


Xc'-* 

A« 


which, since \ — —dd d<r and 5X = —dSd d<r, reduces to c'^'* ‘ — 

Ct(X 

Ka(S)). Integrating, and noticing that one 

obtains 


(43) A(c^0 = irfc’") 8M M + j \ 86 Raid), 

In particular, hn jA(c'‘')| = 0. 

To study AfO on the real axis, we first differentiate (38) with regard to z, 
obtaining 

(44) r‘§+(A-§^^r)?f'.-«. 

Dividing (44) through by d^~'’/dz and taking imaginarj' parts it follows, 
since IP, 5Q and dz are real on the real axis (Ch. IV, (27)), that 

(45) Jm + A j = 0, t real. 

The comer t - 1 has a special interest. Since 6Q(f) has a Lipschitzian 
derivative everywhere, it admits the local expansion 

«fi(() = 50(1) + 5a'(l)(f _ 1) 4- (i _ 1)0(1 1 - 1 i'), 
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which combined with the local expansions of ^(t) and zitj (cf. Ch. IV, §7) 
3 delds 

(46) A(0 - A(l) = - ^ 6fl(0)(i - 1)- +{t - 1)=0(1). 

Summarizing: 

Lemma 1. The function X{t), defined by (38), is analytic and regular in the 
first quadrant of the unit cficle and, the origin excepted, has a continuous 
derivative in the closed quadrant. ^Moreover, it is real on the imaginary 
axis and on the circular part of the boundarj", satisfies (45) along the real 
axis, and has the local expansions (39) and (46) at the points f = 0 and^ = 
1, respectively. 


9* Uniqueness. The unicity of flows was shown in §7 to follow when 
= 0 was the only solution of (37). We shall now obtain sufficient condi- 
tions for this to hold, by first obtaining a suflBcient condition for A(0 = 0 
to imply 6X = 0, in Lemma 2, and then (in Lemma 3) getting suflSicient 
conditions to imply A(0 = 0. Following this plan, we first prove 
Lemma 2 For A(0 = 0 to imply 5X = 0, it is necessary and suflScient that 
d 

the function ^ (X((r) cot < 7 ) fail to satisfy equation (37). 

Proof, If A(0 = 0 then from (43) 

(47) S0(<7) = - ^ Tr(e‘')X<.(fl(,r)) j r\e'^ \ , 

and recalling that dz/dtr = | | 1 dW /da j = 

- - f rw - - *# «■') »>• - 

Hence 5X = —d(8d)/da = (8M/2I)ix, Thus, if 5X 0, then dM/M ^ 0 
and fjL satisfies (37). Conversely, if ft satisfies (37), then jx itseK is a non-zero 
solution of (37) whose corresponding A(t) vanishes identically. 

It is easy to see that for / = const, or / = sin o*, corresponding to a 

fixed angle of separation and to the cavity of zero drag respectively (Ch. 
VI, §5), equation (37) cannot be satisfied by m for any obstacle with posi- 
tive curvature. In fact, if ft satisfies (37), then f f^ida ^ 0. But 


r II d<r= r 4- 0^ cot <T)d<r= -2X'(0) = -2M»-,'(O)i?«(0(O)) 5 ^ 0 

Jo Jo da 

u sin <r do* = f sin <r (X cot <r) d<r — — f X da ^ 0. 

0 Jo Jo sm a 
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We next investigate when the properties of Leninia 1 imply the vanish- 
ing of Af/;. Sufficient conditions have been given different authors^; 
but the following result due to K. Friedrichs [26] is the most general. 

Lemma 3 . If there is a harmonic function y vanishing nowhere in the 
closed first quadrant of the unit circle, and satisfying dy/dn — y d(ln q)/dn 
(d/dn normal derivative, q = s on the real axis, then any A (0 having 
the properties of Lemma 1 vanishes identically. 

Proof, Let .3 = hii [ X(t ) } . It will be enough to prove that vanishes iden- 
tically. We begin by noticing that /S is a harmonic fimction in the first 
quadrant, vanishing on both the imaginary axis and the circular part of 
the boundary On the real axis, d^/dn = /3d(ln q)/dn follows from (45) so 
that d ln(fi/y} 'dn = 0 . 

We shall now see that there is a level line ^3 = 0 starting at f = 1 and con- 
tinuing into the interior of the first quadrant. From (46), 

3 = - A(l)} = - y Sfl(O) hnlit - 1)="} + 0(1 i - 1 f) , 

showing that, if 86(0) 5 ^ 0, such a line exists. If 5^(0) == 0, then (46) implies 
that (d\:dT)T^i == — limi-.i(A (0 — A(l))2//(^ — \f exists and is zero 
Hence qua function of F == — (/ + r^);'2, has z zero normal derivative 
at the point T — — 1 of the boundan% Therefore, by the Strict Alaximum 
Principle (Ch. lY, §9), /3 has neither a local maximum nor a local minimum 
at r = — 1 , (^ = 1 ), and again the existence of a level line leading to i = 1 
is assured. Now, since is harmonic, such a level line must end somewhere 
on the boundaiy. If it ended on the imaginary axis or on the circumference, 
then jS would be zero all along the boundaiy of one of the domains thus 
formed and so would vanish identically. If it ends on the real axis, we take 
that domain B with boundary C composed of the real axis and the level line 
and consider Weinstein’s quadratic form^ 

(48) f 

J c on on J c on 

Set p “ ^jy\ then by Green’s identity 

/c ^ ^ fig 111 p + V la p] da-, 

and by the identity /SW® In p + Vj 8 ®V In p = j Vp [ ® valid for harmonic 

« Cf. A, Weinstein, Math. Zeits. 19 (1924), 265-274; G. Hamel, Proc. 2nd Inst. 
Cong. Appl. Mech., Zurich (1926), 76, 489; H. Weyl, Nach. Ges. Wis., Gottingen 
(1927), p. 227; R. Finn, J. d’analyse math. 4 (1956), 24^91. 

** This quadratic form is closely related to the second variation with respect to 
€ of the flows described in footnote 21. Cf. [26]. The singularity of the integrand on 
the right, as well as in the formulas below, -where =» 0, is only apparent. 
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i3 and t (p = ^/y), 


1 / 


,2 5 (In p) 


dn 


ds — // .d"* ; Vp “ da. 


If the level line ends at the origin, then by (39) 3 is bounded in B and the 
same argument applies. 

The integral on the left is zero by constnictioii, so that the integrand on 
the right, being non-negative, must vanish identically. Hence p must be a 
constant, which, since ^ vanishes at / = 1 , must be zero. That is, 0 = 0 , 
proving Lemma 3. 

We now look for a function y(t) satisfying the conditions of Lemma 3. 
Clearly, dy/dn = yd (In q)/dn is the same as 7 == Im[M(t)}, with M(t) an 
analytic function satisfying /ml i' dJ/ df — 21 \ = 0 along the real axis. 
(Notice that J?n If d3//df} = Jmjd3//dlnfj = dr'd In g). Such a function 
is 7 = since then 7 = where fdd//df — 21 = 0. Let us 

now see under which conditions a can be so chosen that 7 does not vanish 
in the first quadrant. Clearly, 7 vanishes along the level lines arg f = a 
(mod tt). Since arg f is harmonic, takes the same values at conjugate 
points and vanishes on the imaginary" axis, these level lines must end on 
f = e"", 0 g <T ^ 7r/2. IMoreover, at these points —arg f coincides vriih the 
tangential direction, except at i = i, where its limit values fill an angle 
equal to the semiaperture of the vertex. Thus, to assure the existence of an 
a never attained by arg f , and consequently the existence of a 7 ^^ith the 
desired properties, it is suflBcient that half the wetted portion of the obstacle 
have an angular extent less than x. For convex obstacles this is the case for 
the cavity of zero drag (Ch. IT, § 8 ), and obviously for a fixed separation 
angle less than x. 

Finally", collecting the results just obtained we can conclude: 

Theoeem 9. For each closed symmetric convex obstacle there is: 

a) only cme symmetric cavity flow for each separation angle less than tt. 

b) only one symmetric ca^dty of zero drag. 


10* Variational method; symmetrization. The existence of flows 
with free boundaries can also be treated as an “isoperimetric problem”, 
using Riabouchinsky^s variational principle (Ch. IT, §§ 10 - 11 ). Thus, if B 
minimizes the induced mass k(B) among all bodies bounded in part by 
given fixed boimdaries Si , and having given volume, then the remaining 
boundary of B must consist of free streamlines, by Ch. TV, Thm. 15. This 
means that, for some “Lagrange multiplier” Q, k(B) — Q vol(S) must be 
extremalized; actually, Q is the cavitation number (Ch. IV, (44)). Hence 
any body minimizing orextremalizingA;(B) — Q vol(R) must be bounded 
by the Si and free streamlines; this formulation is variational. 
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Isoperiiuetric* proofs of the existence of plane and axially symmetric flows 
with free boundaries were first obtained by Garabedian, Spencer, Lewy 
and Sehiffer in 1952-3 [27, 28]. These proofs rely heavily on the technique 
of “symmerrizaTiou". They involve two main steps 

ii proof that a body exi.'-ts which minimizes k(B} — Q voUB) locall 3 ", 
for given Q. 

dij proof that formula « 44j of Ch. lY can be applied to this body. 

The first question is dealt with in UlO-ll, the second is the subject of 
a separate report""^, where it is proved that the minimizing boundary" is 
anah-tie. 

We first recall the notion of sj^mmetrization, mtroduced in 1836 hy J. 
Steiner to prove the isoperimetric property- of the sphere'^. 

Deiiniiim. The (Steiner) ‘‘sjmimetrizatiou” of a solid B in a plane n is 
the bod\" B" constructed by taking along each line M perpendicular to n 
and intersecting S, a segment centered on n equal in length to the inter- 
section J/ n B. 

Clearlj', B® is s\mimetric in IT. Steiner proved"** 

Steiner s Theorem. S^^mmetrization preser\’es volume and reduces area. 
The area remains unchanged if and onl}^ if the bodj" is already s^’-mme- 
trized. 

One can define similarly the (Schwarz j ‘^s^TOmetiization” of a plane 
region in a line L. In this case, sj^mmetrization preser^^es area and reduces 
the perimeter. 

It is known"^ that man}- ph^-sical quantities, such as capacit}’' and tor- 
sional rigiditj", change monotonicalfy tmder symmetrization. It may be 
proved similar^ that induced mass decreases under s^Tnmetrization. This 
result can be proved in space [27, §4], but we confine our attention to plane 
flows'®. 

Theohem 10. The induced mass of an ideal plane flow with no circulation 
decreases under successive symmetrizations of an obstacle B, first in a line 
L parallel to the flow, and then in a line M perpendicular to it. 

Proof Assuming the velocity at infinity to be one, and taking the or-axis 
in the flow direction, the complex potential of the flows admits an expansion 
about the point at infinity of the form: W == z + Wi/z + TF 2 // + • • • 
The stream function = Iin{W} is then a harmonic function vanishing 

* 3 * E. H. Zarantonello, *‘Proof of analyticitj^ of minimizing p^ofile'^ A limited 
number of copies are available on request from the Department of ^Mathematics, 
Harvard University. 

»* For a full accotmt, see G. Polya and G. Szego, “Isoperimetric inequalities in 
mathematical physics”, Princeton IJniv. Press, 1951. 

*» W. Blaschke, “Differentialgeometrie”, Berlin, 1930, vol. 1, p. 249. For Schwarz 
symmetrization, see the ref. of ftnt. 24, p. 190. 

See [28, §41; L. E. Payne and A. Weinstein, Pacific J. Math. 2 (1952), 633-8. 
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A‘ B 



on B and approaching ij uniformly at infinity. Let Q = Q(r) be the square 
of side 2r centered at the origin, having two sides parallel to the stream 
and containing the obstacle, and let Fr be the harmonic function inside Q 
which vanishes on B and coincides ’with y on the boundary' of Q, Clearly, 
Vr tends uniformly to T" as r goes to infinity; the absolute value of Vr never 
exceeds r. Consider now, in (x, y, 2 )-space, the body (see Fig. 1) bounded 
below by the portion of the xy-plane inside B and the surface z — e [ Fr(x, 
y) £ > 0; lateraH}" loj the planes x = -br, and above by the plane z = er. 
We now symmetrize this body with regard to the xy-plane. In this process, 
the lateral and upper boundaries remain unchanged because they are ah 
ready symmetrized. As to the lower boundary, the plane part inside B is 
replaced by the symmetrization 5* of B with regard to the x-axis. The sur- 
face z = s \ Vr(xj y) j is replaced by" a new surface 2 == s j *Fr(x, y) [. Here 
Vr is differentiable (except possibly" on the x-axis) in Q, is equal to y on the 
boundary of Q and equal to zero on the boundary" of B’. The decrease of the 
total area produced by symmetrization implies an area decrease of the 
surface 2 = s\Vr\^ since the area of the other parts is imchanged. There- 
fore, comparing the analytic expressions for the area of the two surfaces, 

ff [1 + 1 vVr dx dy ^ fl [1 + 1 VF. ff dx dy. 

Since the axeas oi Q — B" and Q — 5 are the same, letting x — > 0 and ig- 
noring terms in we obtain 

ff 1 V?r 1* dx dy^ff ! VFr f dx dy. 

By Dirichlet’s Principle, this inequality is strengthened if the function 
on the left is replaced by the harmonic function V* taking the same 


ISO 


Vn. i:XISTEX<'E axd uxiquexes? 


boundary valuej^, 

I49t II VI 'r 'drilti^ II vrri'dxdi/. 

iloreover. 



V\ Vr — // ) 



rl’r * dx dij - 2 // dx dij If dx dij. 

JjQ-B J^Q—B 


By Green's formula, the middle term on the right equals — 2 J Yr^y/dnds 

taken over the boundary of 0, where Vr = y. Hence it is —2 times the area 
of Qi while the last integral equals the area of Q — B. Therefore 


jj ; VI Vr - y) f clx (hj =jj , VT”, 1“ dx dy — area Q — area B, 

where Q = Q(r). 


From this and the analogous relation for T'/. and (49), since B and B* hare 
the same area, we conclude 


loO' [f \ViVi - y) f dx dij ^ f[ [ViVr - y) f dx dy. 

As r — * ^ , TV and Vr tend uniformly to the stream functions T"* and V 
of the Euler flows past and B respectively. It remains to show that the 
two sides of (50) tend to the corresponding limits, which are the induced 
masses of B and 5*. By Green’s formula [44, p. 212] Getting denote the 
whole plane), 

ff ! V(T^ ~ y) 1- dx dy - ff j V(T^ - y) p dx dy 


= — ^ (r — y)d{V — y)/dn ds + ^ (T’r — 2/)5(Fr — y)/dn ds 
= ydiV - rr)/d7i ds = lydiV - Vr)/dn - (T^ - Vr)dy/dn] ds, 


where C is the boundary of B. Again, by Green’s formula, since y and V — 
T’r are harmonic, C can be replaced by any closed curve around B without 
changing the value of the last integral. Thus, taking for C an analytic curve 
at posith'e distance from B, Y — Vr and d(V — Fr)/3n both converge 
uniformlj' to zero on C (see [44, p. 248]) as r , and so the integral itself 
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Fig. 2. 


tends to zero. Hence, in the limit the right side of f50) tends to h(B), the 
corresponding induced mass. The left side can be treated in the same way. 
This proves that induced mass decreases under symmetrization in L. 

All steps of the above proof are valid for symmetrization in M, except 
perhaps for invariance of the lateral surface. But if the obstacle is alread 3 ’' 
sjrmmetrized in L, then ob^iousl^^ ! Vr] S 1 2/ 1 and the surface 
3 = e 1 Vr(x, y) 1 bulges out, so that lines parallel to L across the lateral 
triangles have no intersection with it. This remo\'es the difEculty. 

11. The minimizing profile. Theorem 10 will now be applied to pro%"e 
the existence of plane Riabouchinskj" flows past general s^nnmetric profiles 
(cf. Ch. VI, §12). 

Accordingly", let 6 be a closed cuiwe, symmetric in both axes, consisting 
of two piecewise anal 3 i:ic"®“ arcs Si and S 2 (jointlj- called S) tying outside 
the lines x = dr???, and of two horizontal straight lines, as in Fig. 2. Con- 
sider now the regions B bounded by S = Sx u & and two variable cur\"es 
2i and 2)2 (jointly called S), lying outside 6 but inside \x \ ^ 7n. For all 
Euler flows ha\"ing vector velocity == 1 at infinity, and given Q, we 
shall try to minimize the difference 

(51) k{B) - Q'Axea.iB) = F(B), 

First notice that successive symmetrizations in the z- and 2 /-axes reduce 
F(B) by Thm. 10, and leave C and the strip \ x\ ^ m invariant. Hence we 
need only consider doubly symmetrized B% which, by virtue of this 
property, are bounded by curv^es monotonic in each quadrant. 

Next, we show that the set of F{B) is bounded below®^, and that the 

There is some obscurity about the precise conditions which should be imposed, 
as well as about some other details of the proof. 

^ Without the restriction of 2J to the strip | x I ^ 771, this would not be true for 
Q > 0. To see this, let B approximate a large prolate spheroid with k(B) /vol (S) < 
Q; see [50, p. 155]. 
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widths/i(..fiBi of any ■'aiiuimizingfcequeuce’''T;\'ith FC^n) 1 I — inf F(B) are 
bounded above. For, by Ch. IV, (42.i, 1:{B) -r Area(5) increases with B, 
and so exceeds its value for the Euler flow past a transverse plate of di- 
ameter /(, which is ff/i‘,4 (see [50, p. So]). On the other hand, Area(5) g 
2mh, and so F(B} S {rh-i'i) - (1 -f Q)2mh. For any fixed m, Q, this is 
bounded below, and for F{B) bounded, k is bounded above. 

Since the jS,.} are doubly symmetiized, they are defined bj’' functions 
ijJ/) of uniformly bounded variation. Hence, bj' Helly’s Theorem*®, there 
is a eonvirgait subsequence of curves such that F{Bnik)) i I also. 

Since the £,.«•) are doubly sjTnmetric, 0 = !’« g y on the boundary in the 
upper half plane, and so , T'„ | g y identically. Hence the F«(i) form a 
compact family, from which a convergent sub-sequence can be picked 
[44, p. 267]. Passing to the limit, we get a doubly sjunmetrie B minimizing 
F(B), for any given Q and m. The boundary of B will therefore be rectifiable. 
We have thus proved 

Theore-U 11. There exists a doubly symmetric domain B with rectifiable 
boundarj’, which minimizes F(B) within the class of obstacles considered. 

The boundarj' of S = B(,Q, m) may consist in part of the lines x = ±ot, 
or of the portion of 6 lying in ; x ! g »i. However, the remainder S/ is a 
free boundary. 

To prove this, it suffices by Thm. 15 of Ch. IV to prove that S/ is 
analytic. This crucial result is derived in a separate report*’®, using the 
methods of Garabedian and Spencer [28, §§5-6], but in our notation and 
e.xplaining some obscure points. Assuming it, we can deduce the existence 
of Riabouchinsky flow by considering the dependence of the m i n i m i z i n g 
profile B == B(Q) on the cavitation number Q. In this deduction, the 
following lemma is crucial. 

LEMiti.. For each Q > 0, there is a unique minimizing body, which in- 
creases continuously ■with Q. For Q positive but small, 2/ is a part of 6, 
while for lai^e Q it lies entirely outside G. 

Proof. Let Fi and Fs be the upper halves of tivo different m i n i miz i n g 
flows with eamtation numbers Q\ and Qt , and let A and A be the cor- 
responding half domains. Let Fi be translated vertically until D\ is entirely 
contained in A ; the boundaries of A and A will then be tangent at some 
point P. Applying Lavrentieff's Comparison Theorem {Ch. IV, §12), the 
velocities at P satisfy qfJP) < qt{P). Similarly, displacing Fi and com- 
paring ■with Fi , a point E is found with qi{E) < qi(K). The points P and R 
correspond to the TTnavimnm and minimum vertical distance between the 
two profiles. Since the free boundaries are strictly monotonic in each 
quadrant, these extremal distances cannot be attained on a vertical line 
cutting one profile on a free streamline and the other on the horizontal part 

“ M. H. Stone, “Linear transformations in BSlbert space”, New York, 1932, p. 165. 
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of e. The only exceptions occur when the extremal distance is zero, or when 
P or is on the imaginaiy axis, in which case one flow profile must coincide 
with e. 

Hence, if neither flow domain originally contained the other, both P and 
R would be on free streamlines and 

qi(P) = qiiR) = (1 + Qi)\ q,(P) = q.(Ri = (1 -h 

contradicting the inequalities obtained above. Therefore either Di con- 
tains D 2 or conversely; to fix ideas assume C Pi , so that by the first 
inequality 

qiiP) < Q^XP) = (1 + 

Unless the minimizing profile for Pi is identical tvith 6, then 

qi(P) = (1 + Qi)\ and Qi < O 2 . 

If the minimizing profile for Pi is 6, then the variational formula (41) of 
Ch. IV (applied to a straight piece of boundary ) implies (1 -h < Qi (P)? 
and again Qi < Q 2 • Hence, if the minimizing flows are different their ca\'i- 
tation numbers are different, proving tmiciif/. Furthermore, since the 
smaller flow domain corresponds to the larger Q, the minimizing ob- 
stacle increases with the cavitation number. 

To show the continuous dependence of the minimizing profile on Q, con- 
sider a sequence of Qn converging to a positive Qq . Then, as in the proof of 
Theorem 11, the corresponding profiles and stream functions form compact 
sequences, whose limits must coincide respectively with the minimizing 
profile and stream function corresponding to Qo . In other words, as Q tends 
to a positive value the minimizing flow tends to the corresponding limit. 
We have thus proved continuity. 

We pass now to the last part of the lemma. Let us compare (half) the 
flow past a minimizing profile different from 6 with catitation number Q, 
with (half) the flow past e. By displacing the latter vertically until the 
minimizing profile touches the horizontal part of e at the point Pq on the 
imaginary axis, and using Lavrentieff’s Comparison Theorem again, we have 

QiPo) = (1 + Q)^ > QoiPo)^ or Q > qoiPo)^ “ 1, 

where qo(Po) denotes the velocity at Pq of the flow past 6. Thus, if 
Q < qoiPof — 1 the minimizing profile must be 6. 

Finally, we compare (half) the minimizing flow to the flow past a smooth 
S 3 nxunetrized curve C', containing e and coinciding with it along Si and S 2 
only. Unless the minimizing profile lies entirely outside 0', half the mini- 
mizing flow can be raised above & by an appropriate vertical translation, 
so that the minimizing profile is tangent to & at a point P (necessarily on 
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the free boundary ». Comparing veloeities at P, (1 + QY < Qa'iP), where 
is the velocity at P of the flow past Q'. Therefore, for all Q > M~ — 1, 
where J/ i-s the maximum velocity for the flow past e', the minimizing 
profile must lie entirely outside Q', and hence outside 6. This completes 
the proof of the lemma. 

It follows that the length of the portion of 2/ along \x \ = m\s a. con- 
tinuous and iucrea.sing function of Q, tvhich vanishes for Q small but not for 
(J large. Therefore, there i.« a largest Q = Qo for which it vanishes. The free 
boundary corre-sponding to Qo joins the endpoints of S and lies outside C. 
Thus, the a.''so(dated flow is a Eiabouchinsky flow. By the lemma above 
this flow is unifiue. This proves 

Theoke.m 12. There is a unique Eiabouchinsky flow past anj* doubly 
symmetric barrier, .separating at the endpoitit.s. 



CHAPTER YIII 


COMPRESSIBILITY AND GRAVITY 

1. Hodograph equations. Alany of the methodi? of Chs. II-VH can 
be applied to subsonic flows of compressible non-viscous fluids. This will 
be sho^Mi in §§1-7 below; supersouir* flows ( which involve slioek waves and 
other complications) will be treated in §§S-9. Some of the methods of Chs. 
II-VH can also be applied to the free fall of incompressible, non-\dscous 
fluids under gravity; this extension will be sket(*hed in §§10-11. 

Throughout, we shall be concerned with steady, irrotational plane flows 
of a non-viscous fluid. We shall continue to let p denote density, and shall 
let Uj c, denote the .r- and ^-components of velocity. In this notation, irro- 
tationality and mass-conseiwation are equivalent locally to 

( 1 ) 4 - ipr}!/ = 0 ; 

subscripts denote dfflerentiation. They are also equivalent to the existence 
of a velocity potential U and stream function T", satisfying 

(-n) ?i = dU/'dx = (pn /p)dT" d^j 

(2b) V = dU'd^ = -(po/pfdV’dx. 

Here po denotes the stagnation densitv. On cross-diifereiitiation, we get from 
f2a)-(2b) 

(3) (plV)x + (pLViy = 0. 

Such a flow satisfies Euler’s equations of motion for a compressible non- 
viscous fluid, if and only if th e pressu re satisfies the Bernoulli equation 
qdq + dp/p = 0, where q = y/ v? -f v- is the local speed of the flow. It is 
isentropic (which usually means adiabatic), if and only if p and p are re- 
lated by an equation of siate^ of the form p ^ f(p), where /fp) is an increas- 
ing function of p. The derivative /'(p) = dp/dp = of f(p) is the square of 
the local speed of sound c, so that M = q'c is the local Mach number. By a 

subsonic flow, is meant one for which M < 1 everywhere; §§1-7 will be 

concerned with such flows. 

In integrated form, Bernoulli’s equation in isentropic compressible flow 

^ Strictly, for “barotropic** flows. The reader who -wishes to derive the formulas of 
§1 may consult H. W. Liepmann and A. E. Puckett, Aerodynamics of a compressible 
fluid. The final hodograph equations (7) are derived on pp. 170-1. 
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is clf^ariy 

1 4 < 2- J p-V'(p) dp = *4. [p = /(p)] 

where *1 i* a ‘*rest,a‘\’oir constant'’ depending on the flow. It follows that 
q, p, p and M are all single-valued monotone functions of each other; see 
and (2() “(27i. Substituting in <"3), with = tV + Uy', we 
get a nonlinear differential equation for U, which is of elliptic type in the 
subsonic case. 

It is well-known that the preceding equations become linear if the velocity 
components are taken as independent variables. Writing 

(3'' f = ?/ — h' = 

as in Chs. II-VIl, one gets from (2ai-(2b) 

^ ds = ( V/ — iv^ dx "h ri' -f- zn) dy “ dL H- (zpo/p) c?T' . 

This gives directly the relation 

dz = dx -f i d]i = + fz’po’p) dV], 

From this, the identity leads immediately to the ‘"hodograph” 

equations 

dU Po(l — M") dF ^ Po? 

dq pq ’ d(j> p dg ^ 

which are reminiscent of the Cauehy-Riemann equations. Indeed, in the 
incompressible case, JI = 0 and pu/p = 1, so that they become precisely 
the Cauehy-Riemann equations in the conjugate independent variables 
Ln q and 

Although the preceding derivation is strictly local, and may involve even 
local complications when d{q, (t>)/d(x, y) is zero or infinite, we shall avoid 
cases where such difficulties are serious', by applying (7) only to subsonic 
flows. 

Eliminating U from (7), we get 

5 (m BV\ ^ pod - d^v _ ^ 

A few solutions of (8) can be obtained by inspection. For example, radial 
flow is expressed by T'’ = which clearly satisfies (8) for any fc. Again, 
locally irrotational vortex flow, with concentric circular (free) streamlines, 

- As ill the case of '‘limiting lines^’, Prandtl-Meyer flows, interior stagnation 
points, etc. The restriction to subsonic flows rules out the first two possibilities; see 
Liepmann-Puckett , Ch. XII, for details. 



CIL\PLYGIX EQUATION OF STATE 


187 


can be obtained (knowing p == p{q)) by integrating the ordinary differential 
equation p^q dV ~ p dg, or 

(9) ~ I 

]More generally’’, any linear combination 

T = k(i> + ki\l/(q) 

represents a flow with spiral streamlines, all of which are congruent to each 
other under rotation about a fixed center. 

2. Chaplygin equation of state. In the hjqDothetical case of an ideal 
fluid® whose equation of state has the special form of Chaplygin [13], 

(10) p = Pa - li'/p, 

the preceding equations simplify enormously. In fact, the mathematical 
difl&culties are only slightly greater than in the incompressible case, as we 
shall now show. 

Clearly = /'(p) = A'7 p^» whence J/ = qp/k. Also, the Bernoulli equa- 
tion (4) reduces to 

(11) gV2 - = A. 

Hence, writing C = “2A, 

(110 3/- = 1 - CpVfcO and 1 - = (C/k%\ 

Thus, depending on the choice of sign for the ‘'reser\'oir constant” C, the 
flow is always subsonic, always sonic, or always supersonic; we consider in 
§§1-7 only the first case, C > 0. 

By (110? with M = 0, C/k^ is 1/po". Consequently, equations (7) reduce 
(using 110 to 

dU _ __ P __ Peg dV 

dq p^q d4> ^ d<l> P * 

Introducing the new variable ^ ^ j (p/po) dg/g, which is determined by 
g or p, these equations reduce to 

(12) dlJJdh = — dUld4t = dV/dli\ 

s Note that, as 1 1, g t ” and p i 0 if (10) is assumed. Thus equation (10) gives 
a good quantitative approximation to compressible flows of known real fluids, when 
M is confined within narrow limits (say, M < 0.3 or 0.6 < < 0.8). In this range 

it is the basis of the Karman-Tsien and related methods. 
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thef?e are the Ca>{rh:j-Rirmnnti equations. Introducing the ^‘distorted hodo- 
grapli'’ variable 

13 o: = <!>+ ih, 

we have thus shown that is a complex analytic Junction, just as in the 

ineompressibie ease. 

We now normalize, by choosing units so that pq = Ic = 1, whence (11) 
reduces to r/ = p”** — 1 since ~ 2 A = C = /t'/Po'. Then clearly 

h ^ j pd{ff)>2(f = P^ dp/ (p~^ - 1) 

(14) 

Conversely, we have for p in terms of h, 

1 - 

(15) p == = — ; — n: = — tanh h, whence q = — csch h, 

1 + 

Here h < 0, corresponding to q > 0 3/ = sech h < 1, 

Referring to (6), since = — sinh h and po/qp = cosh h, we get 

(ICa) dx = — sinh h cos <j> dU — cosh h sin <j> dV = — /7n{sin oidW] 
(1Gb } dy = —sinh k sin 4> dU + cosh h cos <t> dV = j7n{cos 03 dT7}. 

Note that since dx^ dU | j dy/dV j in general, ^(Tr) is 7iot a complex 
analytic function. The normalization to /: = 1 makes it so that the incom- 
pressible case is not a limiting case. 

Theorem 1. Let TT" = /(J“) define an incompressible flow whose maxi- 
mum velocity i f 1 = 1 is attained along a free streamline. Then, at each 
free streamline !Mach number 3/ — sech H < 1, there exists a compressible 
flow of the ideal fluid (10) vidth A: == 1, defined by T7 = /(e”^"*"). This 
has the same TT-diagram, geometrically similar free streamlines, and the 
same %'eloeity directions at infinity as 
Proof. By (12) and (13), IT = defines for TF — In a 

compressible flow of the ideal fluid (10). 3Ioreover W and <l> will be the 
same at corresponding points of # and — ^including points at infinity. 

■WTien J f ] — 1, A = 77n{a?} = —H, giving a free streamline of with 
3/ = —sech H and 


(16c) 


X = sinh H J cos ^ dU, y = sinh H j sm<f> dU, 


w'here <t>(U) is the same as in the given incompressible flow. Hence free 
streamlines are geometrically similar, expanded in the ratio Irsinh H. 
Further, jet thicknesses (measured across equipotentials) are expanded in 
the ratio l:cosh H, whence length/thickness is multiplied by p/po . 
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In particular, if the hodograph lies on one side of a straight line through 
the origin, the corresponding compressible flow will be non-overlapping in 
the physical plane. 


3. Flows past wedges. Most of the results in Chs. II-III, concerning 
ideal plane flows with free boundaries past wedges, can be extended by 
Theorem 1 to any '"Chaplygin” fluid satisfying an equation of state of the 
form (10). (To simplify the formulas, we continue to assume that units 
have been chosen making po = (7 = /: = 1.) Even effective numerical cal- 
culation is not substantially more diflSicult. We shall now sketch this ex- 
tension. 

Circular sector hodograph. First, consider any flow ha\dng a circular 
sector hodograph, which subtends an angle ir/n. By a rotation, we can 
assume that the angle is 0 < <#> < tt/yi, and that the value of h on the free 
streamline is —If <0. The variable n{oi + iH) then occupies the same half- 
strip, 

(17) Im {nica + iH)] <0, 0 < Re [nio: + iH)] < x, 

as the analogous variable w = f In f does in the incompressible case. Thus 
T — —cos n(w + iH) occupies the upper half-plane. Consequently, flows 
vriih a circular sector hodograph will satisfy, as in Theorem 5 of Ch. Ill, an 
equation of the form 

/ TO 

n - Ti) [m = 1, 2, or 3]. 


If a square grid is used in 7i(w + iH), values of T can be computed by itera- 
tive formulas as in Ch. IX, §6. The position coordinates x, y are then ob- 
tained using (16a)-(16b), by numerical quadratureof the functions 


(19a) 


X = —Im 


sin oi> i 


dW\ = —Im 


/ 


sin fa? sin n(co + iH) 

n (r - r.) 


d(ncd) 


(19b) 


= Im^J cos w = 


Im 


cos ca sin n(a) + iH) 

n (r - Ti) 


d(nca) I 


Thus X and y are harmonic functions of oj, although not conjugate harmonic 
functions. It follows that the quadrature formulas of Ch. IX, §6, can be 
used without loss of accuracy. 

Furthermore, if sin a? and cos w are replaced by their linear expressions 
in terms of the exponentials x and y can be expressed in 

(16a)-(16b) by integrals of the type used in the incompressible case (Ch. 
II, §9), so that an analog of von Mises’ closed form and expressions in 
terms of incomplete beta functions are again possible. 
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Reflection principle. Wlien the hodograph is not simply covered, it is 
possible to adapt the Reflection Principle of Ch. Ill, §§2-3. We consider 
simply counected flows bounded (in the extended sense, counting points at 
infinity as ordinary points) by a wedge (or plate) and a single free stream- 
line. We use again i, a complex parameter ranging over the unit semi-circle. 
The origin in the ^plane corresponds to the vertex of the wedge (or the 
stagnation point on a plate), and the points ±1 to the separation points, 
so that the bounding diameter — 1 g f ^ 1 corresponds to the wedge, and 
the circumference / ; = 1 to the free streamline. Then T = 
occupies the lower half-plane, and T" is piecewise constant on the real 
T-axis. From this fact, dW/dT can be determined as in Ch. Ill, Theorem 
2, by studying its zeros (stagnation points) in the lower half-plane, and its 
singularities (jumps, sources and sinks) on the real axis. 

Similarly is a rational function of whose zeros and poles can be 

determined using the Reflection Principle, as in Ch. Ill, §7. From this, 
X and y can be obtained by numerical quadrature, using (19a)-(l9b). 


4, Curved obstacles. Compressible flows of “Chaplygin’’ fluids past 
curved obstacles can also be constructed, by a similar generalization of the 
methods described in Ch. VI. 

We use again the Levi-Civita parameter t, and note trivially that TT(0 
and il(0 have unchanged meanings. In place of the conjugate velocity, we 
use its analog 

(20) f = 6-*“ = = 6-^ (j4tST [n = e + ir], 

where H depends on the IMach number M = sech H. On the free bound’ 
ary, where t is real, r = 0. Hence, applying the Reflection Principle to r, 
have much as in Ch. Yl, (8a)-(8b) 

f21a) 6 — ao + ai cos 0 - + a 2 cos 2cr + • • • , 

(21b) r = ai sin + 02 sin 2<r + • • • . 


On the fixed boundary, h 9 ^ '-H, and in fact, 

(22) = / I r = 


1 + it ^ 

COS (7 

1 - it ^ 

1 + sin <r 


whence q ^ = sinh (—A) = |(c ^ — e*) can be calculated. Arc-length along 
the fixed boundary can then be obtained by integrating 


J Kn 11(1 — oijfe cos <r) 

= L r - /‘->F,(<r) 

Kli n (1 — a* cos <r) 


( 23 ) 
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In (23), L refers to the parameter denoted by M in Chs, VI and I'll; the 
functions Fi{<t) and F^{(r) are 

Fi{a) = sin (T cos a 1 =fc sin (rf 

and are independent of TT7^}. Note that the functions Fi{<j) have no singu- 
larity in the interval 0 g o* g tt, if d ^ 1 , Thus, in the case 3 == 1 of a 
smooth barrier, 

Fi{(t) = sin £r(l sin cr), 

F^{(t) — e~^ sin cr(l — sin crj. 

Finally, using the curv^ature equation d6/d(r = —K{d) dl dcr, and the argu- 
ment leading to formula (16) of Ch. VI, we get the integral equation 

(24) X = XA'(jX)-[;-i(V)e"®^ - Pii<x)e°% 

Here X == --dd/da and v^(a) = F»(<r)/ n(l — ak cos o*); JX = <9 and DX — 
r are computed just as in Ch. VI, (14a)-(I4d). Also, solving J/ = sech 
H (Theorem 1), we have 

(24*) + Vl - 3/2), e-“ == - Vl - 3P). 

In summary, we have proved 

Theorem 2. Subsonic '‘Chaplygin” flows past a barrier P having curva- 
ture K = K(d) of constant sign correspond one-one to functions X(<r) satis- 
fying integral equations of the form (24), under the preceding formulas. 

5. Polytropic equation of state. Chaplygin [13] also invented a way 
to calculate subsonic ‘‘simple” flows with circular sector hodographs from 
the corresponding incompressible flows (Chs. II-III), for any fluid satis- 
fying a “polytropic” equation of state^ 

(25) p - Po = kp''. 

Chaplygin’s method, which has since been carried further by other authors^*", 
will no-w be described briefly. 

With a pol:yi:ropic equation of state, Bernoulli’s equation takes the form 

( 26 ) p = pod — r)^ 

^ In a ^‘perfect gas”, p = kp’^; see Liepmann -Puckett, op. cit. For gases, (25) gives 
an adequate approximation over the entire range of subsonic flow. 

** C. Jacob, Mathematica (Cluj) 7 (1934), 205-11, and Bull. Acad. Roum. 28 (1946), 
637-41. A. Busemann, ZaXIM 17 ^937), p. 73; B. Demtchenko, Publ. sci. tech. min. 
air 144 (1938) ; D, F. Ferguson and M. J. Lighthill, Proc. roy. soc. A192 (1947), 135-42; 
N. A. Slezkin, Prikl. mat. mekh. 16 (1952), 227-30; A. Shapiro, “Compressible flow”, 
New York, 1953, pp. 358-9; L. C. Woods, QJMAM 7 (1954), 262-82, and Proc. roy. soc. 
A227 (1955), 367-86. For experimental data for jets from slots, see J. A. Perry, Trans. 
Am. soc. mech. eng. 71 (1949), 757-64; the agreement with theory is good. 
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^\•herc* 

(27) 


(T — Ij 2 

^ k -> 7 , *>“1 (if ' 

2l:ypo 


3 = 1/(7 - 1). 


The hodograph eriuations ( 7,i become 

r = (1 - ( 2 ^ + l)r) 

f'2S' " 2 r(l - r)^‘ 

r, = 2r/a - T^Vr. 


T', 


Eliminating U, we obtain for T' the differential equation (cf. (8)) 


(29) 


^ [2r(l — t) ^Tr] + 
or 


1 - (2^ + 1)t „ 
2r(l - Ty+’- 


= 0 . 


Solutions of this equation can be obtained b}" the simple device of separat- 
ing variables. Setting T’ = “F^ir) sin (ynd + €m), where Bm and €m 
are constants, one obtains for Fm the differential equation 

rfl ~ T)Fi(r) + [(m + 1) - (m + 1 - ^)t]FJ(t) 


+ ^ 771 (m + l)iSFm(r) = 0, 


which is satisfied b}' the hypergeometric function 


(30J F„.(t) = F((i, h, c; t) = 1 + a-br + 


a{a + 1)6(6 + 1) 2 


T- + 


l*2c(c + 1) 

where a + b — ni — c = m + I and ab = —{\)^m{m + 1). Since (29) 
is linear, any convergent series of the form 

(Zl) T" = S-Brnr”* “F«(t) sin (rrup + €«), 


with convergent derivatives, is a solution of (29). 

Xow consider a compressible flow bounded by a straight wall and a free 
streamline of constant subsonic velocity qo . Thus 6 and r are alternately 
constant on the boundaiy. We compare this flow with the incompressible 
flow having the same fixed wall and ha\’ing a free boundary of the same 
velocity qo . The complex potential Wi = Ui + iV\ of the incompressible 
flow is an anal^dic function of 2 c*)i = In (f/go). Assume that TTi has an ex- 
pansion of the form 

(32) IV t = A* + iBccj + I>„(c’“‘)"", A„ = 

SO that the stream function is 


(33) Vi — A + B<f> + '^Bniq^/qt^y sin (2n<l> + ^a)- 

Chaplygin's Theorem asserts 
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Theorem 3. If (33) is the stream function for an incompressible flow 
bounded a straight line and a free boundary’, then 

(34) r = A + B<l>+ E^n(r;Vor<F2n(V),T2jTu'w siii (2/zo 4- a.: 

is the stream function for a compressible flow having the same fixed bound- 
ary and a free boundary of the same velocity. 

Proof, We first verify that T’ satisfies the proper boundary conditions. 
For r = To j the right side of (34 ) coincides with the right side of 1.33' and so 
T"' is constant along the free streamline. ^Moreover, since T\ is constant 
along the straight part = <^)uof the boundary, evidently sin a A = 

0 for all n. Therefore T' is also constant for (t> , 

Secondly, we obsert^e that (34) formally satisfies the differential equation 
(29) for stream functions of poh4ropic flows. The proof that the series (34) 
is not merely formal requires delicate arguments of convergence, which 
cannot find space here®. 

For applications to jets from slots and funnels, to jets impinging on plates, 
etc., we refer to the literature^. 

Theoretically, the transformation Vi — » T" of (33)-(34) also enables one 
to construct compressible ca\Tty flows past cun'ed barriers from incom- 
pressible ones. However, as the boundary’ shape changes in a complicated 
way, the method does not seem promising in such cases. 


6. General equation of state. Qtiite recently, P. W. Berg® has ob- 
tained existence and uniqueness theorems for subsonic compressible flows 
ha\Tng a general equation of state, thus partly extending Chs. YI-VH. 

We shall now present this extension. For simplicity, we consider only 
sjunmetric ca'vdty flows past (sjumnetric) barriers T\ith vertex angle in 
an infinite stream. The first step is to obtain an appropriate s^-stem of 
integral equations. 

In this treatment, is is convenient to use the ‘^sjunmetrized hodograph^’, 
defined by' /i == ^*(1 “ dq/q and 4*- This givesthe ‘'sjunmetrized hodo- 
graph” equations 


(35a) 


dU 


dV 




® See [13, Part II]. Also, “Modern developments in fluid dynamics. High speed 
flow'*, Oxford, 1953, Ch. VII, §4; R. von Alises and M. Schiffer, Advances in Applied 
Mechanics, vol. 1 (1948), 249-85. On p. 277 of the last article, a flow with cusped 
cavities is given. 

« Ph.D. Dissertation, New York University, April, 1953. We assume that p « yip) 
and M *= Miq) are increasing functions, in the equation of state. For the underlying 
theory of pseudo-conformal maps, see [82, p. 120] and M. Lavrentieff, Mat. Sbomik 
21 (1947), 285-325 and Izv. Akad. Nauk 12 (1948), 513-34. 

7 Sec Liepmann-Puckett, op. cit. in ftnt. 1, §11-2. 
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(35b) 


bU 

d4> 


= Vl - -1/=^ 

P 


eh ’ 


in the special case of Chaplygin fluids, this simplifies to (12). We further 
define f = exp (-fa.0 = exp (h — i4>) as in (20). Along the free boundary 
< cavity wall), clearlv h is constant; and as in §4, we denote this constant 
-H. ^ 

The first step consists in mapping the flow symmetrically, as in Ch. VI, 
onto the unit semicircle 


(30) V: t < 1, lmt>0, 

so that the fixed boundary is mapped onto the arc t = e'‘'[0 g <r ^ x], the 
free streamline is mapped onto the diameter — 1 < ^ < 1, and f(t) is a 
complex analytic function. The existence of such a "'conformal map” follows 
from a generalization® of the Fundamental Theorem of Conformal Mapping, 
which applies in its usual form when the f-domain ("distorted hodograph”) 
is simply covered. 

By s\mmetr>', the dividing point is mapped onto t = i. Hence, as in Ch. 
VI, §2, if we VTite 

(37) r = ® 

2(0 is a complex analytic function of 0 regular in F, real on the real axis, 
and vanishing at / = 0. Aloreover by the Schwarz Reflection Principle 
(Ch. Ill, §2), it can be extended to a function regular in | ^ | < 1, Taking 
note of the symmetry, we can therefore TOte 

(38) 0(0 = aj + a^^ + att^ -j- , . . ^ 


Again, since f(0 and c*j( 0 are complex anal>"tic functions, we can infer 
from (35a)-(35b) the analogous equations for g and v (I = ^ + iv)t 

(39) adU/d^ = dVfdri, adUfdit} = —dV/d^, 

where a «= a(h, (0) can be determined, using (37), if 0(0 and the equation 
of state are given. 

We now introduce the complex-valued function 

(40) r(t) = aU/di - idU/dn = cT^ (dV/dT, + i dV/d^^j - 
Introducing the notation 

at 2 \a| dr,/ at* 2Vas di?/’ 
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this can be written r(0 = [2/(1 + a)]d^\^idt. In the incompressible case, 
fit) reduces to the derivative dWidt, In the compressible ease, one can show 
that r{t) satisfies a differential equation, as follows. Let 


h ^ 

4 a \fdt/ 


4 a 1 + 


Like a, IX = liQi, i) is determined by Q(t) and the equation of state. 
From (39), w^e get directh" 


ar{t) = idV/dfy ar*(t) = --idV/dt*. 


Differentiating with respect to f* and t, respectiveh", and adding, one gets 
d(ar)/dt* + d(ar*)/dt = 0, 


and, carrying through the differentiations 


(41) ^ 

The vanishing of T" along the boundary- implies by (40) that r(t') is real 
along the real axis and that tr(t) is imaginary^ along the semicircumference 
t ^ 0 ^ a- ^ T. M t - i (corresponding to the dividing point) r{i) 

should vanish and at f = 0 it should go to infinity. At these points, we 
assume that r(t) behaves as in the incompressible case. With the help of 
an unknown function A(0, we also let 

(42) r(t) = rl(0/“^ ' 

where ri(t) = M{t — r®)/4 is the function rfor the incompressible case. 
Clearly, A(0 is real on the boundary, and without loss of generality 
we can assume A(0) — 1. Inserting (8) into (41) and taking account of the 
analyticity of ri(0, one gets for A(0 the differential equation 

(43) ^ {«) = ^ + ^ ^*gA.(o-A(o _ 

Finally, writing (7) in terms of t, we get for the position in the physical 
plane 

(44) dz = r' [^1 + ^ «) + I (^ “ ^ “) '*^*^^^*^*] > 

and both the complex velocity and the position are expressed by (37) and 
(44) in terms of an analytic function J2(i) and of a complex-valued function 
A(t) satisfying the differential equation (43). 



19G 


'V’lII. COMPRESSIBILITY AN*D GRAVITY 


7. Integral equations. The determination of the functions 0 and A 
so that thc\' yield a flow past a prescribed obstacle can be reduced to the 
solution of a system of integral equations, as we shall see. 

Taking the nioduliis on both sides of (44), we get for the arc-length ele- 
ment dl along the obstacle \i = c'""), 

i'45‘ dl = r(t> dt ’ = sin a \ qos a ] da- . 

The conjugate vel(j<4ty and the distorted velocity f have the same argu- 
ment, and so, as in Ch. VI, §2, coincides on the obstacle with the 
angle of the tangential direction with the ?/-axis. We get for the curvature 


K = 


^ == sin <r | cos <r | . 

dl 


Thus if the obstacle is given by the curvature equation k = K(6) (cf. Ch. 
VI, §3.) we get for X = —86/ da the integral equation 

(4Gi X = sin (t ; cos o- 1. 


It is important to make clear the dependence of q upon Q, and we write 
== Q( j } where Q is a known increasing function (see footnote 

6;. From (37^ = Q becomes 

(47) X(<r) = J/c-'''7C(e(<r)) sin <7 [ cos <r 1 Q 

W’here r = DX, 0 = / X d<r as in Ch. VI. This corresponds to equation 

•'O' 

(16) of Ch. VI. An analog of the X'^illat equation (Ch. VI, (15)) can also be 
derived. 

Equation (47) still contains the function A. We shall now derive an in- 
tegral equation for it. For this purpose, we apply to A(t) the generalized 
Caueh}" formula (for the semicircle) 


(48) 



A(0 
t' - t 



II 


dA(t')/dt'* 
t' - t 


d^'dv 


valid for any complex valued function. This formula follows from the clas- 
sical identities of potential theory, 




These are obtained by applying Green’s first identity [44, p. 212] to the 
pairs of functions (fit'), In j « — i' ]) and (f(t'), arg (t' — i)) respectively. 
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On account of (43), (48) becomes 


f49) Aft) - i - i If “ ■ rfiV,' 


This equation involves Q(i), and so X(/i, through the function ij.. Equations 
(47) and (49) form the systems of integral equations for \ and A, to which 
Berg has reduced the compressible cavity flow problem. The full statement 
of the problem also involves a side condition (separation condition) per- 
mitting one to determine also the parameter M. The existence of a solution 
for (47) and (49) has been proved by Berg®, in the case of the barrier 
problem, by an application of the Leray-Schauder theorj" (cf. Ch. VII, 
§2-3). From his results, it follows that there is one cavity flow for anj^ 
symmetric curv’ed barrier which is cut at most once by an\" line parallel to 
the axis, and for any subsonic maximum of the velocity g. 


8. Supersonic jets. The structure of supersonic jets and wakes is very 
complicated, and their mathematical analj'sis correspondingl3" difficult. 
We shall defer to Ch. XIV the discussion of supersonic wakes, and that of 
the turbulent “'mixing zone’^ which bounds supersonic jets, presenting here 
onl3" some properties of supersonic jets which do not involve viscosity or 
turbulence®, and which occur in muzzle blast, the exhaust from rocket 
motors, and jets used in stream turbines. 

Within the limitations of the Chaptygin equation of state (10), the prob- 
lem of a supersonic jet from a slot has no solution, since mixed subsonic- 
supersonic flow is then impossible (§2). In the approximation of a poty- 
tropic equation of state, the subsonic part of the flow of a supersonic jet 
from a funnel (which is subsonic upstream) has been worked out by Frankl*^, 
following the ideas of Chaptygin [13]. 

For a realistic understanding of plane and axially sjunnietric supersonic 
jets, one must begin T\dth the experimental fact^® that such jets have an 
essentially- periodic structure which involves discontinuities in the velocity 
u(x) as a function of position. This structure was first aiiatyzed Prandtl^^. 

® We shall also omit discussing the paradox of Wantzel and St. Venant (1839), 
which is treated in [50, §25]. 

9 Boklady Akad. Nauk SSSR 58 (1947), 381-4. With 7 = 1.4, Frankl found a maxi- 
mum discharge coefficient of 0.85. For an interesting theoretical discussion of periodic 
“jets” satisfying (10), see N. Coburn, J. appl. phys. 22 (1951), 124-30. 

^9 R. Emden, Ann. der Phy-sik und Chemie 69 (1899), 264-89 and 426-53. Emden 
refers to earlier work by- L. Mach and Parenty- (1897). See also T. Stanton, Proc. roy. 
soc. Alll (1926), 306-39; J. Hartmann and F. Lazarus, Phil. JMag. 31 (29il), 35-50; 
M. S. Kisenko, NACA TM 1066. 

« L. Prandtl, Phys. Zeits. 5 (1904), 699-601 and 8 (1907), 23-32. See also Th. von 
Karman, ibid. S (1907), 209-11 ; Rayleigh, Phil. Mag. 32 (1916), 177-87; Stodola-Loe- 
wenstein, “Steam and gas turbines”. New York, 1927, §42a ff; Courant -Friedrichs, 
“Supersonic flow and shock waves”, New York, 1948, §148. 
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Case P<! 
(b) 

Fig. 1. 


In this analysis, the nozzle is assumed parallel, and the ratio P = Pn/Pe of 
the nozzle pressure pn to the external pressure pe plays a basic role^^ 

If P == 1, the simple parallel flow of Ch. I, Fig. 5a, pro\ddes a mathe- 
matical solution to the problem. 

In the usual case P > 1, the jet first expands at the nozzle edges through 
a Prandtl-Me^^er expansion fan, as in Fig. la, so that the velocity increases 
discontinuously at the edges. The jet continues to expand until its mean 
pressure drops well below the pressure of the surrounding gas, assuming 
extreme values on the axis. It then starts to contract, and goes in this way 
through several cycles of alternate contraction and expansion, more or less 
periodically. 

The case P < 1 can also be realized, using a Laval (convergent-divergent) 
nozzle. In this ease, a compression shock springs from the nozzle edges, as 
in Fig. lb; the velocity decreases discontinuously across the shock. More- 
over, the cycle of alternate expansions and contractions starts with a 
contraction. 

The wave-length X of (periodic) supersonic jets can be estimated^^ by 
perturbing the tri\’ial case P = 1, so that linearized supersonic flow theory 
is applicable. As usual [4, p. 113], if U ^ vx + 4> denotes the perturbed 
velocity potential of a supersonic jet with velocity v parallel to the a:-axis 
and diameter Z>, then satisfies the wave equation 

(50a) (.¥* - + d\fBz\ 

the pressure perturbation being given by 

(50b) 3 % — p = v(d^/dx). 

If the reservoir (chamber) pressure is pr , then the (sonic) pressure in the nozzle 
throat is pr/{(7 + l)/2]'>’^£‘y“Oj which is about 1.9 for air. Hence pr/p« > Pr/pn >1.9 
for supersonic air jets. 
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In Prandtl’s original paper, v was taken to be the efl3ux velocity; when 
P > 1, the mean jet velocity is, however, greater. 

For periodic perturbations with period X = "Zir/ia one naturally tries 


<f> 


OiX 


eos 


V-V- "" 1 


I cos (ay 
Jo(wr) 


in the plane and axially symmetric ease, respectively. (As usual, M = i\ c 
where c denotes the speed of sound. > To satisfy the condition of constant 
pr essure on the jet boundary" y = dhZ>;2 fresp. r = Z) 2), we set (a)D/2) 
-s/AP — 1 = 7r/2 with plane jets, and (wDy2)\/xT/- — 1 — di, the first 
zero of Jq(u), with axially symmetric jets. This gives 

f 2\^AP — 1 (plane jets ) 


(ol) 


X/£) = 27r /coD = 


\l.3 \/AP — 1 (ax. sjTum. jets), 


since (r/Pi) is about 1.3. These predictions agree with observ-ation, to a 
first approximation. 

In the plane case, one can derive (51) even more simplj- [64, p. 87], by 
assuming that pressure changes are propagated along characteristics. For 
P near one, characteristics make an angle a with the jet axis which satisfies 
M = sec a; and they return to their origi nal posit ion after crossing the jet 
twice. From this, X/2Z) = cot « = -y/AP — 1 follows by elementary 
trigonometiy". 

However, to compute X for large P, and to compute the detailed stream- 
line configuration, one must use numerical integration (the “method of 
characteristics”). For the details, we refer the reader to the literature^®. 


9. Ultra-fast jets. Considerable effort has been expended in trying to 
obtain ultra-fast jets, using the cavity charge principle of Ch. 1, §lO.Th*eory^^ 
shows that, for detonation waves mo\ing parallel to the axis with detona- 
tion velocity vd , a maximum jet velocity of 2vd can be expected. However, 
if the detonation can be made to impinge normally on the liner, the jet 
velocity Vj should increase Tvithout limit as the angle p between the liner 
and the axis of symmetiy tends to zero, both for plane (wedge-shaped) 
and axially symmetric (conical) liners. 

We shall now show that the preceding prediction overlooks the possi- 
bility of jeiless wedge collapse, which is to be exp)ected for P sufficiently small 

« See [64, Cha. VI-VIIJ; D. C. Pack, QJIVIAM 1 (1948), 1-17 and 3 (1950), 173-81; 
more refined calculations of X have recently been made by Z. Hasimoto, J. phys. soc. 
Japan 8 (1953), 394-9. For jets impinging on obstacles, see M. Holt, QJMAM 3 (1950) , 
200-16, and 4 (1951), 419-31; D. C. Pack and L. Koberts, Phil. Mag. 44 (1953), 561-3. 
See also C. C. Lin, J. math. phys. MIT 33 (1954), 126-8. 

G. Birkhoff, D. P. MacDougali, E. M. Pugh and Sir Geoffrey Taylor, J. appl. 
phys. 19 (1948), p. 571. With typical explosives, vd ” 5,000-8,000 meters per second. 
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Fig. 2. 


ill the plane case. Fig. 2a sketches the type of flow, which was discovered 
in 1029 by A. Busemann^'’, and applied to jetless wedge collapse by K. 
Fuchs. Two symmetric shocks making an angle cr with the axis are propa- 
gated from the moving impact point J (cf. Ch. I, §10), and divide the flow 
into three regions. In each of these regions, the flow is uniform. Relative 
to J, it is vi — vq sin ^ ahead of the shock, and V 2 parallel to the axis behind 
it. For a given 2vlach number M = vi/c (c denotes the speed of sound in the 
collapsing material;} , the maximum deflection angle d can be predicted^®. 
T\Tiat is especialh” remarkable, the predictions so obtained have been con- 
firmed experimentally^®. 

However, in the axially s^mmietric case, the configuration of Fig. 2a is 
impossible^ ^ Therefore, the preceding theoretical consideration no longer 
applies, and the maximum jet velocity must be limited by other factors. 

Experimental data have been published^® for the case of a cylindrical 
liner collapsed by a toroidal explosion, initiated simultaneously all around 
a circle whose axis coincides with the liner axis. A meridian section through 
the axis is sketched in Fig. 2b; since the collapse angle p is initially 0®, 
increasing gradually as the collapse progi*esses, the velocity of the jet tip 
should approach the maximum obtainable. It was found that, in fact, the 
velocity of the plastic ‘‘penetrating jet'^ considered in Ch. I, §10, never 
greatly exceeded 2vd . However, if the cavity was evacuated, this penetrat- 
ing jet -was preceded by an ultra-fast (ionized) gaseous jet, with velocity 
as hi^ as 80 km/sec. The maximum velocity apparently w^as determined 
by considerations from the kinetic theory of gasses, as it depended system- 
atically on the atomic weight. 

10, Potential flows with gravity. It is very well known [60, p. 19] 
that any solution of Laplace's equation = 0 can be taken as the 

IS See H. W. Liepmann and A. E. Puckett, “Aerodynamics of a compressible fluid”, 
pp, 61-60; G. Birkhoff and J, M. Walsh, Quar. appl. math. 12 (1954), 83-6. 

J, M. Walsh, R. G. ShreflSer, and F. J. Willig. J. appl. phys. 24 (1953), 349-59. 

G. Birkhoff and J. M. Walsh, Riabouchinsky Jubilee Volume (1954), 1-12. 

« J. M. Walsh, R. G. ShreflOier, and F. J. Willig. J. appl. phys. 23 (1952), 1300-6. 
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velocity potential for steady ideal flow in a gravity field, with gravitational 
potential G per unit mass, provided the pressure p sati--fies 

(52) (p/p) -f- -f G = const. 

This suggests tiy’ing to extend the methods of Chs. II~ATI so as to obtain 
steady plane flows with free streamlines in a gratfity field. 

In the case of practical interest, the gravity field is of course uniform. 
For suitably chosen axes, the condition that the streamline T’ — T"o be 
"'^free” is then 

(52a) ! ? i " = VL^vr = 2gy on ^ Vn . 

Writing f and differentiating (52aj with respect to arc-length, one 

gets 

(52b) qdq/ds — g sin (l>, or d(q^)/dU — 3g sin<i>, 


since qds = dU on T' = T^’o . In such eases of steady plane flow, it has 
recently been proved by Lewy^*^ that the free streamlines are analytic. 
Using this analji:icity, any such ideal plane flow is theoretically deter- 
mined by the shape of any segment of any free boundar}'. 

Conversely"^, anj^ analytic curv’C C: —y = fix), x = gi—y), ^ < 0, can 
be made the free streamline T" == 0 of an ideal plane flow under gravity. 
We assume that axes have been so chosen that (52a) holds. Then U must 
satisfy 


(53) 


U = r V/(x)[l + rKx)] dx = Fix) 

JQ 

= f VMI + dy = Q(y). 

JfiO) 


The real functions x = p{U), y = q{U) inverse to U = P{x) and U = Q{y) 
viU then be analytic in some neighborhood of C. Hence the complex power 
series z = p{U) + fg(U) can be extended to define locally a complex 
anal^’iic function z = A(Tr), \rith dz/dW 0. 

For example, if C is 3x = 2{ay — 1)^, the preceding method gives the 


H. Lewy, Proc. Am. math. soc. 3 (1952), 111-13; the proof does not apply to 
points of zero velocity. 

We follow the analytical procedure of C. Sautreaux, Ann. sci. ec. norm, sup, 10 
(1893), S.95-S.1S2, and J. de math. 7 (1901), 125-60. See also H. Blasius, Zeits. math, 
phys. 58 (1909), 90-110; H. Villat, Ann. sei. ec. norm. sup. 51 (1915), 177-214; A. R. 
Richardson, Phil. Mag. 40 (1920), 97-110; Fritz John, Comm, pure appl. math. 6 
(1953), 497-503; M. J. Vitousek, Tech. rep. 25, Appl. Math. Lab. Stanford Univ., 
1954. The trochoidal waves of Gerstner [50, §251] should perhaps be mentioned in 
this connection, even though these exact solutions of Euler’s equations of motion are 
not irrotational. 
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function 

Co3a! 2 = i2/Za)(abVW - 1)^ + ibVW, b = <^/ag. 

However, tbe preceding ^‘inverse method gives no indication of how to 
obtain in the large flows past given fi^ed boundaries, in this way. Treatments 
in the literature are usually by approximate methods. 


11. Integral equation method* It is therefore of interest to describe 
a method for finding ideal steady plane flows in a gravity field, bounded by 
free streamlines and polygonal fixed boxmdaries, which is very like the 
method of Ch. VL This "‘integral equation” method is applicable to the 
following classic examples: periodic gravity waves of finite amplitude 
(Fig. 3a), the jet from a slot (Fig. 3b), rising bubbles (Fig. 3c), flow over a 
sharp-crested weir (Fig. 3d), flow over a flat sill (Fig. 3e), and flow under 
a sluicegate (Fig. 3f). All these cases have been treated in the literature by 
approximate methods®^ but exact results in the literature seem confined to 
existence and uniqueness theorems for the case of periodic gravity waves^. 

See [50, §250], and refs, given there; [la, vol. 5, pp. 241-^]; Richardson, loc. cit.; 
R. von Mses [62, p. 496]; A, Craya and P. Gariel, La Honille Blanche 4 (1949), 45-64; 
A. M. Binnie, QJMAM 5 (1962), 395-407; F. W. Blaisdell, Proc. Ain. soc. civ. 
eng. 80 (1954), No. 482; E. Marchi, Annali di mat. 35 (1953), 327-41. 

** D. J. Stmik, hlath. Annalen 95 (1926), 595-634, following T. Levi-Civita, ibid. 
93 (1926), 264r-314, and corrected by J. N. Hunt, QJMAIVI 6 (1953), 336-43. See also 
L. Lichtenstein, “Vorlesungen uber einige Klassen nichtlinearer Integralgleichun- 
gen . . Berlin, 1931; H. Poncin, Th^se, Paris, 1932; M. L. Dubreil-Jacotin, J. de 
math. 13 (1934), 217-91 and 16 (1937), 43-67; R. Gerber, ThSse, Grenoble, 1955 (also 
Comptes rendus, vols. 233 and 235). 
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!j‘ ^^'^'t-plone 
Fig. 4. 


In this case, for each wave velocity c (wave length X), a one-parameter 
family of solutions exists (one for each amplitude up to a certain limit). 
In other cases, physical intuition has suggested various plausible conjec- 
tures. 

Our method will be illustrated by the case of the s;^Tnmetric jet from a 
slot'® (Fig. 3b). The flow considered can be mapped conformally and 
symmetrically onto the unit semicircle 

r: |ii g 1 , Jm{^} ^ 0 

in an auxiliary i-plane (see Fig. 4), so that the fixed w’alls go into the real 
diameter, and the free boundaries onto the circumference. Then i = 0 
w’ill correspond to the stagnation point I at infinity, and J to the point at 
infinity on the descending jet. 

By Thm. 2 of Ch. Ill, if T — — (^ + the stream function W will 

satisfy TF — C Ln T and dW/dT = C/T^ for some scale factor C. In order 

to determine the flow, it remains to find f (0 ; this will give z = dW, 

To get an expression for f (0, w’e now construct an analog of Le\i-Civita^s 
function Q(t) (Ch. VI, § 2). 

Namely, we observe that f vanishes at I like l/T, hence like t (cf. Ch. II, 
§5). Since f is real on the real diameter, moreover, the Reflection Principle 
applies; hence f(0 can be extended to a function analytic in the unit circle 
I i I < 1. Since f is imaginary when t is imaginary, we therefore have 

(54) f = CLit + dzf + . on I i I < 1, 

By Lewy 's Theorem, f(i) is analytic on the unit circle t = e"*, except at the 
separation points t — ±1, w^here f = d=l, and at t = d=z (i.e., J and 

This case was worked out by ^Ir. Kenneth Wilson, following suggestions by one 
of us. A similar integral equation for the case of periodic waves has been given by 
H. Villat, Ann. sci. 6c. norm. sup. 32 (1915), 177-214. 
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where i' = zb x . Near /, f ^ ^ 2i(jz asymptotically; whence 

IT’ - j dt = W^iZ){is)K Z - - z(3W/\/%)^ 

Since also W ^ in i 1 - 4 - if^ near J, we conclude 

f o5; f ^ \^ 2 igz ~ ir“ [hi (1 + zY)]% 

where we now ignore asymptotic constant factors. Xear J\ hy s;^Tiime- 
tr 3 % s' "In ( 1 — zV; j\ 

Consequently, if 0 < C' < O.o, then the ratio 

{5()j f(t) = s''(0M-ln Cil + r)]^ 

is bounded away from zero and infinity throughout It [ ^ 1 . It follows that 
we can write 

(56*} t = T[-lu C(1 + if 0 < C < 0.5, 

where Q(tj = 0(7, (7 is hounded and cofitinuous in ' f j ^ 1 , and analytic in 
the interior. Because of the symmetries of f, we can therefore write 

(.50** 2 (t^ — r -r id == Qu + asf" + 04 ^^ + . . . 

for suitable real coefficients a^k . 

The final step consists in substituting back in the free boundary condition 
(52b), second equation. If this is done, one gets an equation of the form 

( 57 i + B(cr)T'( 0 ‘)] = ^ sin [B + P((r)], 

where B(<t) and P{a) are known real functions. In terms of the single 
unknown function ^(< 7 ) = —dr/da, and the operators D, J of Ch. YI, 
§4, we can rewrite (57) as the integral equation 

foT*) €^^'‘{A(<r) - B(<r)n(<T)] = g sin [P(«r) + D^]. 

A similar integral equation has been obtained for the case of a rising 
bubble”^. In this case, the factor (1 + r) in (55), (56), and (56*) must be 
changed to (1 — V), but the formulas are otherwise very similar. The 
numerical results for this case are given in Ch. X, § 11 . 

-* G. BirkholT and D. Carter, Report LA-1927, Los Alamos Sci. Labs. (1956). 
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EFFECTIVE COMPUTATION 

1. General remarks. We described our concern with the problem of 
effective computation in Ch. I, §15. Actualh", this is perhaps the most 
complex problem of all. It has however been very much slighted in the 
literature, and so our discussion of it will be based largely on our own 
experience. 

To formulate the computational problem, one must of course have clearly 
defined objectives, as regards the quantities to be calculated and the pre- 
cision desired. 

Even in the simplest case of Rethy flows (Ch. II, §7), we found it essen- 
tial to distinguish three levels of computation: (i) the calculation of con- 
stants (contraction coefficients, drag coefficients, etc.) associated with given 
configurations, (ii) the calculation of free boundaries^ and (iii) the calcula- 
tion of interior streamlines and equipotentials, or isobars and isoclines. The 
calculation of interior streamlines is the subject of §§2-3; §§4-5 are devoted 
to the computation of constants (and the related 'parameter problem^ men- 
tioned in Ch. I, §15); §6 concerns isobars and isoclines. It will appear that 
the correct strategy differs sharply with the level of computation involved. 

The case of curved barriers (Ch. VI) involves two separate stages: the 
solution of an integral equation X = exp (~DX) invohdng an 

unknown fimction X(<r), and the calculation of the flow* from a known 
X(cr). Since the second stage involves relatively little novelty, wn consider 
below (in §§8-9) primarily the first stage. 

In all cases, three significant figures of precision are sufficient, for two 
reasons. First, only three figures have any ph 3 "sical significance, because of 
neglected variables like \Tscosity, capillarity, etc. Second, they are all that 
can be represented graphically on a 6" hy 9" page. Even w'hen using a 
drop-point pen on engraved paper, and reading results through a magnify- 
ing glass, an accuracy of 0.01^ is all that can be obtained. 

Economic problem. Once the objectives have been specified, the problem 
of effective computation becomes largely one of cost. We shall therefore 
make a rough cost analysis of our computing problems. 

Since this book w^as WTitten during a revolution in computing methods, 
some inteipretation of our experience is necessary. In principle, the cost of 
making a multiplication on a desk machine is about 2,5 ji; on an electronic 
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machine, it may* cost only .002^*, or less than tu W much. Further, it Vrill 
take months for a human computer to perform multiplications, 

whereas the fastest electronic computing machines can make 10® multi- 
tiplications in a day or two. 

On the other hand, it takes much time to plan and code any new problem 
for a high-speed machine; this was actually our major cost-. Therefore, to 
utilize the potential eflScieiicy of high-speed machines, it is essential to de- 
velop unified computational schemes, applicable to large classes of problems, 
preferabh" int'olving many points. For this reason, we concentrated our 
attention on problems of t:^’pe (iii). We shall now describe our experiences 
with various such problems. 

2. Cavity behind a plate. We first used the Mark I Calculator at 
Harvard® in 1949, to compute the interior streamlines and equipotentials 
for cavities behind a plate making an angle a with an infinite stream (Ch. 
II, §2;. Our plan w'as to substitute directly in closed formulas given for 
over a rectangular grid in the TF-plane. The simplest such formulas 
for use with the Mark I seemed to be 

(la) T = VW, A - T"' + 2C (C = cos a), 

(lb) = (A VF^)/2, Jm r > 0, 

(l c) 2 = [Tf - (Cr/25-)]r' + T/2S^ - ;^o 

-(2y4S^)in[(r-0/(f-6-^‘“)]. 

How^ever, direct substitution in these formulas involves several unexpected 
complications, as we discovered when we made sample hand calculations. 

First, the decimal point is z(TF) shifts rapidly as a 0, having already 
moved two places when a = 15°. This would, for example, make computa- 
tions near the stagnation point (which is practically at one end of the plate; 
see Plate 2) troublesome if a = 5°. Second , the computation of a complex 
square root R + iS — T — y/U + i V can best be done algebraically 

^ The first figure would hold if a computer, paid $1.50 an hour, could make and 
check two multiplications a minute. The second figure w’ould be true of a computing 
machine costing $6 per hour to operate, and having a multiplication time of 10 milli- 
seconds. The primitive machines used by us cost about 0.1j^.6f5 per point . See R. F. 
Clippinger, Harvard Business Review ^ (1956), 77-88. 

* We also paid about lOji per point for plotting, and lOjf more per point for prepar- 
ing a plate for publication by photoengraving. Unless 6000 multiplications per point 
are required, this is more than the cost of making the calculations on an electronic 
machine. 

* This was made possible by Contract AT (30-1) -497, Code HUX, with the Atomic 
Energy Commission; The numerical results were printed in Helmholtz-Rayleigh flow 
streamlines and equipotentials, Report No. 1, Computation Laboratory, Harvard 
University; they are graphed in Plates 1-3. 
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(not trigonometrically). In this, decimal point trouble is also had unless 
one uses an option, sohdng always for 

(Id) Q = Vil: U j + VU^- + 'Vhere Q = ^ < 0’ 

and then using "IRS = Y to solve for the other, hy computing T" ’2Q. 
Othen\Tse, large loss of significance can be caused by subtraction in the 
radicand. 

Third, the branch of the many- valued function in [(f — — c”***)] 

of Ch. II, (8), must be specified; we used the inequality a — tt < arg 
[(f — e*“)/(f — < oi. Fourth, the function 2 (Tr) is actually ambi- 

valent (two-valued) on the slit F = 0, L" > 0; this fact made it necessary" 
to compute ziW) on the free streamlines by desk machine. — similar 
limitation \\ill presumably apply to all attempts to calculate streamlines 
in divided flow. 

The machine calculation took about five minutes (120 multiplication 
times) per point; it required 1-1.5 hours per point when done by a human 
computer using desk machines and tables; it would take less than two 
seconds on the Harvard jMark IV! On the boundary (free streamlines and 
plate), 30-40 minutes per point were needed by human computers, using 
the same formulas. 

However, a human computer can often take advantage of tables which 
cannot be easily stored and scanned on a large computing machine. Thus, 
using the ingenious formulas^ 

T = ^/W, ^ + I cos"^ {2S^T — C), f = C + S tan <j>, 

z — {/S^ + 2 cos (2^ — i <50s (4<^ — a)}/2S% 

2-3 significant figures can be obtained by a human computer in 5 minutes 
per point (2 minutes on the boundary). 

3* Jet from a slot. Streamlines and equipotentials for jets from slots 
(Ch. II, §5) were computed in 1950 on IBM machines at the Naval Ord- 
nance Laboratory^. As in the calculations described in §2, only rational 
functions, square roots, logarithms and arc-tangents of real numbers are 
needed. However, various new points had to be realized to get eflSciency. 

Thus, there was a serious loss in significant figures in solving 

r + r' = 2A; h = {Ae'^ + + D) 

* Suggested by B. M. Young [82, p. 128], who used Kennclly’s Complex circular 
and hyperbolic functions, Harvard University Press, 1914. 

5 S. Kaplan, NOL Memo. 10,818, dated June 20, 1950. Br. Harry Polachek helped 
to plan the computations. 
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near the separation points t\'here j' = =1, dhj d'S — 0. Again, except in the 
neighborhood of the slot, it was essential to use asymptotic series (cf. Ch. 
I\’, §3). We used 

s(JT’) = — e”"* /ae'“ — Sv — -iS hi 26 ’ t s ‘“Tt 


(2a; 


+ 



— e~-^ + 
16/S» ^ 


in the jet, when a 0; 

('2b} C.-TP; = -1 + TP - - ie-”' - Ac"®'"- + • • • 

in the jet, if a = 0; and 

t3i z(T]"; = -2(6 -f .S'a) - e""’ + 2CTP - c"' + Ce'^ + • • • 

towards the stagnation point at infinity. 

The computation near the slot required about 100 multiplication times 
per point (7 minutes on the IBM machines then available), to get z{W) 
and ^(W). The asj-niptotic formulas (2)-(3) are clearly better over the rest 
of the flow. Actually, because of their superior ability to use tables, human 
computers would have been more efScient than the older-tjTpe IBM ma- 
chines used ill this problem. However, this would not be true ts-ith more 
modem machines. 


4. Incomplete beta functions. After having gained experience by 
working through the cases discussed in §§2-3, we thought it desirable to 
handle all flows with circular sector hodograph by a unified computation 
scheme. We began by trying to apply the general formulas of Ch. II, 
§§9-10, and considered® the computational problems involved. This line of 
attack had been proposed in [6] . 

Using formulas (29) and (32) of Ch. II, one could easily compute isobars 
and isoclines with the help of tables of B^(t). The computation of tables 
of the B|s(t) would itself be straight-fom'aid. One could first write 

(4) B,{r) = i /C,(r) = ^ (l + YTl ^ ^ 

Clearly C/}(t) = F(l, 0, 0 + 1; t) is a complex hypergeometric function. 
There is no particular difficulty in computing a table of C'^(t) for any one j3, 
rational or not. For example, this might be done in polar coordinates on 

" In collaboration with Profe®or Douglas Hartree, who suggested {5)-(5'). Partial 
tables of the real incomplete beta functions already exist; see K. Pearson, Tables of 
incomplete beta function, Cambridge Univ. Press, 1934. 
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radii r = /r"’, ufsing the real differential equation^; 

(b) f (BCs) = - r . ^ 7 '' T 

dr r [^l r- — 2r cos o 

(50 |.(7G) = '^r_— iCs 

dr r LI + r- — 2r cos o _ 


to compute the real and imaginar}- parts RC^ and IC^ of Here the 

left-hand term of each expression in square brackets is independent of jiS, 
and can be computed once and for all. Starting values for r < 0.2 can be 
conveniently computed by (4). Finally, C^(t) can be computed in the plane, 
knowing its values in the semicircle 0 S ^ 1? 0 g ^ r, by simple trans- 
formation formulas. 

For our purposes, a table containing 100,000 five-place entries (oOOO for 
each jS) would probably be adequate; using the formulas C^(r) = C^*(t*), 
and 


Csir) = /3t-^ 




_sin 


+ 


1 - 



in the upper half-plane, tabulation in the unit senucircle would suffice. 
Modern electronic machines could probably compute such tables (using 
(p)-{o')) in less than one day. However, the prinimg of the tables by such 
a machine would be much slower; a week might be required with machines 
available until recently. 

It would be most convenient to have available tables of the related func- 
tions 


( 6 ) 


-hit) 



r- 
1 - 


dt 




\p = in - l)/n]. 


These could be easily computed while the machine was calculating the 
Thus, with R6thy flows (Ch. II, §7), since by Ch. II, (29'), 

/n(r, ro = = -h'^B^io, t = ^rTK, 

w’e would have, by formula (29) of Ch. II, 

(7) 2 = - J hiS/v) - r2„(ri') + e'-^hie^t) + 

If tabulated on a square grid in the In i plane, then for rational angles 
a and In v one could use the tables without complex interpolation. Such 
tables would provide a very convenient means for determining the geo- 
metrical dimensions associated with given values of the parameters. They 
would also solve very simply the problem of computing constants associated 
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with R6th3' flows. (We omit the formulas expressing Cd , etc., in terms of 
beta functions.) 

5. Parameter problem. Thus, if available, tables of the would 

solve effectively the parameter problem for R4thy flows — and more gen- 
erally, by the Corollary of Theorem 3, Ch. Ill, the same problem for 
^‘simple flows past wedges”. 

To illustrate this, consider the problem of determining the symmetric 
flow past a wedge having slant length I and vertex angle 2tv^ (see Ch. II, 
Fig. 11 a), held in the jet from a nozzle of diameter 2&, at a distance d from 
the orifice. The “solution” (Ch. II, (24)) involves two parameters a and v, 
without saving how they are to be determined! Hence, to solve the flow 
problem, one must be able to express a and v as functions of the geometrical 
data l/b and d/b. 

The only way to do this is to calculate l/b and d/b as functions of a and 
t’, and then to use inverse interpolation to get the inverse functions. Ac- 
cordingly, nomograms for these functions are shox^n in Plates 9-10. We 
know of no practical way to calculate similar nomograms in the case of 
curved barriers^, because z(t) cannot be expressed simply in closed form. 

Because of the unavailability of suitable tables of the incomplete beta 
functions, recourse was taken to the formula of von jMises [62]. Namely, 
we substituted into (7) from formula (30) of Ch. II, which reduces when 
f 1 = 1 to 

(8) /,/.(«) = 2 In (1 - 

it-nO 

Since d = Re{z(l)}, and I = one calculate* the nomograms 

shown in Plates 9-10. 

The labor involved can be considerably reduced by using the Superposi- 
tion Principle of Ch. II, §8. Specifically, it is convenient to write 

+ viM 

= — I. ( — ) + 

V \ n / 

whence it follows that 

d = - HSa)-, 1 = - «)• 

’ The parameter problem for curved barriers vrill be discussed further in §8. 

*The technique described below, and the calculations, are due to Mrs. Eleanor 
Lawry and Dr. Richard Varga. 
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The effective calculation of Irft(u) in (8) is troubled by the necessity of 
specifpng the branch of In (1 — cu) referred to. To illustrate the pains 
that must be taken with this apparently innocuous formula, we display 
the formula which was actually used to calculate Hn*(v), namely, 


= - cot ^/n 4- (i- + 1 '-') In (1 - 


, 2irks / , l\ , /, „i/. 2x7; , s/A 

+ ^ |cos — — ( r + ~ + i j 


( 10 ) 


- / 1 \ . 2irks 

—2 ( r ) sm ‘arctan 

\i’ / r 


1 /. . 2‘irk '' 

V sm • 

r 


. 2^k 

1 — * cos 

r 


+ 


tts cos" •In (1 + 


In (10), m(r) = (r — 2)/2 or (r — l)/2, according as r is even or odd; 
while arctan y = 6 is selected to satisfy “7r/2 < ^ ^ t/2. The formulas 
for Hn(oi) and -fifntCt’) real form are just as complicated. Moreover these 
formulas hold only for r > 2; the case r =* 2 should be based directly on 
( 8 ). 

Clearly, about lOr multiplication times are needed to calculate one 
Iruiu) in this way, and four times as much to calculate d. The Superposi- 
tion Principle, however, greatly reduces the total time when a nomogram 
is calculated. Much greater efficiency could be achieved with tables of the 

B,(n, 


6. Isobars and isoclines. Even if tables of the incomplete beta fimc- 
tion vrere available, the methods of §§4~5 would not be very efficient w^ays 
to calculate flow boundaries or flow interiors — ^i.e., to solve problems (ii) 
and (iii) of §1. This is partly because the number of points involved makes 
the use of high-speed automatic machines advisable, and such machines 
cannot efficiently store and scan a large table of functions. It is also because 
numerical quadrature based on formula (1) of Ch. II is very efficient, if 
simple formulas for dW and f are available. 

In the case of flows with circular sector hodograph, such is the case. If 
the hodograph angle is v/n, then Planck’s variable 

(11) w — n-Ln f 

maps the flow onto the semi-infinite strip 

(11a) iJci) ^0, 0 ^ ^ ir 
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in the cc-plane, and makes coordiiiate lines correspond to isobars and iso- 
eli?ics. Here and 7a? denote Rclo:} and respectively. 

From a:, one gets T = Ks'*'' + S'"””) 

t'l lb i r = cosh Ro} cos 7ci? -f i sinh Ro: sin 7a?, 

which covers the /oarr half-plane. By Theorem o of Ch. Ill, 


( 12 ) 


f r'- ■ - -- d. - ( FM [.vs 3], 

UiT-T,) 


We used formulas (llbj and (12) to compute isobars and isoclines for about 
twenty flows having circular sector hodographs®, on the Mark II Comput- 
ing [Machine at Dahlgren, Virginia. Some of the results are plotted in Plates 
5-7. We shall now describe some of the most important features of the 
method used. 

First, a unified coding was used, which permitted all twenty cases to be 
calculated from a single coding tape. To achieve this, w’e used a basic mesh 
unit of TT/ 144, and tabulated cosh J, cos 17, sinh sin tj over this mesh. 
This made it easy to calculate T and sinh a? at all mesh-points, although it 
somewhat restricted the choice of mesh-length h. (Alternatively, recurrence 
relations could have been used.) 

The path of integration in each ease was chosen with care^*^, and con- 
sisted of a series of ‘‘ribs’^ leading from a central ‘^spine” Jo? == const. 
This ‘*spine” was chosen to avoid the singularities Ti (where z «), so 
as to avoid the accumulation of large absolute errors. Integrating along 
ribs, we used the formula 


(13) ^ = % [^0 + + Fd - (F2 + FJ] 

lo 


for complex numerical quadrature^^. The error was estimated from the 
empirical rule that this formula should give at most 0.1 % relative error, if 
the nearest singularity w^as at a distance bh or more^. — ^Alternatively, we 
could have taken care of our simple singularities (case of distinct Tj) by 


» The project was made possible by the collaboration of Lt. J. C. Aller, who made 
up the tapes and kept us informed regarding the limitations of the Mark II, and by 
Professor Douglas Hartree, who suggested various simplifications and alternative 
numerical procedures. 

The approximate integral is not independent of the path, though the exact in- 
tegral is! 

“ G. Birkhoff and D. M. Young, Jr., J. math. phys. MIT 29 (1950), 217-21. A special 
‘^column-changing tape** was used to pass from one rib to the next. 

“ A numerical check on the error was made, by calculating the “residual” of the 
harmonic function F(«), and the effect of integrating around each unit square. 
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fonnulas like 


2 = " c, In (r - T,)- J dT. 

But this would have complicated the coding, by requiring special formulas 
when Ti = To or Ti = = T:j . 

The procedure followed (Nearly requires about five complex multiplica- 
tion times, or twenty real multiplication times, to calculate each F(cc). 
This is about 80% of the total work, and took about 45 seconds per inte- 
grand point^'". We estimate that if the problem were done by human com- 
puters it would take 30-40 minutes per point. Thus the ilark II proved 
about five times as economical as a human computer for the problem con- 
sidered, if the effort of preparing the problem is neglected or charged to 
experience. 

Had we wished to determine only the location of the free boundaries, 
and the pressure distribution on the fixed boundaries, desk machines would 
have been adequate. Such computations were actually performed, and 
supplemented by crude graphical conformal mapping (see §10j in the 
interior, to predict which choice of mesh points would give the most inter- 
esting results^^. However, our study of the interior of the flow” multiplied 
the complexity of each algebraic operation by about four, the number of 
points to be computed by about ten, and made it more economical to use 
a large-scale computing machine. 

7, Related methods. The methods described in §§2-6 solve effectively 
several flow” problems involving circular sector hodographs; thus they 
parallel the analysis of Ch. II and part of that of Ch. III. The methods have 
other analogs w”hich seem worth mentioning, because w”e considered them 
carefully, even though we did not actually calculate with them. 

We considered carefully' the problem of calculating, on a high-speed ma- 
chine, streamlines and equipotentials of flows having circular sector hodo- 
graphs. Because of the irregular distribution of W(f), it seems advisable to 
use W as an independent variable, instead of trying to use inverse interpo- 
lation in TF(f) or TF(a)), One can compute TCTT) by integrating an ordinary 
differential equation of the form 

(14) dT/dW - J1(T ~ n)/n(r - Ai)(T - Ai*)(T - 5y), 

using formula (5) of Ch. III. In the case of flow's with circular sector hodo- 
graphs, the denominator disappears; hence (14) becomes everyvehere regu- 

As in the case of the Mark I, the original estimate (though intended conserva- 
tively) was only 50-70% as much. 

The work was done by Dr. Samual Kneale and Mrs. Lawry. 
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lar. Otherwise, care must be taken to avoid stagnation points, and to refine 
the mesh when near them. 

For any T, one can find f(r) by the sequence of formulas 
(15^^ ^ + r' = -27, 

do') r - 

using formula (18) of Ch. III. Thus one might solve (15) by the method 
of §2, and use Newton^s series for (1 + ^0^^” to obtain successive solutions 
of (15')- One could then get z by the complex numerical quadrature formula 

(13), using 2 = A- ^ dW. Although some accuracy would be lost near sepa- 
ration points, refinement of the mesh there should give all the accuracy 
required. 

Two plates. We also considered the construction of a unified coding for 
calculating the interior of flows past two plates, such as were considered 
in Ch, V. 

The formulas of Ch. Y, §1, suggest a general procedure, in which TF is 
chosen as the independent variable; this choice would give a net of stream- 
lines and eqnipoteniials. One could calculate T{W) by (14), One could then 
calculate t{T) by formula (3) of Ch. V, 

(16) t = j rfr/V(l - 3^)(l - ¥T^), 

which could also be replaced by the formula 

(160 d-T/dC' + a + k‘ - 2k‘T^)T = 0. 

Formiila (160 could be integrated very accurately*®; it would however have 
the disadvantage, as compared with (16), of not giving a net of streamlines 
and equipotentials. - 

Using formula (6) of Ch. V, one could then calculate w = / Ri{T) dt, and 

Alternatively, one could calculate from 

(17) d(r^)/dt = ir^RiiT). 

Finally, one could get z = dW, using (13). 

We did not, however, actually carry through the procedure just sketched. 
This was partly because equations ^4), (16) and (17) involved so many 
parameters in all, that we thou^t the ‘parameter problem should be solved 
first. For the parameter problem, the closed analytical formulas of Ch. V 
appear more efiScient than the numerical method outiined above. 

*'D. Hartree, Numerical analysis, Oxford, 1952, $7.2. 
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Also, we thought that the case of cairved barriers was more chaliengiiig 
than that of polygonal barriers, and concentrated our attention un it. 

8, Curved barriers. In Ch. VII, we have discussed the existence and 
uniqueness of ideal plane flows past curved barriers, and of solutions to the 
corresponding integral equations of Ch. We shall now discuss 

the effective approximate solution of these integral equations, from both 
theoretical and practical points of view. 

Following Brodetsky, we used polynomial approximations to the Levi- 
Chita function Q(f), of the form 

(18) Q(t) = ao + + • • • + ant'" [all Oi real] 

(cf. Ch. Yl, (8)). For any such approximation, we replaced the integral 
equation (16) of Ch. with discrete equations of the form 

(19) [/: - 1, • • - , ri]; 
where 

(190 ^ sin Ac, ^ = JX = 2 Qh cos Ao-, and 

r = DX = S Qa sin A<r. 

(Cf. (14b)~(14c) of Ch, ^T.) Equations (19) are satisfied if and only if the 
flow defined by (cf. Theorem 1 of Ch. ^T) satisfies k K{d) at the 
points 3?(<rib); thus our approximate solutions correspond to polynomial in- 
terpolation, Specifically, we let 

(20a) o-jfc = {2k - l)7r/272 

or 

(20b) (Tk = fc7r/n, 

so that we used equally spaced interpolation, 

One of us has proved elsew’here [91] that, if (16) has a unique solution, 
then the solutions of the sequence of “discretized*’ equations (19) converge 
to this exact solution as -^cc ; space does not permit including a proof 
here^**. This leaves us with the problem of sohing systems of the form (19). 

The corresponding result for trigonometric interpolation is classic (D, Jackson, 
‘‘Theory of approximation’% New York, 1930, p. 123). The use of trigonometric inter- 
polation, and the idea of using (19) are due to S. Brodetsky. See [8, 9], Proc. Edin- 
burgh math. soc. 41 (1923), 58-62, and Proc. sec. int. congr. appl. mech. Zurich (1926), 
527-31. Also, L. Rosenhead, Proc. roy, soc. 117 (1928), 417-^. Iteration was tried in 
the ogival case, by the authors listed in ftnt. 4, Ch. VII. The Villat integral equation 
(Ch. VI, (15)) has been treated by S. M. Rapoport, Ukr. mat. zh. 2 (1950)), 107-17; 
see J. Kravtchenko, Ann. de ITnst. Fourier 3 (1952), 287-99. See also P. P. Kufarev, 
Prikl. mat. mekh. 16 (1952), 589-98. 
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We did this by regarding the as unknown constants, from which 
the efo-i-; and r(cr;.i can be e.xpres.sed as 

= t, Ji? X(<ri), = i: 

2=1 2=1 

where the matrices J " , D "" depend on n only. 

For small 3/, this system can l>e solved by direct iteration. In fact, the 
argument of Ch. MI, §2, applies, and shows that the convergence is like 
that of a geometric series. 

For larger 3/, howe^’or, direct iteration proves to be no longer con- 
vergent. We therefore had to devise a more subtle procedure. Our idea for 
doing this was suggested by observing that, in the ogival dase if ^ 1, the 
operator 

(21) S[X] = 

is aniiione; more generally, this is true for symmetric flows if K(6) is an in- 
creasing function. This suggests using averaged iteration, with respect to a 
"‘weight factor” e; i.e., it suggests iterating 

f21') S,[X] = (1 - + €S[X]. 

This scheme proved successful in almost all cases; a more detailed discus- 
sion has appeared else'where^*. Typical numerical results have already been 
presented in Ch, VI. 

However, this procedure for solving (19) did not seem adequate to us, 
because it failed to face squarely the 'parameter problem, w^hich is perhaps 
the most important problem of all. As a first step tow^ards solving this 
difficult problem, we therefore tried a scheme w’hich corresponds roughly 
to Jacob's Lemma (Ch. MI, §5), and is based on the observation that, in 
many cases, parameters are monotone functions ofM, 

"ttlien this is the case, one can ‘"hunt” for the correct value of 3f w^hile 
iterating (21) or (21'). The method consists in choosing a small positive 
constant c, and replacing the simple iterative scheme (21') by the more 
elaborate recursive scheme 

(22a) + (1 - e)X‘"’ 

(22b) + ce(Mr - Mr), 

where Mr = S'(S[x‘’'^]) is defined so that the pair (Mr , SIX^'’]) would satisfy 
some side condition (e.g., any of conditions (17), (19c), (28") or (32') in 
Ch. VI). 

” G. BirkhofT, H. H. Goldstine, and E. H. Zarantonello, Rend. Sem. Mat. Torino 
13 ( 1954 ), 206 - 23 . 
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As our experience with this scheme, and the scheme itself, have been re- 
ported fully elsewhere^*, we will not enter into further details here. 

9. Theoretical discussion. Instead, we will justify the use of averaged 
iteration in §8, by proving that it converges for small enough €. This will 
provide a constructive existence theorem for many kinds of flows with free 
boundaries; hence §9 may be regarded as a continuation of Ch. \TI. We 
are convinced of the importance both of such constructive existence the- 
orems, and of rigorous justifications of numerical methods. 

We shall consider convergence of averaged iteration as defined by {21M, 
for fixed J/; thus we shall not consider the parameter problem. We shall 
also consider only ogives, for which if = 1. The discussion will be phrased 
for the continuous case of Ch. VI, (16); however it will apply (in slightly 
simplified form, because of finite-dimensionality) to the discretized system 
(19) as well [91]. 

Theorem. For every- positive e in the inten-al 0 < € < 2/fl + max v), 
the averaged iterates = S«”[Xo]of a continuous function Xo(<r), 0 ^ Xo(o-) 
g j'(cr), converge uniformly to a solution of X = 

The proof vdll be based on the following lemma: 

Lemm.\ 1. Let w be a non-negative bounded function. Then, for every- 
square integrable function x and every €, 0 < € < 1, we have 

(23) ( — + (1 — €)x, D(— €wDa* + (1 — g 
where 

f 1 — 6 for 0 < 6 g 2/(max a? + 2) 

(24) 7(w) = \ 

[e max + € — 1 for 2/(max co + 2) g e < 1. 

Proof, Let us consider the operator obtained by first 

multiplying by the function Vw? then applying the operator D and finally 
multipljring by Vw again. It is an integral operator wit h the non-neg ative , 
symmetric and square integrable kernel D„(s, i) = y/c^D(s, i)y/(^{t). 
Like D, Dtc is non-negative definite, for (D^^r, x) = (D V^j ^ 0. 

Hence^^ has at most a countable sequence of eigenfunctions <pk{t\ w) and 
eigenvalues c*(aj); the eigenvalues are all non-negative and the largest of 
them, Ci(w), is precisely given by 

(25) ci(a>) = Lu.b.oc,x)«i f f D(,s, t)-\/u(s)\^a)(t)xis)x(t) ds dt. 

Jo Jo 

X 

Parentheses indicate scalar products: (r, y) “ / x(<r)y(<r) da. See [91, Theorem 

Jo 

2], for further details. 

Cf. P. Hamel, Iniegralgletchungen, Berlin, Springer, 1937, p, 68. 
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It is clear that, since D(s, t\ is non-negative, the l.u.b. is attained by some 
^ 0, and so ci(w) increases with w. In particular, replacing w by its maxi- 
mum and recalling that the largest eigenvalue Cif 1 ) of D is 1, we get : ci(a’) ^ 
max ccCiQ) = max w. 

Any square integrable function y can be uniquely developed in a series of 
eigenfunctions of D«, as follows 

X 

(26) y — ^ cik4>k + 2/1 , 

k^i 

where {yi , ^u) = 0 for /: = 1, 2, • • • . An easy computation jdelds 
(-€D«2/ + (1 - €)2/, + (1 - ^)y)) 

(27) 

= £ ( — ec* + 1 — tfckOLky 
h^l 

X 

(28) (y, D»y) = 2 <^kOLk, 

and since Ck ^ 0, a simple comparison of (27) and (28) gives 

+ (1 - e)U, D„(- + (1 - t)y) f 

g l.u.b.* ! -«c* + 1 -€ i (j/, 

Setting y = and observing that l.u.b. j—eCA + 1 — 

max {eci + € — 1, 1 — ^ 7 (co), one obtains (23). 

Proof of Theorem, Since S transforms non-negative functions into non- 
negative functions less than or equal to v, 0 ^ \k(<r) ^ p((r) for all k. The 
difference 5n-i-i = Xn+i — Xn between two consecutive iterates can be t\Titten 
as 

Sn+l = — €a)„D5n + (1 — €)8n , 

where 

e""- - 

Wn —P : , r„ = DX„ . 

■“■rn *T* ‘Tfi— 1 

Hence, by Lemma 1, 

(30) (5„+i , D3„+i)* g 7(««)(S» , D«„)^ 

But 0 g w„ ^ V, and since 7 ( 0 ?) increases with cj, y(o)n) ^ y(p)- Moreover, 
if € is restricted to the interval described in the statement of the Theorem, 
then, according to the definition (24) of 7 , 7 ( 1 ^) < 1. 

Iterating (30), we get 

(31) (Sn . D5„)* ^ r(«i)7(«2) • • • 7(«»-i)(«i , Dfii)* g , DS,)K 



OTHER METHODS 


219 


Since D is positive definite (Ch. VII, §5, Lemma 1), (x, DA"/ satisfies the 
triangle inequality, and if < n 

(X„ - , D(X„ - X„))^ = ( Z , D Z 0 ,)' 

\i—in+l iarm+l / 

^ Z (5. , D5i)^ g (ai , DSjy Z 7 *"^ = 

A=^l 1—7 

which shows that {X„} is a Cauchy sequence under the metric (.r, D.rj^ 
From this, we shall derive the uniform convergence of X„ . By Lemma 1 of 
Ch. A"II, §5, the uniform boundedness of X^ implies that rn = DX^, and so 
/in = are equicontinuous functions. Therefore, for any e > 0, there is 
an rj(e) > 0 such that ; «r' — a" 1 < i? implies jUnCO “ ; < € for 

all n. If in addition 7j(e) is chosen so that J cr' — cr" ’ < implies Xofo-') — 
\o((r:) \ < €, then it also implies : Xn(0 — Xn(fr"j ' < e for w == 0 , 1 • • • . 
In fact, the last inequality is true for n = 0, and from 

1 XnCo-') — Xnfo-") ; g € I /in(<r') — ) ] + (1 — e) J X„^i(o-') — X„-i((r'0 j 

it follows, by induction, for ever>" n. Hence the X„ are equicontinuous and, 
since they are uniformly bounded, a uniformly" convergent subsequence can 
be extracted from everj" infinite subset [18, vol. 1, p, 49]. But, because of 
(32), all limit functions thus obtained are at zero distance apart in the metric 
(x, Dx)^ and, since they are continuous, they are identical. Ha\ing a unique 
limit function, the sequence Xn is itself uniformly convergent to a con- 
tinuous function X, and SX = €~^(S«X — (1 — €)X) = lirnn.^aoc^^CSAn — 
(1 — e)X7i) = limn.*3ce (Xn+l — (1 — e)Xn) = X, Q.E.D. 


10. Other methods. Other methods have been applied to solve free 
boundary problems; they are mostly methods for solving the Laplace 
equation == 0 approximately in general regions either b^' analogy in 
an electrolytic tank or resistance network, graphically" by constructing a con- 
formal net, or numerically by relaxatum. 

Since small variations in the velocity \VU \ along the free boundary" cor- 
respond to considerable changes in its position, gradients must be accurate 
to at least two significant figures if methods such as those mentioned above 
are to be satisfactory". This requirement of precision seems to limit the role 


Vi^dge 


^=1 

— 


Fig. 1. 
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of graphical conformal mapping to that of getting a first approximation to 
the flow. 

Again, the fact that curved free boundaries are involved makes it awk- 
ward to appro.ximate to the condition v'U = 0 near the boundarj', by 
resistance networks. The corresponding treatment of irregular stars in re- 
laxation solutions is annoying if one tries to code the problem for a high- 
speed computing machine, but not a serious problem for a skilled hand 
computer"\ 

The electronic tank method is also quite adequate in skilled hands, at 
least for problems invohing ideal plane flows. However, one should be 
cautioned against trying to develop this specialized apparatus to the neces- 
saiy degree of perfection just to solve a few free boundary problems. (Fixed 
boundary’ problems are much easier.j 

In summan', both relaxation methods and a high-precision electrolytic 
tank are effective methods for sohnng free boundary’ problems. They have 
the great advantage over anaMical methods (Chs. II-VI) that the parame- 
ter problem is eliminated at the start. They’ are especially’ well adapted to 
flows in narrow channels, but because of the large effect of distant fixed walls 
on free boundaries, they are not well adapted to the approximate solution 
of flow problems in infinite space (which, moreover, usually’ involve fewer 
parameters, and so are easier to solve analytically'). 

They’ can also be applied to problems invoMng axial sy’mmetry (cf. Ch. 
X, §§7-9), gravity’ (cf. Ch. VIII, §10) and surface tension; relaxation 
methods can even be adapted in principle to flows with free streamlines in- 
voh’ing \iscosity and compressibility’. However, the adjustment of the free 
boundary so as to satisfy the condition | VC | = const, must be done by 
trial and error, squeezing the flow in where j VC | is too small, and letting 
the boundary’ out where it is too large. Although this method can be jus- 
tified qualitatively by using the variational principle of Riabouchinsky 
(Ch. IV, (38)), it seems hard to find a systematic quantitative procedure. 

In Fig. 1, there is shown one free streamline of a flow past a 90° wedge in 
a channel, computed appro-ximately by these two methods^. The two com- 
putations gave results which coincided within a line thickness, on the scale 
shown. “When applied to axially symmetric flows past a disc, however, the 
agreement was less good (Ch. X, Fig. 8). 

See R. V. Southwell, “Relaxation methods in theoretical physics”, 0.xford, 1946, 
for “irregular stars”. For applications, see ibid., pp.,212-26, and [78]. 

** One by Miss G. Vaisey; the other by P. Marchet, Problfeme D359A, Institut 
Blaise Pascal, C.N.R.S. (Paris), 1949. For other flows obtained with an electrolytic 
tank, see Abdel-Hati Abul-Fetouh, Ph.D. Thesis, Iowa State University, 1949. 
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AXIALLY SYMMETRIC FLOWS 


1. Typical problems. The present chapter will be concerned with 
steady, axially symmetric flows with free boundaries, under conditions 
where the effects of compressibility, Wscosity and turbulence are small. 
Except in §10, the effects of gravitj' will be neglected also. 

The subject matter may be divided into two roughly equal halves. The 
first half (§§2~6) will concern mathematical deductions from 'potential 
theory, whose physical applicability under the conditions specified above 
has already been discussed in Ch. I, §7. Unfortunately, the complex vari- 
able technique which was applied in Chs. II~VH has no effective analog in 
the axially symmetric case, and exact anal 3 iical techniques have so far 
yielded little information of physical interest^ Approximate analytical 
techniques have proved more useful (see §§3, 6). 

In fact, the most useful information has come from a comparison of ap- 
proximate theoretical results \rith experimental data. These comparisons 
are presented in §§7~10, for the various special t 3 T>es of flow which have 
recevied the most attention. We shall now enumerate these types of flow, 
in order to give a clearer idea of the scope of this chapter. 

One of the oldest hydraulic problems is the determination of the discharge 
rate and contraction coeflScient from a conical orifice. The cases of a circu- 
lar orifice in a flat plate (Fig. la) and of a circular Borda tube (Fig. lb) are 
of particular interest. Such flows are studied in detail in §7. 



Next may be mentioned the normal impact of a circular jet on a flat 
plate, disc, or cup. The mathematical analysis of flows of this type is im- 

1 For special flows obtained analj-tically, see the references of ftnt. 27, Ch. IV, §9; 
also, P. R. Garabedian, von Mises Anniversary Volume, Academic Press, 1954, 149-59. 
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portant for the understanding of the action of Pelton wheels^ and will be 
given in §S. 

An interesting military application of axially symmetric flows with free 
boundaries is furnished by shaped charges with conical liners (Ch. I, §10). 
In a moving reference frame, the liner flow is the reverse of the flow pro- 
duced by two impinging coaxial circular jets (see Fig. 2), which is also dis- 
cussed in §8. 

Again, the (‘avity flow past a disc, sphere, or other surface of revolution, 
is important for the underwater ballistics of air-launched missiles. Axiall^^ 
S3"minetric cavit\’ flows are treated in §9. 

Finalh’, manj” important axially s\'mmetric flows swirl about a hollow 
vortex extending along the axis of s^mimetr^". Such hollow vortices occur in 
the tip cavitation of propellers, in w’hirlpools, and in other applications; 
swirling flows about them will be considered in §10. 

2. Poteatial theory. In Gh. I, §9, the concept of an (ideal) steady, 
swirl-free flow with free boundaries has already been defined mathemati- 
cally. Such a flow has a velocity potential V = L"(x) satisfying V^C/ = 0, 
is tangential to all solid "‘fixed” boundaries, and satisfies = const, 

on each “free” boundary. 

In the axially symmetric ease, using cylindrical coordinates (a;, r), 
= 0 is equivalent to [50, p. 126] 

(la) d^yax^ -j- dXyer + r^au/dr = o, 
or to the existence of a "‘stream function” F(a;, r) satisfying 

(lb) anyax^ + a^v/ar^ - r^av/ar = o. 

The axial and radial velocity components satisfy 

u “ dU/ax = v — aUldr — —r~^dV/dz, 

respectively. 

Straight circular jets, with u = c,v = 0^ U — cx, V = —cr^/2 seem to 

* See A. H. Gibson, Hydraulics, Arts. 125-28; H. Addison, Applied hydraulics, 
§§105-S, 103. 
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be about the only interesting sAvirl-free, axially symmetric flows with free 
boundaries, whose velocity-field have l'>een explicitly described in the large 
by known mathematical functioIls^ Htaice the specific anahi:ical formulas 
of Chs. II-III and V have no analogs in the axially sjTnmetric case. 

However, many of the general theorems of Chs. IV and VII are appli- 
cable to axially symmetric flows. Thus, this is true of certain convexity 
principles (Ch. IV, Thms. 12-13\ Riabouchinsky’s variational principle 
(Ch. IV, Thm. 14), the comparison and uniqueness theorems of Gilbarg 
and Serrin (Ch. IV, §§12-14), and the existence theorems of Garabedian- 
Lewy-Schiffer (Ch. MI, §§10-11). 

In addition, mechanical conservatioii laivs of mass, momentum, and energy 
are of course applicable to axially SAmmetric as well as to plane flows. Thus 
we have seen (Ch. I, §10 ) that the contraction coeflicient of a circular Borda 
tube is Ce — 0.5. Also, that the velocities and mass-ratio of the jet and 
‘^slug’^ produced by a collapsing cone fFig. 2) can be predicted, as can the 
rate of penetration of one liquid by a jet of another liquid. 

Again, a somewhat more refined asymptotic potential-theoretic analysis 
shows^ that, in the case of an axially symmetric ca\dty flow with reentrant 
jet and cavitation number Q, we have 

(2) Cb = 2[1 + Q + ^TTQ]A*/A, 


where A* is the jet cross-section, and A the obstacle cross-section. 

Relaxation inethods. Using difference equation approximations to (la)- 
(lb), Southwell and Vaisey [78] have determined appro.ximately various 
important axially symmetric flows with free boundaries, by ^‘relaxation 
methods’’ described in Ch. IX, §10. We w’ould like to mention a modifica- 
tion of this approach, worked out in collaboration with David Young and 
Richard Varga, which avoids “irregular stars”. 

Xamely, if U, V are used as indepedent variables, and / = as depend- 
ent variable, then (la)-(lb) are equivalent^ to the single equation 


( 3 ) 


± A -n ^ 
dU\fdUj~^dV^ 


= 0 , 


or to the pair of equations 

(4) df/dV = 2dx/dU, 2fdz/dV - -dJ/dU. 

If the system (4) is used, then a staggered mesh is recommended, involving 
/ and X at alternate points; moreover, the boundary conditions must satisfy 

* G. Birkhoff, Rev. Ciencias Lima 50 (1948), 105-116. 

< L. C. Woods, QJMAM 4 (1951), 358-70. 
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the difference analogs of the compatibility conditions 

(o) ^ (/ dU -f 2a: dT') = 0, ^ (2ar dU - Inf dV) = 0. 

The singularity on the axis / = 0 is troublesome. 

3. Axial source distributions. Various authors' have successfully ap- 
proximated potential flows about airship forms having given analytical 
fixed boundaries, by superposing axial source-siok distributions on uniform 
flow parallel to the axis of sraimetry. Such flows are called “Rankine flows” 
[61, §15.27]. The same method has been applied to approximate cavity flows. 

Thus Bauer® proposed regarding the flow past a source in a uniform 
stream — ^i.e., so-called "‘half-body” flow [61, §15.23], — as an approximation 
to the infinite cavity flow past a mo^ung sphere (see §10). In Anew of Levin- 
son’s asjTnptotic theorj' (§5), a better approximation is however furnished 
by the flow past a half-line of sources -nith constant density on the positive 
a:-axis. This is knoism to correspond to a paraboloidal cavity [61, §15.58]. 
From the known formulas for a single source at (0, 0), 

(6) U = I/a/ X- -h r®, F = x/-\/ x* -1- r® = cos 6, 
one calculates, as an improper integral, the stream function 

(7) F = — m (x -f ■\/a^ r-) 

for a half-line of sources in a uniform stream. Moreover, after transposing 
•v/ar® -f r“, squaring both sides, and cancelling, we see that 

(7') F = 0 on the paraboloid r* = 4m(x -f m). 

From the preceding representation, some idea can be had of the velocity 
field surrounding a missile in high-speed cavity motion. The axial and radial 
velocity components are 

(7"\ 15F . m 13F m . mx 

^ r dr "v/a:* + r® ’ ^ r dx r r-v/xi® + r*’ 

From (7"), the pressure coeflElcient can be calculated by Bernoulli’s equa- 
tion, using Levinson’s equation (12') and (7'), which give D = 2irpm“ 
when » = 1, to estimate the source intensity from the drag D. 

Similarly, the velocity field induced by a movii^ prolate spheroid is 
known^ to be that of a source distribution between the foci (±/, 0) with 

* W. J. RanMne, PMl. Trans. A161 (1871), 267-304; G. Fulxrmaim, Jahrb. Motor- 
luftschiffahrt Ges. (1911-12) ; Th. von Karman, NACA TM574 (1930). 

» Ann. der Physik 82 (1927), 1014-16; see [72, p. 981. 

1 M. Munk [20 vol. 1, pp. 284-5]. 
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density m(^) - — a$ varjTng linearly. Since long ca\'ities are nearly spheroi- 
dal (see §6), superposition of this distribution on a uniform stream gives 
an approximate representation of the flow around a long Jin cavity, as a 
''Rankine flow’’. 

Unfortunately, axial source-sink distributions cannot be used to give an 
exact description of any complete flow with free boundaries. For, let T"(ar, r) 
be the stream function of any Rankine flow, so that^ 


( 8 ) 


r) = 




/ 


X — 


Vix — 4- r- 




Then [44, p. 139], VU-VU = r”'rT''*VT'' is an analytic function of (x, r), 
and hence of (U, T"), except on the axis itself. Suppose also that a section 
of the bounding streamline T" = 0 were '‘free”, so that VU* there. 

Then, by the anal>i:icity of VU- VU, we would have 


(8*) V L-VU = fc- + lci(U)V -f hiUW' + - • 


on this section. By analytical^ (harmonic) continuation, (8*) would hold all 
along the bounding streamline, w?*ence VU-VU = > 0 on the nose of 

the Rankine body. Therefore no ^‘‘Rankine can he a cavity flow. For 
mstance, a Rankine flow could not have a weak singularity at the separa- 
tion point (cf. Ch. IV, §7). 


4. Source and vortex rings. However, it is classic [44, p. 219] that any 
harmonic function is the potential of a suitable distribution of sources and 
dipoles (single and double layer) on the boimdary — and even [44, Ch. XI] 
of either alone. In the plane and axially symmetric case, representations by 
vortex layers (sheets) are also well known. 

Further, any axially symmetric source distribution is e\idently a super- 
position of source rings. The potential of a single ring of sources on x = 0, 
r = a is clearly^ 


(9a) 


U(x, r) = I d6/{j3^ + r® + — 2ar cos 5)* 

Jo 


1 r 2d4> 
ri Jo "v/ 1 — fc® cos® (i> 


= - K(k) 
ri 


where ri — + (r + afl, <^ = 6/2, — ^ar/ri, and KQz) is the complete 


® [50, p. 127]. The integral in (8) is a Stieltjes integral, for a source density dm/d^ — 
n(9 on the ar-axis, in a uniform stream of velocity c, 

® For harmonic continuation, see W. J. Sternberg and J. L. Smith, “The theory of 
potential and spherical harmonics^’, Toronto, 1944, p. 220. 

See [44, p. 59], or M. A. Sadowsky and E. Sternberg, Quar. appL math. 8 (1950) 
113-26, esp. §3. 
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elliptic integral of the first kind. The associated velocity components are“ 

(9b) u = ■ixEMrt, V = i2/rir)(K + (r' — «* — <^)E/ri), 

where ri = + (r - af, and E is the complete elliptic integral of the 

second kind. The potentials of rings of axial and radial dipoles are given 
by gimilar formulas. The stream function of a source ring is multiple-valued, 
and has a more complicated expression"* involving the Jacobi zeta function. 

Similarly, any axially symmetric vortex distribution is a superposition 
of vortex rings. The stream function of a vortex ring is** 

(10a) V = (n* 4- r,*)(Z/2n) - r^E 

from which the velocity components can be calculated as 


(10b) 

« « — [ if + (a* — a?* 
n 

- r*)(^/r**)] 

(10c) 

f) SS3 — 5 [if (a* + 

TTi 

+ r*)(E/r,^] 


The velocity potential U = U(x,r)]s multiple-valued, and the expression 
for it is very like® that for the stream function of a source ring. 

5. Integral equation approaches. Using the formulas of §4, one can 
eixpiess axially symmetric free boundary problems as integral equation 
problems involving functions of one real variable, in several ways. We 
consider fiirst infinity cavity problems, for which ^ = 17 — a; is a convenient 
function to consider, because V<i> dies out at mfimty. 

For a given triol free boundary S co (isee Mg. 3), one can take the density 
o'(x) of the source dislanfauti(Hi on <» 'S'OS defining ^ as the untnowiifiinc- 

tion. Then the condition that dU/Bn = 0 on OS^o reduces to a fcnown^ 
SVedhoim integral eqpB&m involving <r(x)- A sindlar remark applies if a 

✓ I ■ — 

d^le distributiiHi or vrartei distiibtition on »'8'0S<» is taken as the un- 

H Sadomdor-StwabHs, op- rf*. «» ftnt. 10, «• £60, p. 237, (9)]. The foimulas are 
cloe to KdviB (ISM) and XSaxvaS. See also 4- Wemstein, Qou. appl. math. 6 (1948), 
40SM4f A. va« Tnyl, ibid. 7 OUKO),- 3OM0O. By the Biot-Savait Theorem, the 
field IB that of a mufonm dise ot docdileta. 

»Sae £4(, Cb.;XI], or L. landweber, 1)TMB rtp. 781, 1061 (seoemd methodj. 
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known function. One can then test for the “free boundaiy” condition 

VU‘VU = 1 on aSoc , and hope to locate the correct free boundary approxi- 
mately, after a succession of trials. 

A variant would be to hope that a source distribution on S'OS and the 
circular cylinder r = r(S) would suffice to generate <t>. For any such distri- 
bution, one could locate the streamline through S, and try to match the 

conditions dU/dn = 0 on 05°=, and VCI-VD' = 1 on jSoo. 

A still more reasonable procedure” is to assume trial values 4) ~ f(s) 

along S'OS, and a plausible shape r = d:g(s) for the free boundary. For 
given f(s) and g(,s), 4> and d4>/dn are determined on the entire boundary 

y .r .. . 

as follows. Since dU/Bn = 0, B<f>/dn — --BxiBn on the entire 

boundary. On OS, 4> = f(s) by hypothesis. On S oo , if s denotes arc-length 
measured from S, U = s + const., whence 4 = (s — x) + <j>(_S) -f x{S). 

The values of 4> on 05 ' =0 axe found by symmetry: ^{x, r) = <t>(x, — r). 
Substituting the values of d<j>/dn and 4> so found in Green’s Third Identity 
[44, p. 219], we get, in the interior of the flow 

(11) ^(x, r) = J Ui(x, r; x', r) ds' - j <^C/*(x, r; x', r') ds', 

where Ui is the potential (cf. (9a)) of a source ring at (x', r'), and £7* that 

of a dipole ring at (x', r') normal to 05to, both suitably normalized. 

It is plausible that, if (11) converges to the assumed <t> as the boundary 
is approached, then U — 4 + x has the properties asked for. In fact, 
VU ■ VU = 1 is immediate, but dUldn = 0 is not so obvious. In any case, 
the condition that (11) converge to the assumed 4 as the boundaiy is ap- 
proached is necessary. 

Using this fact, Levinson” [55] was able to determine the asymptotic 
sftape of an axially symmetric cavity with Q = 0. Making rather mild 
“Tauberian” assumptions about the regularity of the asymptotic cavity 
shape, Levinson showed that, as x — »■ « , we have 

(12) r(x) = ((a^/ln*x)[l — (ln(ln x))/(8 In x) 0 (l/In x)]. 

The dr^ is, moreover, given by 

(12') Z> = xp t^cVS. 

More predsely, xr'(x)/r(x) = k + o(x) is only possible fork = which 
» 'Biiet a^ipU»d. by B. TteBts (Zeits. math. jifayiB. 6t (1916), 34-61) to the jet from 

mai. idib&IijII (11^7), F. Sdbeid, Am. J. 

Mft^. 72 iwm)i 48^1- For the plvob analog, ae© Oi, 17, 
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gives the exponent | in (12). And xr'{x)/r(x) = k + 0(l/ln a:) is only 
possible if (12) holds. Fomaula (12') can also be derived heuristically 
from an asymptotic computation of the kinetic energy per unit x for the 
flow around the paraboloid r® = c~x, which is due to a half-line of sources 
behind the focus. 

6. Approximate methods. At the present time, the practical analysis 
of cavity flows is based on less refined considerations. Some important re- 
sults follow from conservation laws (see Ch. I, §§10-11); these have been 
summarized in §2. Others follow from non-rigorous, approximate considera- 
tions. 

Thus, one can reach the conclusion that finite axially symmetric cavities 
are roughly ellipsoidal, by extending'* the approximate analysis of Ch. I, 
§11. One again assumes that the flow and energy transfer are dominantly 
radial. Taken literally, this assumption would make the (radial) velocity 
r = od/r, where a{x, t) is the cavity radius. Hence the kinetic energy per 

rao 

unit length would be infinite: wpaV / r dr// = -{- oo . To avoid this paradox 



Axis Of 
symmetry 


J roo 

' by / (see Kg. 4); this makes the energy density wpaV 

a 

Log n. As long as » is assumed to vary in the range (say) 10-20 or 15-30, 
Log n can be treated as a constant. (This would not be true in the plane.) 

We now make the further assumption that this kinetie enei^ and the 
(hydrostatic) potential energy r{p„ — pc)a* both come from the work 
done by the missile against the drag D. This pves the energy equation 

i wpoV Log n -f - pc)a* = D. 

“ The aigomeot was oonoooted in 1945 by L. Loomis and G. Birich(£, but not pub- 
liahed; H. Mnozner and H. Roiohardt roadbed the sazae coindusion empirioally in 
im (UM No. 6616). In this connecytaon, see lOso M- P- TiOin, imSB Rep. 834 (1963). 
It seezxM likely that TaBn’s method can be adapted to treat axially symmetric fio'ws. 
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Writing d ^ v da/dx and simplif:>dng, we get 

(13) (da/dxf Log n + Q = {aJafCj> , 

where a» is the missile radius. Or 


(130 


ada dx 

^/CdoJ^ — Qa^ VLog n ’ 


Integrating and squaring both sides, we deduce an ellipsoidal cavity whose 
axes are in the ratio 2AmfL = (Q/Log n) where Amis the cavity width 
and L the length. Experimentally, Am/L seems to grow more like Q than 
like as is shown in the accompanyiag Fig. 5.“ 



To a better approximation, one may suppose that n is proportional to 
L/Am^ This has a minor effect on the preceding calculations, but com- 
pletely alters the results obtained by similar methods in jiUme flow. 

7. Jets from oomcal orifices. The most thmou^y studied axially 
j^ymzmtric flow is probably the jet ftcm a sharp-edged cixctilar hole in a 
flat wan (^. la, §1). Tl^ oontracticHi and disdiacge ooefficientB for this 
flow have been of int^est for centuries. 

IE the effects ei visoosity, surface and gravity are minimised, and 

Copied from Mg. 18 of H. Beiokardt [67a}. As 0, tiie dlipsoidal cavities of 
fiat. 7 approach the piml>oM cavity'of (7). 
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the hole is sharp-edged, one measures^^ a contraction eoeflScient Cc of about 
0.61, as in the analogous case (Ch. II, §5) of the jet from a slot. The cor- 
responding diameter-ratio is about 0.78. 

Numerous authors have made theoretical studies confirming the experi- 
mental value Cc — 0.61. The work of Trefftz^®, Southwell and Vaisey [78, 
Example 3] and Rouse and Abul-Fetouh^® deser\"es especial mention. The 
authors used integral equation methods (§4), relaxation methods, and elec- 
trolytic tank methods. 

The axially syinmetric “free” flow from a Borda tube (Ch. I, §10) has 
also been calculated, by relaxation methods [78, Example 2]. So has the jet 
from a circular hole in the center of a disc at the end of a circular tube, by 
Rouse and Abul-Fetouh“, using relaxation and electrolytic tank methods. 

In all cases, the contraction coefiicient differs imperceptibly from that 
of the corresponding plane (“R6thy”) flow. This suggests that the same 
principle holds for jets from conical orifices making any angle jS with the 
axis of symmetry. 

Kretzschmer^* has even suggested that axially symmetric jets can be 
calculated from known plane jets by the preceding principle of area-cor- 
respondence. If ^(x, y) is the stream function for a plane potential flow, 
this amounts to defining 

(14) 7(x, r) - kr\ 

It is easy to show that, denoting differentiation by subscripts, 

(140 V^+Vrr- r-^Vr - + 2ArVrr • 

Hence = 0 implies (14) approximately, and for any k, if tlf„ or is 
small. Alro, since r~*(7r* + V*) = 4k*fr + free boundary con- 

dition is approximately preserved if r is nearly p. See the end of §9. 

8a Impinging jets* The normal impact of a circular jet against a fiat 
plate (Kg. 6) has also been studied repeatedly^’ Elementary considera- 
tions show that, in the case of smooth flow, all the momentum is trans- 

” J. Wei^Mkch, **Experim«atal-Hy<iraulik’% 1856, p. 116; H. Smith, Hydraulics, 
New York, 1886, p. 69; R. Bazin, Mem. de I’Acad. dee Sciences (Paris) 32 (1902), 
31-45; {26, C?h. XJ, and refs, given there; C. W. Harris, Bydravlics, Ch. II; H. Bouasse, 
JHs, tubes et camntx, Paris, 1923, pp. 6, 29, 120; G. de Marchi, Annali dei lavori 
pubbliei, Rome, 1926, 46 pp.; A. H. Gibe^, Hydraulics, 1947, 110^13. 

** E. Trefftz, Zeiis. math, phys* 64 (1916), 34r^l; H. Ronae and A.-H. Abul-Petonh, 
J. appL mechv 17 {I960), 421-6. See skoW. Kotter, Archiv fnr Math. Phys. 6 (1887), 
392-417, and X. Levi-Civita, Rend. Sem. Mat. Tis. Mflano 5 (1931), 1-2D. 

YDl Forschungsbefi 880 (1936). For general confirmation of the applicability of 
the “area-ratio” concept, stee ^Qa}. 

» Fr. Retch, VBI Forsc!nmg»hoft 290 (1929); A. H. Oibebn and F. Heywood, PhD. 
Mag. 45 (1923), 229-38; H. Bonasne, Ann. tae. sei. Xcnhwe 28 (1986), 1-62. 
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mitted to the plate. However the pressure distribution and flow pattern 
are also of interest; usually, the former is measured and the latter calcu- 
lated by approximate potential-theoretic methods. Thus, approximate 
calculations of the flow pattern have been made by Reich“ using expansions, 
by Schach®^ using the integral equation method of Trefftz^®, and by Leclerc^^ 
using an electrolytic tank. 

Various related flows are also of interest. Among these are circular jets 
impinging normally on cones and hemispherical cups, and obliquely on 
plates^. 

The normal impact of a jet on a plate can be regarded as half of the flow 
produced by the impact of tw’o equal coaxial circular jets having the same 
velocity. This case w^as thoroughly studied by Savart*®, who show'ed experi- 
mentally that the disc-like sheet formed w^as stable. In the case of unequal 
jets, a conical dieet is thrown off, and the reverse of this flow corresponds 
to the collapse of a conical liner, as envisaged in the theory of shaped charge 
action (Kg. 2 and Ch. I, §10). The limiting case, when one of the jets has 
infinite diameter, corresponds to the penetration of a target by a jet, and 
is also of interest. In none of these eases has the flow been calculated theo- 
retically. 

9- Underwater cavities. Ehie to the advent of high-speed underwater 
missiles, considerable attention has recently been devoted to axially sym- 
metric cavities, and especially to the dependence of cavity drag coefficients 
on head-shape and the cavitation number Q. Because of the apparent valid- 
ity of the formula CoiQ) = (1 + Q)Cj>{0) (Ch. I, §11), it suflSces to deter- 
mine Cd(Q) for a sin^ Q, say Q = 0. 

The eariiest results are those of Bmier®* on spheres, which gave C/>(0) == 

W. Schack, Iiig. Arcfeiv 6 (1935), 51-8; A. Leclerc, La Houilic Blancbe 5 (1950), 
816-21 . Since there is no separation-point singularity, this is perhaps the earnest case 
to treat. 

** This has bera studied by W. Schaoh, Ing. Archiv 5 (19S4), 245^* 

» F. Savart, P9a, 237-^01, Savart*a figures, involving Sinxa-fiow jets for which 
surface tenrion is ixapoxtant, come at the beginning of the issue. Bee also Y. Yoltenra, 
J. de :^ih. 11 (1932} 1-55. 

»* W. Aiin. ^ m (1925), 232-44 and 8? {1937>, 1014-10; see p2, 

p. 981, w* ttspeeiaily ^ apd J. C. Woodhpill, apiil. pftysf. W (1918}, 1109-21. 
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0.30. This result seems reliable to within dblO/o, although experimental 
obser\’ations are subject to various corrections. For instance, if the con- 
cept of induced mass is applicable to ea\ity motion (cf. Ch. XI, §6), then 
the drag D will vary with the acceleration a according to the formula D = 
ma(l + where m is the missile mass, a is the ratio of fluid density to 
missile density, and k = k(Q) is an “induced mass” coeflScient depending 
on the missile shape [4, p. 164]. The term in ak is commonly ignored in 
measurements of cavity Cd . 

For a disc, values near Cb = 0.81 have been obtained repeatedly^®, and 
are probably accurate to within ±5%. For cones with vertex angle 
2p = 90^ Cd = 0.50; if 2)5 = SO"’, Cj> = 0.15. For a “stagnation cup” with 
profile as in Fig. 7 evidently Cd = 1*0 nearly. 

I 

t 

I 



Legend 

Morchet 

Voisey 



Fig. 8. 


Various attempts have been made to calculate the cavity Cd of a sphere, 
and the flow pattern, by sourcensink methods (§3). Thus, if the flow past 
a “half-body” (§3) is taken as an approximation to that past a sphere hav- 
ing the same vertex curvature, and the pressure excess integrated over the 
zone of positive pressure, one gets the “theoretical” estimate Cd == 054. 
More elaborate axial source distributions can be used to get other approxi- 
mations, but the method has the defect in principle mentioned in §3: the 
flow near the separation point cannot be duplicated. 

Relaxation and electrol 3 rtic tank methods have been applied*® to the 

** See M. S. Flesset and B. Perry, Riabouchinsky Jubilee Volume, Paris, 1954» 
251-^1. 

** Miss Vaisey’s and Mr. Bninauer’a results are unpublisbed: those of M. Marehet 
were numeographed as Probl^sue BSSSA, Issiiiut Blfdse Pascal, O.NJE15. (Paris), 
1949. See also J. 8. MeNown et al. Trans. Am. Boo. e&v. eng. 120 (1955), 650-86. For a 
very thorough study, see NPO Eep. 1413, Dahl^ren, XJ. S. A., by David M. Young. 



SVIRLI.VG FLOWS 


233 


axially symmetric aiial<^ of Riabouchinsky flow past two discs of diameter 
d, in a channel of diameter 8 d. The cavity profiles in one quadrant are drawn 
in Fig. 8; the estimated values of Q were 0.23, 0.32; those of Cb(0) = 
Cd(Q)/(X + Q) ■wrere 0.82, 0.77. Similarly, Mr. Brunauer of the Illinois 
Institute of Technology has treated the Riabouchinskj' flow past a disc 
(180° cone) in a channel, while Southwell and Vaisey [78, Example llj 
have calculated cavity flows past a sphere, both by relaxation methods. 

A very simple method for estimating the cavity Cj> of discs and cones in 
cavity flow has been proposed by Reichardt, Fisher, Plesset and Shaffer 
This consists in rotatir^ the known pressure distribution for Bobyleff 
flow (Ch. II, §4), past wedges with the same vertex angle 2/3, about the 
axis of symmetry. If 2/3 > 60°, the calculated Cp agrees quite well with 
observation; this is not too surprising, since the pressure distribution 
Cp(r) satisfies C,(0) = 1, C,'(0) = 0, Cp(a) = 0, C/(a) = * for any blunt 
obstacle having “abrupt separation” (Ch. IV, §7), at r = o. 

However, the predicted pressure distributions are inaccurate**, and the 
method does not rest on a sound theoretical basis. The same may be said 
for other formulas purporting to transform plane flow with free boundaries 
into axially ^srmmetric flows with free boundaries*. In particular, the pro- 
posed principle may be contrasted with that used by Kretzschmer (§7). 

Gca-abedian’s power series. A more plausible comparison between plane 
and axially symmetric flows has recently been invented by Garabedian . 
Grarabedian considers the (p -h 2)-dimensionfd problem Vxx Vtnt ~ 
(.p/yWs j for variable p. He conjectures that, ii i = p/ip + 2), power se- 
ries in S will converge in | 5 j < 1, and tries to calculate values for 5 = |. 

Using this method, he computes C. = 0.58 for the jet from a circular hole, 
instead of 0.61 (cf. §7). And he calculates Cp = 0.83 fw a disc, instead of 
OBI. A very thorca^ analysis*** gives him great confidence in these values. 

10. Swirling flows. Swirling flows with axial sjmametry occur in various 
contexts: in whirlpools, in tcnmados, in flow throng turbines, and in the 
flow down a bathtub drain. Tie mathematical theory has been highly de- 
veloped in connection with turbine theory**; we shall here be concerned with 
some simple considerations involving such swirling flows with free bound- 
aries. 

The simplest mathematical models represent pure swirl. They have a 

n H. Reidiardt, [67*1; J. W. Fisher, UBRC Report 34 (1»45); M. Hasset and P. A. 
buffer, J. appl. phys. 19 (1948), 934-9; see also A. H. Ajonastrong, Ann. ree. eat. 
rep. 21/54. 

» See M. I. GnwiA, DoBady 88SR S7 a947), 763-4, who shows tt«e wexactness 
of formulas propoaOd by VaaBesoo (Coaptea lendus 196 (1983), 886-8 and 1284-6). 

*» Bull. Am. math. So«. «2 (1966), 219-3S. 

*• A that by R. vmi hCses, SSeiis. math. pbys. S7 (1^)> l”120j e®e 

ytnn p. Madde an^ I- Uiihelaaa, NAGA TN 2614 (1982). 
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velocity potential U = yd, where 27ry is the circulation about the axis of 
synimetiy", assumed constant. For such models, the velocity v$ — y/r is 
wholly angular, and a cylindrical “hollow vortex’’ r ^ R can be taken as a 
free surface if gra\dty is neglected. The pressure is then given by 
p — Pq — y^/2r^ = Po — r//2; such idealized hollow vortices have been 
studied by various authors, with special reference to their stability theory®^ 
(cf. Ch. XI, §16). 

If the positive ar-axis is taken as vertically doTvni, then a gravity field of 
strength g may be superposed on pure svdrl, pro\dded the free surface is 
given the profile 

(15) r- = y/2gx. 

The case of general axially symmetric potential flows with circulation 
is hard to treat anal^i:ically. If gravity is neglected, one solution is given by 
a hyperboloid of revolution ha\dng one sheet; the rulings are streamlines®^ 

If gra\'ity is taken into account, then Bernoulli’s equation gives 

^ y/2gx, for the free surface of the vortex core. If the swdrl is large, we 
have near equality, as in (15). One ideal flow of this type has been calcu- 
lated by Biimie and Davidson®^*^, using relaxation methods. 

From a practical viewpoint, the most striking fact®^ is the large reduction 
in discharge which swirl can cause in trumpet-shaped circular outlet weirs, 
owing to the development of intense centrifugal forces. 

Because of the loss of angular momentum (“swirl”) in the boundary layer, 
which therefore falls most freely, the discharge often consists largely of the 
boundaiy" layer in convergent, rapidly swirling flows. This was first shown 
by Sir Geoffrey Taylor®®, in connection with “swirl” atomizers, and later 
by Binnie and Harris®^, in connection with discharges throu^ trumpet- 
shaped w-eirs. Similarly, Rankine’s classic “combined vortex” [61, §13.13] 
is inapplicable to the dimple often formed on the surface of a discharge 
with moderate swirl.®^ The “gulping” of air by a weak, partly hollow vortex 

See [50, §166], and refs, given there. Also, J. Ackeret, Ing. Archiv 1 (1930), 399- 
402, and especially A. M. Binnie, Proc. roy. soc. A197 (1949), 545-55, and A205 (1951), 
530-40. 

See V. Volterra, J. de math. 11 (1932), 1-35, for a mathematical discussion of 
flows in thin sheets with free boundaries. 

Proc. roy. soc. A199 (1949), 443-57. See also V. Volterra, op. cit. supra. 

" A. H. Gibson, Mem. Manchester Lit. Phil. Soc. 55 (1911), no. 7; A. M. Binnie 
and G. A. Hookings, Proc. roy, soc. A194 (1948), 398^415; A. M. Binnie and D. P. 
Harris, QJMAM 3 (1950), 89-106. 

« Proc. seventh int. congr. appl. mech. London (1948), vol. 2, 280-5. See also 
Ch. XV, §12. 

** Binnie and Hookings, op. cit. in ftnt. 32, p. 413; as remarked there, the contrary 
assertion is (mistakenly) made on p. 104 of Gibson’s * ‘Hydraulics”. 
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tube is also ven" interesting, but an adequate theoretical account of any 
of these phenomena would be verj' lengthy. 

Attention should also be called to an interesting paper of H. Reissner'"'', 
dealing with the fiee boundary of a propeller slip-stream, analyzed as a 
jet with possible vorticity. 

11. Rising bubbles in tubes. Air bubbles rising under gravity in a 
vertical cylindrical tube of diameter c! = 2a have been investigated experi- 
mentally and theoretically, by various scientists,^® The velocity r of rise 
satisfies «? = 0.45 approximately; the radius of curcature of the bubble 
tip satisfies R = 0.7a; one can also deduce v = b}" considering the 

pressure gradient in ideal flow around a solid sphere. 

The preceding formulas are valid over the range d = 1-10 cm. For 
d < I cm., surface tension becomes very important; the range d > 10 
cm. has not been explored. It is noteworthy that ripples form on long bub- 
bles, and that bubbles more than lod-20d long are unstable. 

The limiting case d = x of bubbles in an unlimited fluid is very compli- 
cated, physically, and will be discussed in Ch. X\", §7. 

The steady rise of bubbles in a vertical 4" x l'^ rectangular tube has also 
been observed®^. Mean values of r/V^ — 0-41 and R/a ~ 0.70 were 
measured, with a — 4". The observ^ed value of r/\/^ Kiay be compared 
with a theoretical value of 0.33 ± 0.01 for ideal plane flow, calculated 
by the methods of Ch. \TII, §11. The discrepancy is presumably due to the 
three-dimensionality of the real flow. (In a square, due to flow in the 
comers, v/\/^ should exceed the value 0.45 for a cylinder by about 20%.) 

w ZaA£M 12 (1932), 25-35. 

Forster, Zeits. math. phys. 62 (1912), 319-27 ; A, H. Gibson, Phil. Mag. 26 (1913), 
952-65; D. T. Dumitrescu, Za^VfM 23 (1943), 139-49; R. M. Davies and G. I. Taylor, 
Proc. roy. soc. A200 (1950), 375-00. 

^ The observations, due to Russell Duff, are reported in Rep. LA-1927 of the Los 
Alamos Scientific Labs. The calculations, also described there, were planned jointly 
with David Carter. 



CELiPTER XI 

UNSTEADY POTENTIAL FLOWS 

1. Vapor -filled spherical bubbles. The simplest case of an Tmsteady 
potential flow with a free boxindaiy is furnished by the collapse of a spheri> 
cal bubble, in an infinite medium at constant pressure p* . Following ideas 
of Besant and Rayleigh^, we give an approximate treatment of this case, 
neglecting the effects of \dscosit 3 % compressibility, gravity, surface ten- 
sion, and vapor condensation. 

Consider a spherical bubble of variable radius a(t), in an incompressible 
liquid of density p. At a distance r from the center, the outward velocity 
r = dr/dt will satisfy rV = a^d = A, where A is a function of time. Hence 
the total kinetic energj^ of the liquid will be 

(1) S = /* dr = 27rpdV. 

The simplest case is that in which the collapse starts from a bubble with 
radius a(0) = R, initially at rest, and where the pressure at a large dis- 
tance exceeds the vapor pressure pv in the bubble, by a fixed amount P. 
In this case, neglecting surface tension, conserv’-ation of energy gives 

(!') 2TpdV = 4:TrP{R^ — a®)/3. 

This gives the differential equation 

(2) {.a/Rf = K\{.a/Rr - 1], K = ■ 

This can be integrated in terms of incomplete iS-functions or elliptic integ- 
rals^. Setting X = c?/R^^ and r = Kt, we have 

(2a) 3r = f x-‘(l - a;)"* dx = |). 

"'x 

In particular, the time of collapse is given by n = |), or 

(2b) h = M5RV^. 

^ H. Besant, “Hydrostatics and hydrodyTianiics'' (1859), §158; Rayleigh, Phil. 
Mag. 34 (1917), 94-8 and 45 (1923), 257-65; [50, p. 122]. 

* For the expression in terms of incomplete p-functions, see [50, p. 122] or [17, p. 
275]; that in terms of elliptic integrals seems to be new; it was worked out by Arthur 
H. Read. 



CAVITATIOX IX A VAEIABLE PRESSURE FIELD 


237 



Fig. 1. 

For a periodically oscillating vapor-filled bubble, rebounding elastically 
after collapse, the period is thus 2ti - 
Alternatively, we have 

/«v da , a 

(3) ^ > where r ^ Kt , “ • 

This expression can also be integrated in terms of tabulated elliptic integ- 
rals, but the formulas are less simple. 

A graph of the solution is shown as Fig. 1; even in the case of under- 
water explosions (§3), a quite good agreement with the obsen^ed radius- 
time curve is obtained®. 

As a I 0, clearly d « oT^ by (1'). Thus, in the limit, infinite collapse ve- 
locities (and hence pressures) are predicted. AlS we shall see later (Ch. XV, 
§6), very large pressures do in fact occur; and “cavitation damage” from 
collapsing vapor-filled cavities is of the greatest practical importance^. 
However, a realistic discussion of the subject involves many physical 
variables w^hich we have neglected (see also §3, §13 below), and so w’e shall 
postpone this discussion. 

2. Cavitation in a variable pressure field. Typically, cavitation oc- 
curs in a rapidly flowing liquid when it flows throng a region of negative 

* [17, p. 277]; D. R. Yennie and A, B. Arons, Navord Report 425 (1949). See also 
ftnt. 5. 

* See, for example, Proc, Am. soc. civ. eng. 71 (1945), No. 7, and the discussion in 
subsequent issues, ^und radiation from collapsing bubbles is also important; see 
Ch. XV, 55. 
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pressure. The local pressure deficiency —PCO = ~ P often be esti- 

mated from Bernoulli's equation, knowing the geometry' of the solid bound- 
aries involved. A rough prediction of the observed rate of growth can then 
be obtained^ be neglecting surface tension, and wTiting down the energy 
equation 

dZiit = — 47ra“6P(0- 

This, in turn, gives by (1) the second-order differential equation 
p dip?a^)/dt = — 2P(0a“a for a, or 

(4) fd" + Cad == —P(t)/p, 

w’hich can be integrated numerically. If this is done, fair agreement wdth 
obseiwation is obtained. The special solution 

(40 a - A&\ -Pit) = ^pA% 

roughly describes the growth of a static bubble in a linearly increasing 
tension Pit)] if the tension is constantly To , then a = i2To/Sp)H. 

As neither surface tension, compressibility, nor viscosity destroys the 
spherical shape of vapor-filled cavities (indeed, surface tension tends to 
make them spherical), it is natural to trj" to extend the preceding mathe- 
matical theory so as to include the effects of these forces. 

The effect of surface tension 7 in a static field can be easily taken into 
account, by noting that the internal energy is then 

4xP(P' -- aO/3 + 4xy(jB' - a^). 

This replaces (2) by the differential equation 

(5) 1.5paV = iPR^ + 3jR^)a - Sya? - Pa\ 

In this case also, i == /(a) can be expressed by elliptic integrals. — ^In case 
P < 0, jB^ may be taken as negative or positive, and various qualitatively 
different types of solutions are possible. It is easily verified that surface 
tension does not alter the asymptotic formula d o: as a i 0. 

The effects of liquid compressibility and viscosity are also important as 
a i 0, and will be discussed in Ch. XV, §6. 

Demtchenko and Poncin® have studied the collapse of ellipsoidal cavities, 
but without obtaining any simple results. 

* [481; M. S. Plesset, J. appl, mech, 16 (1949), 277-338; B. E. Noltingk and E. A. 
Neppiras, Proc. phys. soc. B63 (1950), 674r-85, and B64 (1951), 1032-8. See however 
Ch. XV, §1. Observed collapse times exceed predictions somewhat; see W. B. 
Chesterman, Proc. phys. soc. London B65 (1952), 846-58; M. Harrison, DTM B 
Rep. 815 (1952); A. T. EUis, Caltech, hydro, lab. rep. 21-12 (1952). 

»B. Demtchenko, J. de Tfic. Polyt. 27 (1926), 113-24; H. Poncin, Th5se (1932); 
J. de math. 18 (1939), 385-404; Acta Math. 71 (1939), 1-62; Publ. sci. tech. min. air, 
No. 18 (1933). 
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3. Gas-filled cavities. In the case of a (nearly) spherical bubble pro- 
duced by an underwater explosion, account must be taken of the internal 
potential energy of the explosive gases. This prevents the bubble radius 
from shrinking to zero, and determines the maximum cavity radius R. 
Clearly, 12 is related to the total explosive energy- Y by the formula 
Y = 4irPi2V3, where P is the ambient pressure. 

The importance of the explosive gases is confined largely to the time when 
the radius a is relatively small, a <^R. Hence they do not affect much the 
period of the oscillation produced by an underwater explosion. Substituting 
in (2b) from the formula Y = 4TrPR^/3, we get 

(6) 2ti = 

a formula which gives quite good results^. 

One can also apply dimensional analysis, to correct (6) for gas compres- 
sion effects. Similarity considerations* show the invariance of the oscilla- 
tions under the substitutions a pa, Y p^Y, t pt; hence 
2ti = Y^r(j), P), where p is the density of the surrounding water. If the gas 
bubble is assumed to expand homogeneously and adiabatically, and only 
its potential energy is considered, then we get the simpler formula 2tx = 
Y^p%{P). The determination of the functions t ( p , P) and 4*{P) requires 
further analysis. 

Under the preceding assumption of homogeneous adiabatic expansion, 
the behavior of an xmderwater explosion bubble near is rninimum radius 
Pi can be estimated as follows. Assume a perfect gas, with mean pressure 
p{t) and density If pi denotes the mean pressure at minimum radius 
Pi , then p = hpb^ = piCPi/a)®*^, for a suitable exponent t* The total po- 
tential energy of gas compression is thus 


4ncpiEV r da = 4irpiRVa^y{Z ~ 3t). 

Ja 


Putting this into the enei^ equation (1'), and dividing by 2xo*, we get 


(7) 


pd* 


H 2P 2pi 

a» 3 3(1 - 7)10/ ■ 


Near the minimum radius Ri , we can* neglect P, and obtain the simplified 
equation 




where H is evaluated by setting d == 0 when B = Bi . 


^ [17, pp, 276, 260]. In practical applications, a correction is made for the '*i>ercent 
of explosive energy converted into mechanical energy.” 

B We are appealing to the so-called Cranz Similarity Law; see also [4, Ch. 1X1, $18). 
■ See the refs, of footnote 1; also H. Lamb, Phil. Mag. 45 (1928), p. 257. 
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In the special case 7 = f , which corresponds roughly to explosive gases, 
(7a) can be integrated in closed form. Writing a/if = 1 + or, “we get® 

(7b) ^ ~ (1 + la + |a'). 

For a numerical case, see [50, p. 123]. 

In actual underwater explosions, about 30 % of the energy” is lost by acous- 
tic radiation during the first collapse and rebound, while as much again is 
lost through tubulence and bubble asphericity®*'. Hence the periodically 
oscillating bubble assumed above is a considerable idealization. See also 
§13 and Ch. XV, §§4-(3. 

The above ideas are also applicable to the collapse of an air-filled cavity; 
the air content cushions the shock of final collapse. The absolute tempera- 
ture T wall satisfy 

(8) Ti/T = 

where 37 — 3 = 1,2 approximately. 

Formula (8) shows that a gas-filled bubble in a rapidly compressed me- 
dium may be heated to many times its original (absolute) temperature. 
It has recently been shown that this is an important factor in the initiation 
of explosions^®. 

4. Transient cavities beh^ind missiles. The transient ca’vdty formed 
when a missile enters the water can be treated approximately, by methods 
similar to those already used in Ch. X, §6, for treating steady-state under- 
water cavities^^. The approximate predictions agree reasonably well wdth 
model experiments involving water entry in vacuo; both are invariant under 
Froiide scaling (Ch. XV, §8). 

To provide a basis for effective approximate calculation, one assumes 
that the water is constrained to flow between concentric spheres, centered 
at the point of entry. This assumption corresponds fairly weU to the ob- 
served streamlines^. This artificial constraint, combined with the assump- 
tion that the energy lost by drag over any interval goes into the spherical 
shell containing that interval, and ideal fluid theory, suffices to determine 
the motion. 

In the case of vertical entiy, the maximum angle subtended by the 

[17, p. 377] ; A. B. Arons and D. R. Yennie, Revs. mod. phys. 20 (1948), 619-36. 

F. P. Bowden and A. D. Yofife, The initiation and growth of explosions in liquids 
and solids, Cambridge Univ. Press, 1952, Ch. III. 

The discussion of §4 summarizes part of Navord Report 1490 (1951), by G. Birk- 
hoff and R. Isaacs. 

“ See the photographs in G. Birkhoff and T. E. Caywood, J. appl. ph 3 rs. 20 
(1949), 646-50. 
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TABLE I 


3' 

10 

14 

18 

22 

26 

30 

Km(,y) 

3.7S 

2.96 

2.52 

2.26 

1.93 

1.76 

nvH'p 

.94 

.97 

1.04 

1.15 

1.18 

1.30 


cavity at depth y, satisfies the relation 

(9a) cos aj^y) = 1 - D{y)/2Trpgif\ 

where D{y) is the missile drag at depth y. In dimensionless form, setting 
Y = y/d — depth in missile diameters, and F(Y) = i^{Y)/g d, where v(Y) 
is the missile velocity after Y diameters of travel, we get the approximate 
formula 

(9b) TF- = Cz>FiY)/2Y, 

where Wd is the maximum catuty diameter. Table I compares predicted 
values TTj, of TT with values TTm measured by Gilbarg and Anderson [31], 
at F(0) = 1986 and ^ atmospheric pressure. The time of collapse was 
also predicted rather well. 

In the case of missiles entering water from the air, the phenomenon of 
‘‘surface sea?' discussed in Chap. X\^, §8, may produce much larger dis- 
agreements with observation. In the case of oblique entry, the hydrostatic 
buoyancy of the cavity causes a further discrepancy. 

5, Bubble migration; laws of Bjerknes. Actually, underwater ex- 
plosion bubbles (and other pulsating bubbles) migrate, under the influence 
of gra%dty, fixed walls, and the free surface. We shall now show that the 
tendency is to migrate Upwards a fixed boundary (ship hull or sea bottom), 
and away from the horizontal free surface. For the effect of gravity on 
bubbles, see Ch. JCV, §9. 

It is well known [61, §8.41, §13.31] that the effect of a rigid plane w'all on 
a source is exactly the same as that of an equal “image" source (Fig. 2a) 
S 3 ntnmetrically situated with respect to the plane. That of a plane free 
boundary is approximately the same as that of an image sink (Fig- 2b). 
For, an image sink makes 17 = 0 on the plane boundary; since dU/dt = 0 
and VC7VJ7 = 0(1/R*) there, this implies small variations in the pressure. 

But now, it was shown long ago“*, by C. A. Bjerknes, that spheres pul- 
sating in phase attract each other, while spheres pulsating 180® out of 
phase repel each other. This fact proves the laws stated above; we shall 
now derive them in another way. 

**» In 1868; a full publication was made by V. Bjerknes, ‘^ydrodynamische Fem- 
krafte”, Leipzig, 1900 (2 vols.) ; see voL 1 p. 285. For applications to underwater ex- 
plosions, see [17, pp. 312^]. 
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Wall 



(a) 


Fig. 2. 



Free 

surface 


( 6 ) 


In the case of a fi.ved pulsating source (spherical bubble) whose intensity 
E{t) varies with time, drawing the ar-axis through the source and its image, 
the velocity potential near the source is thus approximately 

U = —E(t)/r + 6E(t)r sin (9 [e = ±1/4 jB*], 


where r is the distance from the source (bubble center), Jil is the distance 
to the plane boundary, d denotes latitude, and the sign of « is plus or minus 
according as the boundary is fixed or free. 

We now suppose that the bubble shape is still constrained to be spherical, 
but that its center is free to migrate. This amounts to writing 

(10) U = + eg(t)r sin 9 + - , 


where B(t) is the dipole moment corresponding to the translation velocity 
b(0 of the sphere (we neglect the image dipole). Thus, if a(i) is the bubble 
radius, Eit) = a®d and B(t) = a%. 

If the bubble is supposed of negligible weight, then the net pressure 
thrust on it must vanish. But pressure terms which are independent of 0, 
or which are proportional to sin*^ or cos®5 on the surface, have no net effect. 
Hence writing 


P + 


at; 


and substituting from (10), we obtain for the net pressure thrust, the in- 
tegral of — p times 


E(t) 




an 0 4- [feBr J?/2r*] an 6. 


This is aero, if and only if 


( 11 ) 


6 = ^ - 260* - 2e0a*. 
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Over a complete cycle, the integrated effect of E and E is zero. Therefore 
the sign of B fand hence B) is the opposite of that of * aiid hence e . 
prolong the statements made earlier. Since h(t) = Bit) n\ we see moreover 
that most of the migration takes place ivlu n the radius is smalL If Eit) is known 
(§3j, of course ciuantitative estimates can be given, but departures from 
spherical shape and turbulence effects make such theoretical predictions of 
doubtful i*eliability. 

6. Cavity’ induced mass. In §§G-~10, we shall consider the reaction of 
an incompressible fluid with free boundaries to the sudden a(*celeration of a 
solid in contact with it. Thus we shall extend the classic c*on(*ept of ""in- 
duced mass'’ ([4, Ch. V], [50, §93, Ch. VI], [(51, pp. 235, 419]j, or ^‘apparent 
inertia" to this case; see also §10. 

To fix ideas, let first <t>{x) be the velocity potential of an ideal ^'cavity 
flow" past a stationary^ rigid body, so that vV = 0. The degenerate case 
<i>(x) = 0 is included. Let the body be given a sudden acceleration a at time 
t = 0, in the direction (say) of the or-axis. Then, by general principles of 
theoretical fluid mechanics, the velocity potential for small t > 0 will have 
the form 

(12) r(x; 0 = ^(x) + at A(x) + • • • , Vl4 = 0. 

We shall refer to A as the “acceleration potential" for unit acceleration; 
we shall now reduce its determination to a “mixed" boundaiy value prob- 
lem in potential theoiy\ 

By h^^pothesis, diydn - at dx/dn on the rigid body, while p = const, 
on the free boundary. Since the displacement of the rigid body is O(t'), w'e 
wall have there 

dL fdv. — at dA/dfi -f- • * • = 0 Hh of dx/dn -j- ' * * • 

Hence, at f = 0, 

(13a) dA/dn = dx/dn on the rigid body. 

We now invoke the Bernoulli equation for the pressure p in accelerated 
ideal flow. This is [50, p. 19] equivalent to 

(14) C(0 - p/p - IVZ7-VJ7 + dU/di = + aA 

at f - 0. But on the free boundary, V<^> = const, by hjTpothesis. Substi- 
tuting in (14), and subtracting a meaningless constant from A, we get 

(13b) JL = 0 on the free boundary. 

It is well known [44, p. 214] that conditions (13a), (13b), and V^A — 0 
uniquely determine A, 
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It is noteworthy that the conditions determining -4(x) are independent 
of <l>, and would also be unaffected by the presence of a harmonic gravi- 
tational potential (j(x). They depend only on the geometiy^ of the free and 
fixed boundaries, and on the direction of (translational) acceleration. 

The simplest and most important case concerns the vertical acceleration 
of a floating body (see Fig. 3) in still water. In this case, S can be taken as 
a: = 0, and (13b) gives 

(15) A(-x, y, z) = -A(x, y, z), 

by the reflection principle (method of images). Hence A is the velocity po- 
tential of steady flow about a new body S*, consisting of the submerged 
portion B' of B and its mirror image B'' (see Fig. 3). In the special case of 
half-submerged spheres and ellipsoids, one thus gets half the ordinary flow 
about the same body. In the case of a circular cylinder or sphere less than 
half-submerged, A(x) is the same as for flow around a lens-shaped obstacle; 
a wedge gives the flow around a rhombus. These cases have been treated in 
the literature^^. 

Another interesting case is that of a plate in a ca\’ity (Ch. II, §2); this 
case has been recently treated by M. I. Gurevich^^. 

By (14), the net fluid reaction is 

(16) F^-pafAdS, 

where the vector differential dS has magnitude equal to the surface area 
dS, and points along the inward normal to the rigid body. The magnitude 

m' of p J AdS maybe called the cavity induced mass; is the kinetic 

energy of acceleration, and it is known^® that the velocity field induced 

i®H. Wagner, ZaMM 12 (1932), 193-215; W. A. Monaghan, R.A.E. Tech. Note 
Aero. 1989 (1949); M. Shiffman and D. C. Spencer, Quar. appl. math. 5 (1947), 270- 
88; L. E. Payne, Quar. appl. math. 10 (1952), 197-204. The flow around a lens was 
first determined by Mehler, J. fur Math. 68 (1868), 134-50. 

Prikl. mat. mekh. 16 (1952), 116-118. 

G. Birkhoff, Quar. appl. math. 10 (1952), 81-6. For the variation of drag coeffi- 
cients with relative density <r, see [4, p. 164], where <r should be replaced by tr^ to con- 
form to our notation, and A. May, J. appl. phys. 21 (1950), 1285-9. 
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minimizes this. Generally speaking, the cavity- induced mass m* defined 
above seems to be 50 ^-80 % of the ordinary” induced mass. 

Though m'v‘/2 does not express the total kinetic energy” of cavity motion 
(which is infinite), one can use the concept of cavity induced mass (with 
some caution^®) to explain the observed variation in the apparent Cd of 
spheres with the ratio a = (sphere density)/(fluid density), ilay^*" found, 
approximately, Cd(( 7-) = 0.2S/(1 + which corresponds to a cavity 

induced mass equal to about 25 % of the ordinary induced mass. 

Cavitation zone- In the preceding analysis, it was assumed that the cavi- 
tation zone underwent no sudden change. However, in the limiting case of 
an impulsive velocity change, it is well known experimentally” that this is 
not true. If one assumes that the cavitation zone has constant pressure, 
equal to the pressure at infinity, one gets a more difficult variant to the 
problem just treated. In general, by (14), the minimum pressure occurs on 
the boundary^® in irrotational flow”; hence the problem is to determine the 
extent of the ca\”itation zone. 

This interesting problem was apparently first proposed by Riabouchin- 
sky^' in 1926-7; it has been solved by Riabouchhasky and Demtchenko^^ 
for the case of a rigid circular cylinder in a large cylindrical mass of water, 
and by Sedov^^, for the case of a half-submerged elliptic cylinder. 

7. Globule acceleration. Next, consider the initial motion of a liquid 
globule of density p, caused by the sudden acceleration from rest of a sur- 
rounding liquid of density p', or by the sudden imposition of a uniform grav- 
ity field g. Letting A and -4' denote the acceleration potentials of the tw ”0 
liquids, evidently V“j 4 = = 0. On the interface S separating the 

fluids, 

(17a) dA/dn = dA'/dn and f(dA/dn)dS = 0, 
by conservation of volume. Also, by (14) with </> = 0 
(17b) pA = p'A'y 

because of pressure continuity across 5. If g is the sudden acceleration, we 
also have limau^«Vil(x) = g. 

The limiting cases p ?= oo (rigid immovable globule) and p — 0 are espe- 

G. Kirchhoff, “Vorlesungen uber Mechanik’\ 1876, p. 186; G. Bouligand, J. de 
math. 6 (1927), p. 427; [4, p. 61]. 

D. Riabouchinsky, Comptes rendus 182 (1926), p. 1327, and 184 (1927), p. 584. 
See B. Demtchenko [19, Ch. IV], and L. I. Sedov, CAHI Rep. 187 (1954), translated 
by L. TrilHng; E. L. Blob, Prikl. mat. mekh. 17 (1963), 579-92. 
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daily interesting; the latter corresponds to a conductor in a uniform field. 
In general, conditions (17a)-(17b) define a boundary value problem in 
potential theor}" which arose first in Poisson’s theory- of magnetic polar- 
ization (induced magnetism), in Faraday’s theory of electrostatic induc- 
tion, in electrical and thermal conduction, and in seepage theory^®. Clearly, 
the combined ' ‘polarization potential” A — , A' — is defined 

over all space, is harmonic except on a 5, where dA/d7i = and is reg- 

ular at infinity. Hence [44, p. 286] it is the potential of a double layer of den- 
sity ^(y) on S, Further, if X = (p — pO/(p + pO? ^(j) is the solution 
of the Fredholm integral equation, 

(18) ^(y) — X f K{j; n)^(n) d/S = ^ Qki/k 

on S. Here g is the acceleration at infinity, and K(j; n) is the integral 
kernel d(j y — n \)/dn of potential theory". 

However, very few specific cases have been treated. Poisson^^ proved in 
1828 that VA - c was constant for ellipsoids. This is equivalent to the 
statement that the initial acceleration of any sphere or ellipsoid was 
rigid. Thus, for a spherical globule, we have 

(19) A' = kx + k" x//, A = fc'o?. 

In 1931-2, Dive and Xiklibore^® proved that no non-ellipsoidal globules 
had this ‘‘rigidity property”. 

An interesting related “free boundary” problem, also invohdng (17a)- 
(17b), concerns the impulsive acceleration of a vapor-filled cavity in a 
liquid otherwise at rest. In this case, it is no longer assumed that the 
globule volume is constant, and the problem is equivalent mathematically 
to the ‘‘conductor problem” of electrostatics. 

Finalty, one can consider cases involving both a free and a fixed boundary. 
For example, the cases of a hemisphere and a cylinder, resting on a fixed 
horizontal plane, have been treated by Penney and ThornhilP. 

8, Impact forces. Although initial acceleration fields and impulsive 
velocity fields, like those studied in §§6-7, are more tractable mathe- 
matically, practical applications usually involve flows changing over an 
appreciable inter\"al of time. Cases in point concern the impact forces acting 
on seaplane floats and air-launched torpedoes as they strike the water, and 

See Picard, Rend. cir. mat. Palermo 22 (1906), 241-59; G. Birkhoff, “Induced 
potentials'’, studies in Mathematics and Mechanics Presented to Richard von Mises, 
Academic Press, (1954), 88-96, where various general results are given. 

D. Poisson, Mem. de Plnstitut (1824); Dive, Comptes rendus 192 (1931), 
1443-1446 and 193 (1931), 141-2; Nikliborc, Math. Zeits. 35 (1932), 625-31. 

« Phil. Trans. A244 (1952), 231-334. 
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the so-called ^'slamming’’ of ships. Useful esiiniates vi these impact forces, 
as functions of time, can bt? made by applying the ideas of §0. 

For instance, following von Karmaii'^ one can iissume that, for nrtical 
impact, the flow is nearly that induced (as in §Gj by a flat plate having the 
same vertical velocity v and instantaneous waterline (*ross-sectiou *S. From 
this, the total momentum"'^ transmitted to the water can l>e (*alculated. 
Since the tangential stress components are finite, the impulse transmitted 
by stresses across any vertical surface is hoiizontal. The conve(.*tion (at 
impact) is negligible. Hence the momentum transmitted equals the mo- 
mentum of any vertical cylinder of water containing the wetted cross- 
section. In the two-dimensional case, this is [50, p. 85, (11 )] 

(19a) Tpb“i\2j 

where 2b is the waterline diameter. In the axially s\Tnmetric (*ase, S is a 
disc of radius a — a(t), and the momentum is [50, p. 130] 

(19b) 4paV3. 

Differentiating, we see that the force is nearly 4pra“d, and roughly propor- 
tional to initially in the case a « of a missile of finite vertex curvature. 

H. Wagner‘S studied vertical impact further, estimating the “surface 
rise'’ correction which must be made because the wetted area exceeds the 
waterline cross-section. considering the acceleration potential -4, he 
also obtained the surprising result that the pressure is a ininimum at the 
center, where the stagnation point is located. 

The oblique impact of blunt objects has been studied by Sedov^' and 
Trilling^^. The mathematical approximations involved are much more 
doubtful in this case. 

In all cases, the preceding theoretical analysis neglects compressibility 
(which limits the peak pressure to pa-% where c is the velocity of sound in 
the liquid), and the non-rigidity of the impinging object, which may l)e 
important. However, available experimental data“^ confirm the theoretical 
predictions to within ±20 % for most of the first quarter-diameter of entry. 

NACA TR321 (1929). See also M. Shiffman and D. C. Spencer, AAIP-NYU 
Reps. 1-2; and V. G. Szebehely, DTMB Rep. 823 (1952), which includes a bibliog- 
raphy of 34 items. 

A comparison with energy calculations indicates that, in the case of a horizontal 
plate, about half the energy" goes into sound (the impact slap). For the convergence 
of the momentum integral, see [4, p. 158]. 

« ZaMM 12 (1932), 193-215; (NACA Translation 1366); see also C. Schmieden, 
ZalMM 33 (1953), 147-51. There is also a “penetration correction”, given by the meth- 
ods of §6. 

s* J. appl. phys. 21 (1950), 161-170. 

S. Watanabe, Sci. Papers Inst. Phys. Chem. Res, Tokyo 12 (1930), 251-67; E. 
G. Richardson, Proc. phys. soc. 61 (1948), 352-67; E. V. Hobbs, H. I. Breakstone, 
and J. B, Woodson, Nat. bur. stand, rep. 2788 (1954). 
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9* Impact of cones and "wedges. The vertical impact of a cone on a 
horizontal free surface gives an especially elegant boundary value problem 
in potential theory, if viscosity, gravity, compressibility, and surface ten- 
sion are neglected. Owing to the similitude involved [4, Ch. IV, §8], one 
looks for a velocity potential of the form 

(20) U(x, t) - t<f>(x/t) = 

yielding a flow similar to itself at all times t > 0, where 0 is the instant of 
impact. 

This self-similarity was first introduced by Wagner"® who showed that 
(for right circular cones and wedges) arc-length along the water surface 
from the cone to an^^ given particle is constant in time"®. To get the com- 
plete flow, an integral equation of the form 

(20*) <f>iy) = J [<i>(v) dKiy\ rj) + L{y, rj){d(l>/dn) ds] 

must be solved on an unknown boundarv". An approximate numerical solu- 
tion has been given by Shiffman, Spencer and Hillman"®. 

The oblique impact of a plate or wedge also leads to a velocity potential 
of the form (20), and to integral equations for ^(y) involving the location 
of an unknown free surface^^. 

The variation of the impact force F vith time is especially important. 
Simple dimensional arguments show that F = kf in the case of cones (and 
F = kt for wedges). Due to instrumental and other difficulties, early ex- 
periments^ did not verify this law, and should not be relied on. 

10. Constant acceleration coefficient. Another class of unsteady, 
self-similar ideal flows with free boundaries w^as discovered by von Kar- 
man^. These flows are defined by potentials of the form 

(21) U - <l>(x)/ht, V = 4'i^)/hL 

** See M. Shiffman and D. C. Spencer, Comm, pure appl. math. 4 (1951), 379-418, 
formulas (1.1.3), (1.1.10) and (1.2.25). 

E. P. Cooper, Navord Report 1154 (N.O.T.S.); P. R. Garabedian, Comm, pure 
appl. math. 6 (1953), 157-165. 

S. Watanabe, Sci. Papers Inst. Phys. Chem. Research Tokyo 12 (1930), 251-267, 
and 14 (1930), 157-68; R. L. Kreps (wedge impact), CAHI Rep. 438 (1939), trans- 
lated as XACA Tech. Mem. 1046 (1933). For recent measurements, see A. E. McPher- 
son, H. L. Bj-ers, and E. V. Hobbs, Bu. Standards Ref. PR2, Lab. No. 6.4/1-196, NA 
onr 8-48. 

** Annali di mat. 29 (1049), 247-49; D. Gilbarg, Zeits ang. math. phys. 3 (1952), 
34-42. In [4, §14J, it is shown that U = implies (21) ; see also Gilbarg's formula 

(12). See further H. S. Tan, Quar. appl. math. 12 (1954), 78-80; L. C. Woods, Appl. 
mech. revs. 1041 (1955). 
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A 




Thus the acceleration a(t) = dr ^dt is proportional to 1 7“, and the dimen- 
sionless acceleration coefficient al/v^ (or deceleration coefficient — a? r“) is 
constant. Substituting in the Bernoulli equation (14) for unsteady flow, we 
get 

(22) — 2h<j> — const., on the free boundary'. 

The limiting case h corresponds to steady flow. 

We shall treat analytically the case of a symmetric plane flow with 
cusped cavity (Fig. 4a). Any such flow can be mapped conformally onto 
the interior of the unit semicircle T in an auxiliary i/-plane (Fig. 4b), so 
that the wetted barrier SAS' falls on the semicircle u — c'*", and the free 
boundary" SC S' on the diameter. By sjmimetiy, the point 2 = x will fall 
on ti = ip , where 0 < j8 < 1. 

Setting TF = U = ic{z)/ht, then as in Ch. VI, §10, (26), the reduced 
complex potential 1 ^( 2 ) will be given by 

(23) w = m/{T- + 5=), 

W'here 

(230 B - (r' - p)/2 and r = -(u + u^^)/2. 

On the free boundaiy^, S'CS, w = <t> is real, and so by (22), letting f = dw/dz 
be the reduced velocity, 

/o 4 \ f V i2 f v2 1 2 fnh . 2 H" TC** 

(24) in = I r I = + const. = c p -I- gi - 

In (24), all terms are real; c = | j at C since T =<=0 there; and K} > — 1 
since S'CS contains no stagnation point. Now write iK = Ti = — 
(ui + wi“*)/2; clearly tii = iy with 0<7< lifiir®<0, while = e" 
with 0<7< rif— l<2iL*<0. Moreover, since IT ± Tj = u~‘(« ± u/) 
(u ± ill (230 j formula (24) implies 

(u + iiti)(u — wQCtt + uT^)iu — 'urO 
(u + ii3)(M — ii3)(w — i|S~0(w + 


( 24 *) 
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Hence, since (u + ii 3 )iu ~ ur^) and (u — Hj)(u + are conjugate 
complex numbers for u real (either when Uj = iij = iy, or Uj = e'*") 
having the same absolute value, we conclude 


(24**) 


; (?/ + 1/3) (w + 1/3-0 ■ 


In the case of a flat plate treated by von Ivarman and Gilbarg^^, f is 
imaginary on SAS'. In this case, the function 

f(iA = + i^)(u + 1/?"^) ^ f [(ii -- irQ + i(^ + /3~~0] 

c (u + Ui)(u — ic^) c [(w — ir^) + (wi — t^rO] 
is regular in F, has its only zero at u = i, is purefy imaginary on w = e*®", 
and has modulus one on the real axis. Such a function is (u — i)/(u + i)i 
hence 


(25) 


(u — i){u + ni)iu — uiO 
(w + 2)(w + i^){u + i^-^) 


determines, with (23), an accelerated flow past a flat plate, for any ^ and 
7 satisfying the inectualities prescribed above. 

Conversely, by analyiic reflection in the unit circle (making f (t^*-^ = 
— f*(w) ) and the real axis, any /(w) having the above properties can be 
extended to a function analytic in the whole i^-plane, having a zero at 
ii = 1 and a pole at u = —i, and no other zeros or poles. It follows that 
f{ii) = d=(w “ f)/ (w + i), so that (25) and (23) define the only flows of the 
type postulated. 

Von Karman has shown“^ that there is Just one case for which z(C) and 
z{A) have the same imaginary’' part. However, in -view of the discussion of 
Ch. T", §14, and Ch. \l, §10, one can anticipate that there will be more 
free parameters in the case of a solid curved obstacle. Hence the physical 
significance of von Harman’s result is uncertain. Actually, the general case 
of a curved barrier can be treated by the methods of Ch. Yl, using (24*) 
to reflect in the free boundary; we omit the details. 

Flows of the tyije postulated may help explain the peculiarities of the 
\drtual mass of an accelerated plate^. However, it is not clear how to gener- 
ate them physically, nor whether a cusped wake or cavity can ever be 
stable. 

Actually, it is not clear whether a surface of discontinuity can ever be 
generated in an ideal fluid, initially at rest; this question has been the 
subject of a long controversy^^ 


J. Luneau, Comptes rendus 227 (1948), 823-5, and 229 (1949), 927-8. 

J. Hadamard, “Legons snr la propagation des ondes”, Note II, pp. 355-61; F. 
Klein, Zeits. Math. Phys. 58 (1910), 259-62; G. Jaff4, Phys. Zeits. 21 (1920), 541-3; 
Anton. Tne-. Arr»hiv 10 411-27 
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11. Stability of plane interface. The instability of sui*faces of velocity- 
discontinuity was mentioned in Ch. I, §7, as the main reason why the theory 
of Chs. II-X cannot be applied to real wakes. We shall now give a first 
quantitative analysis of this instability; see also Ch. §§10-12. 

The simplest case concerns a single plane interface z/ = 0, in a vertical 
gravity field®^ of intensity g, separating two fluids of densities p and p'. 
Suppose these fluids have tangential velocities zq ii', and a constant normal 
acceleration a towards the fluid of density p. Relative to axes moving with 
horizontal velocity (pu + pV)/(p + p'), and vertical velocity at, the 
velocities u, u' will be parallel to the rc-axis and satisfy pu + p'u' = 0. 
Relative to these axes, consider infinitesimal sinusoidal perturbations 

(26) y = hit) sin kx = t^ix, t) 

of the interface. Neglecting viscosity, the pressure p will satisfy the Ber- 
noulli equation for non-stationaiy motion in a gravity field. This equation 
is, in an accelerated frame moving down mth velocity at, 

(27) V + piiVUVU + dU/dt + gy- ay) = C(t), 

in the domain y > r)ix, t) occupied by the lower fluid of density p, and a 
similar equation involving p', p', U' in the upper fluid. 

If the interfacial tension is 7 ^ 0, then the pressure condition across the 
interface is 

(27a) p - p' == 7 d%/dx\ 

Under the usual perturbation approximations^®, Euler’s equations of mo- 
tion and the interface condition (27a) are equivalent to the ordinary differ- 
ential equation 

(28) = Sik)b, 


where 


(28') 


S(k) = 


PP 




(p + py 


(w' — It)® + — J2 —, (o - d)k — 

P + P 


yk^ 

ip + p') 


The case p' = 0, a ~ 0, > 0, so that SQc) = —gk and hit) = Re{ C exp 
f, gives the classic theory of gravity waves in an ocean of infinite 
depth with no wind. We shall make no attempt to summarize the immense 
literature dealing with this neutrally stable case (cf. [50, Ch. IX]). 

Instead, we shall discuss some types of instability which are most easily 
explained using formulas (28)~(280- Our discussion will rely on the classic 

Such a field is equivalent to a vertical acceleration — p, and causes no extra mathe- 
matical complication. 

See [50, §§232, 234, 268], and refs, given there; the final formula is [50, p. 462, 
(2)]. The mathematical theory was developed in 1871 by Kelvin [45, pp. 76-100]. 
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principle — ^whose proof rests on Fourier analysis'^ — ^that the condition for 
instability is 

(29) S(fc) > 0 for some k > 0. 

The following conclusions are then immediate. 

I. The relative tangential velocity j — u | is always a destabilizing 
influence. Instability due primarily to this cause may be called Helmholtz 
instability^. 

II. Acceleration from the denser towards the lifter fluid exerts a stabi- 
lizing tendency; acceleration from a light towards a dense fluid is destabilizing. 
Instability due primarily to this cause may be called Tajdor instability® . 

III. Surface tension e.xerts a stabilizing tendency on the shorter ripples, 
and stabilizes sufficiently short ripples, thus keeping the interface from 
getting too irregular . 

In fact, if surface tension is neglected, then S{k) is unbounded for both 
Helmholtz and Taylor instability. It follows®" that the perturbation prob- 
lem is not “well set” mathematically, in the classic sense (Hadamard) that 
the perturbation differential equations simply have no solution for a general 
initial perturbation. 

12. Taylor instability. In the case u = xi' of pure Taylor instability, 
viscosity is really negligible in the initial stages. This makes the theory of 
real Taylor instability simpler than that of Helmholtz instability. Hence 
we discuss it first, even though the latter is better known and probably more 
important. 

Taylor's theory was originated to explain the instability of underwater 
explosion bubbles (§3) when near their minimum radius (see §13). Earlier, 
Eiabouchinsky®® had given the stability criterion that a bubble would be 
stable if its internal pressure was less than atmospheric pressure, and un- 
stable otherwise. Taylor gave, instead, the related criterion II of §11. 

The quantitative analysis goes as follows. By (28)‘“(280, we have a con- 
tinuum of unstable eigenperturbations, each of which has its own rate of 

G. Birkhofi, J. soc. ind. appl. math. 2 (1964), 57-67. 

Because its importance was first stressed by Helmholtz [35] in 1868. See also Scott 
Russell, Trans. Roy. Soc. Edinburgh (1840), ref. in [45, p. 282]. 

Because the first clear formulation of this principle was due to Sir Geoffrey 
Taylor [80], who also inspired its experimental confirmation by Lewis [56]. See also 
ftnt. 38. An exhaustive study of Taylor instability has been made by G. Birkhofif in 
Reports LA-1862 and LA-1927 of the Los Alamos Scientific Labs. 

R, Bellman and R. S. Pennington, Quar. appl. math. 12 (1954), 151-62. 

« Comptes rendus 184 (1927), p. 583, and third int. congr. appl. mech., Stock- 
holm (1930), vol. 1, p. 149. See also B. Demtchenko, Comptes rendus 184 (1927), p. 
1314. 
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exponential growth V S{k ) . The wave-length = 2Tr/km giving the biggest 
S(k) will clearly have the most rapid growth; we call it the “most unstable” 
w^ave-length. With pure Taylor instability, since u = ii', kj = 
(p “ p')(^ “ p)/ 37, by (28'). For example, if a = 50^ and p' p = 1 as 
in Lewis’ experiments wdth air and w^ater, km ^ 14 and X,„ ~ 0.45 cm. In 
general, the most rapid rate of growth will be 

2(p-p0- 

3\/3(p + pO 

After a time long enough to permit random initial perturbations to 
amplify 1000-fold, the interface may be expected to become irregular, and 
the approximations used to derive (28)-(280 are no longer valid. If p p', 
and the initial perturbation is sinusoidal with wave-length X = 27r/fc, then 
round-ended bubbles of the lighter fluid penetrate the heavier fluid as in 
Ch. X, §11, writh nearly constant velocity of the order of \/^. The heavy 
fluid in the interstices hardly moves. These predictions of Taylor have been 
verified by Lewis [56] in the ease of an air-water interface. The case of two 
liquids or gases of comparable density is harder to treat experimentally, as 
it involves Helmholtz instability sooner; it is more symmetrical between 
the two fluids. 

At the end of §11, we observed that the linearized interface instability 
problem was not “well set” if surface tension was neglected, for either Helm- 
holtz or Taylor instability. It is an interesting open question whether or 
not the exact non-\m.QZx theory gives rise to a well set boundary value 
problem. 

13. Spherical and cylindrical bubbles- Taylor instability of spheri- 
cal and cylindrical cavities can be investigated by methods similar to those 
of §11. If 6(0 is the radius of a spherical cavity as a function of time, then 
perturbations of the interface expressed in terms of Legendre polynomials 
P7i(cos <^) have amplitudes hhff) w^hich, if the surface tension 7 is negligible, 
satisfy®® 

(30) 6 6\ + 366a - (fe - 1)6 6 a = 0. 

In the case of underwater explosions, 6 > 0 near the minimum radius, show- 
ing that the spherical form has Taylor instability in the usual sense of II, 
§11. This leads to a large degradation of bulk energy into turbulent energy. 

In the case of small vapor-filled cavities, surface tension is an important 
stabilizing factor, and 6 < 0, so that there is no Taylor instability. Never- 
theless, due to negative damping (6 < 0), successive oscillations increase in 

3»§ee tl7, p. 311]. 
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amplitude, roughly like 5”*. Hence the collapse of ca\dtation bubbles is also 
unstable theoretically'^*^. 

The preceding theoretical discussion ignores many important factors^, 
such as the increase in vapor pressure which occurs when b <$C bmas , de- 
partures from sphericity near walls, \dscosity effects, etc. Nevertheless, it 
seems to give a correct qualitative picture. 

Many other problems invohdng cavity stabilit}" can be analyzed simi- 
larly. For example, one can analyze the stability of a spherical bubble in a 
variable pressure field^. Or, one can treat the stability of a collapsing 
cylindrical ca\’it 3 ^, by supposing perturbations of the form r — b{t) + bh{t) 
cos hd^ where the bh(t) are infinitesimal. Instead of (30), one has 

(30a) bbk + 2bbK - (A - 1) bbk = 0. 

In this case, perturbations grow logarithmically at worst^, but of course 
their relative amplitude grows like 1/6. 

Again, one can treat the oscillations of nearly spherical droplets under 
surface tension b 3 " similar methods [50, §275]. And finally, the stability of 
spheres and ellipsoids under gravity^ has received very intensive study^®, 
because of astroph}"sical applications. 

14. Helmholtz instability. The instability of the free streamlines of 
Chs. II-XI can be inferred immediately from (28)-(280. This can be seen 
most simply by setting p = p' (or a = g) and 7 = 0. For any fixed wave- 
number in the case p' p of a gas-liquid interface, the rate of growth 
will then be proportional to VTTp- This explains the Betz-Petersohn prin- 
ciple (Ch. I, §4), that free streamline theory is applicable to gas-liquid 
interfaces. The instability is small, and often overcome by surface tension. 

A more sophisticated application is to the generation of ocean waves by 
wind; this theory was developed in 1871 by Kelvin®^. In this case, p' «: p. 
A calculation of the most unstable wave-length shows that [50, §268] the 
interface should be stable for winds whose velocity w' < 646 cm/sec. (Both 
gravity and surface tension are stabilizing influences; if a = p, as in a falling 

G. Birkhoff, Quar. appL math. 12 (1954), 306-9; see also A. M. Binnie, Proc. 
Camb. phil. soc. 49 (1953) 151-5. M. S. Plesset and T. P. IMitchell, Quar. appl. math 
13 (1956), 419-30; D. Layzer, Astrophys. J. 122 (1955), 1-12. 

See S. A. Zwick and M. S. Plesset, J. math, phj^s. MIT 33 (1955), 308-30; A. T. 
Ellis, Caltech, hydro, lab. rep.; Ch. XV, §4. 

« G. Birkhoff, Quar. appl. math. 13 (1965), 451-3; see also M. S. Plesset, J. appl. 
phys. 25 (1954), 96-8. 

[50, Ch. XII, esp. §376 ff .] The method of Jeans has been challenged by S. Rosse- 
land, Norske Vid.-Akad., Oslo, Math-Nat. Klasse, 1931, No. 7. See also S. Chandra- 
sekhar, Proc. Camb. phil. soc. 51 (1965), 52-78, and QJMAM 8 (1955), 1-21. 
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c 

Fig. 5. 

elevator, we would always have instability, with 37ry/p'w'^.) Experi- 
mentally^, waves form at velocities about 120 cm/sec. 

The preceding discrepancy is typical of applications of Helmholtz-Kehdn 
stability theory to real problems. It has been attributed variously^ to 
viscous effects, to airflow separation near the wave crest (i.e., wake under- 
pressure), and to the turbulence of real winds. 

Such applications are also complicated by non-linear effects, which occur 
with steep waves (of “finite amplitude’’)* Thus, in the case p = p' of a 
surface of discontinuity (vortex sheet) separating two fluids of equal 
density, the vortex sheet tends to “roll up” spirally in a non-synimetric 
way. Quantitative calculations have been made by Rosenhead^^, assuming 
an initially sinusoidal interface; the development of the spirals is sketched 
in Fig. 5. 

15. Stability of capillary jets. Perhaps the most striking application 
of the technique of §§11-14 is to the stability of capillary jets. This was 
treated by Rayleigh in a series of classic papers^. 

Mathematically, Rayleigh idealized such a jet (1 mm.-l cm. in diameter) 
as a cylindrical column of radius a. He assumed that the jet disintegration 
was due to surface tension, and its effect on “varicose” perturbations (i.e., 
alternate swellings and contractions). Thus, he considered eigenpertur- 
bations of the form r == a + sin te, as playing the same role as (26) 

See H. Jeffre^’-s, Proc. roy. soc. A107 (1924), 189-206; also [45 p. 85]; W. H. Munk, 
J. marine research 6 (1947), 203-18. For turbulence effects, see C. Eckart, J. appl. 
phys. 24 (1953), 1485-94. See also R. Lock, Proc. Camb. phil. soc. 60 (1954), 105-24. 

Proc. roy. soc. A134 (1931), 170-92; [31, p. 30]. New calculations reported in LA- 
1927 (Los Alamos Scientific Laboratory) suggest modifications in the usual interpre- 
tation of Rosenhead's results. 

«Proc. Lond. math. soc. 10 (1879), 4-13 and 19 (1887), 67-74; [66, pp. 351-71]. 
See also Ch. XV, §11. 




256 


XI. UXSTEADY POTEXTUIj FLOWS 


did in Kehdn^s theory. The velocitj" potentials associated with such per- 
turbations are U = Joikr) cos kx inside the jet, and 27' = Ko{kr) cos kx 
outside; these replace the U = cos kx and U' = cos kx of Kelvin^s 
calculations. 

He showed that such an idealized jet is statically unstable under surface 
tension y when its length L exceeds tt times its diameter D, and that the 
“most unstable’’ wave-length is about 4.5i5. In the case of water, the asso- 
ciated most unstable varicose perturbation will be amplified 1000-fold in 
time t = 0.828Z)-. He concluded that the length to break-up should be 
proportional to the jet velocity. Experimentally, this is observed up to a 
certain critical speed^*. 

It may be surmised that this is about the speed at which Helmholtz in- 
stability becomes more important than surface tension. An exact theo- 
retical prediction of the critical speed would be too much to expect (cf. 
§14). Thus it is known^^ that the jet from a sharp-edged orifice may have 
three times the critical speed of one from a hole in a thick plate; other 
anomalies Tvill be discussed in Ch. XV, §10. 

16. Stability of other configurations. Kelvin’s technique has been 
applied to various other configurations involving surfaces of discontinuity. 

Thus Rayleigh^® applied Kehnn’s ideas to explain the flapping of a flag 
in the wind. A similar technique [50, §232] may be used to analyze the 
stability of a plane jet of non-viscous fluid, surrounded by a medium of 
equal density. 

Again, Worthington [90] used Rayleigh’s model to explain the breakup, 
into a “crown” of drops, of the splash formed behind a small sphere dropped 
into water. 

The configuration of 7W?7i-circuIar capillary jets has also been studied by 
scientists for a long time. The methods are similar to those of §15, and we 
content ourselves with bibliographical references^. 

The stability of swirling flow about a cylindrical cavity (of a “hollow 
columnar vortex”) has also been studied by Kelvin^®. (For the unperturbed 
flow and its generalizations, see Ch. X, §10.) Kelvin showed that the cavity 
was neutrally stable, but that corrugations (waves) travelled around it 
with calculable angular velocity depending on the wave-length. Following 

S. W. J. Smith and H. Moss, Proc. roy. soc. A93 (1917), 373-93; C. Weber, ZaMM 
11 (1931), 136-54 [35a, Ch. VI]. 

« G. Bidone, '^Experiences sur la forme Turin, 1829; [la]; J. Boussinesq, 

Mem. acad, sci. Paris 23 (1877), 639-59; Rayleigh, Proc. roy. soc. 29 (1879), 71-97; 
P. Kemenyi, “Wasserbauliche Stromungslehre”, Part VI; Y. Wada, J. phys. soc. 
Japan 6 (1950), 269-62 and 439-42; J. L. Erickson, J. rat. mech. anal. 1 (1952), 521-38; 
and J. S. McNown and S. C. Ling, La houille blanche (1955), 775-81. 

« Phil. Mag. 10 (1880), 155-68 (or [45, p. 152]); also [50, §§158-9]. 
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Kelvin, Ackeret and Binnie™ have proved theoretically the possibility of 
helical waves, and the possibility of waves having negative group velocity. 

Recently, Fox and Morgan*' have analyzed the stability of various ideal 
plane flows with free boundaries, under inertial forces alone, with p' = 0. 
The following flows were found to be stable: a hollow vortex in a cylinder; 
the jet from a symmetric funnel (Ch. II, §5), except in the ease of a Borda 
mouthpiece; a jet divided symmetrically by a plate (Ch. Ill, §5), including 
Kirchhoff flow in the limit. The case of equal and opposite plane jets, on the 
other hand, was found to be unstable; this instability may be related to 
the indeterminacy of impinging jets noted in Ch. Ill, §4. Experiment- 
ally, impinging coaxial capillary jets seem to be stable; this was shown 
by Savart [73a, pp. 257-310]. 

Impinging coaxial gas jets seem also to be highly stable^. 



Fig. 6. 


The stability of a bubble in an accelerated liquid is more complex; the 
observed sequence of events is sketched m Fig. 6. Initially, as predicted by 
(19), the spherical shape is in equilibrium, but the bubble is accelerated 
2-3 times as fast as the surrounding liquid. Then, under Helmholtz in- 
stability, an equatorial bulge occurs, transverse to the direction of ac- 
celeration. Later, the flattened bubble “dishes out” due to unknown 
causes. 

Finally, T. B. Benjamin and F. Ursell** have made an interesting study 
of the stability of a horizontal free surface under gravity, when given 
periodic vertical vibrations. 

J. Ackeret, Ing. Archiv 1 (1930), pp. 399-402; A. M. Binnie, Proc. roy. soo. A205 
(1951), 530-40. 

“ Quar. appl. math.. 11 (1954), 439-56; this extended a previous analysis by C. M. 
AblowandW. D. Hayes, Tech. rep. on Contract N7onr-35807, Brown Univ. (1951). 
Unsteady Kirchhoff “wakes” (cavities) have also been studied by L. C. Woods, Proc. 
roy, soc. A220 (1955), 152-80. 

“ A. Schaffer and A. B. Cambel, Jet propulsion 25 (1955), 284-7. 

“ Proc. roy soc. A226 (1954), 50^15. The problem was first considered in 1831 by 
Faraday (Phil, trans., p. 319). 



CHAPTER XII 

STEADY VISCOUS WAKES AND JETS 


1. Boundary value problem. In Chs. XII-XIV, we shall turn our at- 
tention to wakes and jets in homogeneous fluids. The theory will be based 
on the Xavier-Stokes equations, and will be almost entirely unrelated to 
that of Chs. II~XI. In Chs. XII-XIV, a central role will be played by the 
concepts of viscosity, vorticity, and turbulence, which were ignored in Chs. 
II-XI. Correspondingly, the concepts of velocity potential and of ^^free” 
streamlines (involving discontinuous velocities) will not appear in Chs. 
XII-XIV. 

The reason for this change is, as explained in Ch. I, §7, and in Ch. XI, 
§§11-14, that Euler’s equations of motion cannot be usefully applied to 
wakes and jets in homogeneous fluids, but only to cavity flows and liquid 
jets in gases. 

The simplest' case, treated in this chapter, is that of steady (i.e., laminar) 
flow of an incompressible fluid. In this case, the Xavier-Stokes equations 
of motion for the velocity-field u(x) simplify to^ 

( 1 ) Uk dUi/dxk = — dpfdXi . 

In (1), the density p and viscosity p are assumed to be constant — ^i.e., 
temperature variations are assumed small. The analysis will be confined 
to the cases of plane flows and axially symmetric flows. In these cases, the 
incompressibility condition 

(2) 0 = Div ti = dUk/dXk 

is equivalent to assuming the existence of a stream function F(x), satisfying^ 
(2a) dVldy = u, dV/dx = — i; in plane flow, 

(2b) dVJdr = rw, dV/dx = — ry with axial symmetry. 

In terms of F(x), equations (l)-(2) are equivalent to 
(3a) pV^F = pd(F, V^V)/B{x, y) in plane flow 

[61, p. 536, Ex. 7], and 

(3b) pE"F - prd(F, r-"'i7®F)/a(a:, r) 

^ [31, p. 96]; [50, p. 577]; [61, p. 509]. The usual equations are simplified 
since d/dt — 0. 

* [50, pp. 63, 126]; [61, pp. 103, 407]. We write w = Wi , = (w 2 * + 
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in axially symmetric flow [61, p. 523]. In (2b)-(3b), cylindrical coordinates 
X, r are used, d{f, g)/d{x, r) denotes the Jacobian (df/dx)(dg/dr) — (df/dr) 
(dg/dx), and E“ = d^/dx“ + d^/dr — f'^d/dr. 

The differential equations (3a)-(3b) must be supplemented hy the bound- 
ary conditions 

(4) V — const., dV/dn = 0 (or VF = 0), 

on solid boundaries. Equations (4) clearly express the conditions of im- 
permeability and no slipping, respectively. Combined with the condition 
u(oo) = {U, 0, 0) at infinity, equations (3a)-(4) and (3b)-'(4) define two 
plausible houndary value 'problems for partial differential equations, whose 
analytical solution might be considered as our ultimate objective. 

2. Critical discussion. Unfortunately, the mathematical boundary 
value problems just defined seem to be very difficult. Although it is knovm 
theoretically that solutions exist®, it has never been proved that the solu- 
tions are unique. Hence we do not even know that the problem is mathe- 
matically “well set”. 

Moreover the problem is certainly not well set physically except at low 
Reynolds numbers. It is knovm experimentally that real w^akes and jets 
become unstable above some “critical Reynolds number” i?crit , usually 
in the range 25 < Rcvit < 1,000. For R > Rnit , the flow becomes time- 
dependent (periodic or turbulent), and (3a)-'(3b) simply do not apply. 
This time-dependent behavior is illustrated by Figs, la-lf, which give 
sample^ time-exposure photographs of wakes behind circular cylinders, at 
various Reynolds numbers. 

Finally, no special analytical solutions are knomi of the boundary value 
problem defined in §1, which describe wakes or jets.® The analytical solu- 
tions given below will refer, except to §15, to various approximations to 
the Navier-Stokes equations (1). Among these may be mentioned: the 
Stokes approximation (§3), the Oseen approximation (§5), and PrandtPs 
boundary layer approximation (§8). The first tvro of these are linear. 

In principle, one might hope also to obtain approximate solutions to 
(3a)-(3b) by numerical methods (cf. Ch. IX). This approach has been ap- 

3 J. Leray, J. de math. 12 (1933), 1-82. 

* For others, see H. L. Rubach, Gott. Diss. (1914); C. Camichel, Engineering 123 
(1927) ; A. Fage, Proc. roy. soc. A144 (1934), 381-6; F. Homann, Forschung Ingenieur- 
wesens 7 (1936), 1-10. 

** For exact solutions of the Navier-Stokes equations not describing wakes or jets, 
see A. Rosenblatt, Fasc. 72 Mem. Sci. Math., Gauthier-Villars, 1933; R. Berker, 
'‘Sur quelques cas d’int4gration ... ”, Paris, 1936; Livre II of H. Villat, “Logons sur 
les liquides visqueux”, Paris, 1943. 
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Figs. la~l/. Wakes behind a circular cylinder, various R < 50. 
(Courtesy Verein Deutsche Ingenieuve) 


plied especially to the wake of a circular cylinder®. However, it would ap- 
pear difficult to justify rigorously the methods of computation used, 
especially as regards flow separation (see §4). Existing calculations also 
involve somewhat arbitrary assumptions concerning the behavior on nearby 
walls, which are known (Ch. XIII, §9) to stabilize the flow. 

® Bairstow, Cave and Lang, Proc. roy. soe. AlOO (1922), 394-413, and Phil. Trans, 
A223 (1923), 383-42; Southwell and Squire, Phil. Trans. A232 (1933), 27-64; A. Thom, 
Proc. roy. soc. A141 (1933), 651-69; M. Kawaguti, J, phys. soc. Japan 8 (1953), 747-57. 
and9 (1954), p. 303; D.N. de G. Allen and R. V. Southwell, QJM AM 8 (1955), 129-45. 
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V=3.0 



3. Wakes in creeping flow. At very low Rejniolds numbers' Re 1, 
it is plausible that the right-hand sides of (3a)“(3b) are negligible, because 
they are quadratic in the velocity. This leads to Stokes’ approximate equa- 
tions for creeping flow: 


(5a) 

<l 

II 

o 

resp. 


(5b) 

11 

o 


We first consider the boimdary value problems defined by (4), (5a) or 
(5b), and 

(6) Lim u(x) == (27, 0, 0), 

X — >00 

corresponding to this approximation. 

In the axially symmetric case, it can be shown^ that the problem is “well 
set”. That is, equations (4), (5b) and (6) determine one and only one “creep- 
ing flow” past a given axially symmetric obstacle. Further, the flow’s 
theoretical predictions agree extremely well wdth observation, when Re 
It is easy to show that the “creeping flow” past any such obstacle having 
fore-and-aft symmetry, will itself have fore-and-aft symmetry (cf. Fig. 2a 
and [59, Fig. 3]). This follows because (5b) is invaiiant under the substi- 
tution 7— — y, p— p corresponding to flow reversal. Moreover various 

7 In the present section, the Reynolds number will be denoted Re^ to avoid con- 
fusion with the distance R from the origin, in spherical coordinates. 

* By analogy with elasticity theory; see K. Schroder, Math. Zeits. 48 (1943), 553- 
675. In Chs. XII-XIV, we use U to denote free stream velocity, instead of a (usually 
non-existent) velocity potential. 
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Special axially symmetric ‘"creeping flows’’ can be determined analytically, 
ill closed form. 

The most important case is that of a sphere of radius a, solved by Stokes. 
In spherical coordinates (i?, <t>, 6), the solution is 

(7) T’ = U(R-/2 - (3aff/4) + aV4i?) 

(See [50, §§336-8] or [61, §§19.63-4] for derivations.) The radial and angular 
velocity component.s are 

(7a) us/U = (1 - (3a/2R) + a^/2R^) cos<f>, 

(7b) ! 4 /r = (3a/4i? + a^/4R^) sin <j>. 

The vorticity f = (Za/2R“)U sin <l>. The drag D is dTixaU, and drag coeffi- 
cient = 24/7?c. The formula for D is accurate to within 5 % when R < 
0.3 [31, pp. 491-3], except that corrections involving the mean free path 
must be made in a gas. 

Exact solutions of Stokes equations have also been given in other cases 
of ph^-sical interest. The case of a liquid sphere falling under gravity [50, 
p. 600] and of a spheroid [50, §339] should be mentioned. The cases of a 
sphere in a cylindrical tube^, of a sphere in the presence of a plane wall, 
and of two tandem spheres have also been treated by approximate methods. 
Thus, it has been shown that a more accurate formula for the drag of a 
sphere of radius a in a cylindrical tube of radius A is approximately 
GirMl + 2.1(aA4)), if Re « 1. 

However, Stokes also showed that the analogous boundary value problem 
for plane ‘"creeping flows”, defined by (4), (5a), and (6), has no solution^®. 
This paradox of Stokes will be resolved in §§5-6, by a more careful con- 
sideration of the flow at large radii. 

4. Flow separation. But first we shall complete the discussion of wakes 
near obstacles, by recalling some basic facts about flow separation at low 
Reynolds numbers. 

It has long been known that, in the range^®* 5 < iJ < 30, the flow sepa- 
rates behind a circular cylinder or other “bluff” (i.e., non-streamlined) ob- 
stacle along separating streamlines (see Fig. lb), which close at a distance 
behind the obstacle which increases with R, The region bounded by the 

® R. Ladenburg, Ann. der Physik 23 (1907), 447-58; H. Pax4n, ibid. 68 (1922), 89- 
119; J. S. McNown et al., Proc. seventh int. congr. appl. mech. London (1948), vol. 
2, 17-29. 

[50, §343], and H. Lamb, Phil. Mag. 21 (1911), 112-21. A very thorough discussion 
has been given by S. Kneale, Harvard Doctoral Thesis, 1952. 

See Ch. XIII, §9, for a discussion of the various factors influencing the upper 
limit of this range. 
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separating streamlines is filled with two symmetrically placed eddies, ro- 
tating about vortex centers. 

By treating these vortex centers as point-vortices, Foppl constructed in 
1913 a po^cnimi-theoretic model for such flows; its streamlines are drawn in 
Fig, 2b. Because of its mathematical simplicity, its interesting stability the- 
ory, and its relation to vortex streets (Ch. XIII), FoppPs model has received 
considerable attention^^ Also, the model gives streamline configurations 
agreeing well with those obser\’'ed experimentally. 

However, the model is theoretically unsound. In a real fluid, the vorticity 
at the vortex centers will diffuse outwards, giving a region of slowly varying 
vorticity instead of point-vortices. Near a vortex center, many velocity 
fields are compatible with a given streamline configuration, and so agree- 
ment between predicted and observed streamlines does not imply agreement 
between (say) the associated pressure distributions^\ (The same remark 
applies to the vortex streets of Ch. XIII.) 

Streamline configurations resembling those due to stable vortex rings 
have also been observed experimentally behind spheres and discs, at 
Reynolds numbers as high^^ as B = 200. 

Finally, recent computations by Tomotika and Aoi^^, based on the Oseen 
approximation, indicate that separation may occur behind circular cylinders 

L. Foppl, S.-B. Bayer. Munich Akad. Wiss., 1913; W. G. Bickley, Proc. roy. 
soc. A119 (1928), 146-56; W. Muller. Zeits. tech. Physik 8 (1927), 62-8; and Mathe- 
matische Stromungslehre, Berlin, 1928, p. 124, where the theoretical base pressure 
distribution is shown to disagree with observation. 

1* H. Nisi and A. W. Porter, Phil. Mag. 46 (1923) , 754r^8; T. E. Stanton and D. Mar- 
shall, Proc. roy. soc. A130 (1930), 295-301. See Ch. XIII, §11. 

1* QJMAM 3 (1950), 140-61; see also H. Yamada, Math. revs. 15 (1954), p. 837; T. 
Pearcey and B. McHugh, Phil. Mag. 46 (1955), 783-94. 
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and spheres even when R = 0.1, w’hereas previous computations had as- 
sumed the contrary. 

5. Asymptotic wake structure. As observed by Oseen^^®', at large 
distances from an obstacle the “Oseen equation” 

(8) pVdn/dx = iuV“u — 

wdll give a better approximation to (1) than (5a)~(5b); the dominant terms 
of the left side of (1) are included. 

The mathematical theory of Oseen’s linearized equations is very inter- 
esting^^^; some applications of it will be made below" in §7. Thus, taking 
the curl of (8), w’e see that the vorticity < = V X u satisfies 

(8a) Ud^/dx = 

Similarly", since Div u = 0 by (2), (8) implies 

(8b) V“p = /iV‘(Divu) — pUd(T>iyu)/dx = 0. 

Since Vb’ = 0, equations (8)-(8a)-“(8b) will still hold if we change our no- 
tation so that (U + 11, V, w) = (27 + iii , , Ws) denotes the vector ve- 

locity relative to the obstacle, and u = {u, v, w) the velocity relative to the 
free dream. 

The as;^Tnptotic wake structure is best inferred by further simplifying 
f8a) to 

(8*) UdK/Bx = vl&'Kfdy' + d\/dz\ 

This simplification can be motivated by observing that d^/dz^ <JC d/dx 
asymptotically, for smoothly decaying quantities; it will be justified in 
§6 a 'posteriori. Clearly, (8*) is just the heat equation, with downstream dis- 
tance X playing the role of time. We apply the classic Laplace formula^^ 

2 Y 'TTva; J -00 

for solutions of (8*). This shows that the vorticity, generated on the surface 
of the obstacle, is confined to a parabolic or paraboloidal wake W behind 
the obstacle, outside of which the vorticity dies out exponentially. This 
prediction is confirmed experimentally. 

Outside the w-ake, since the vorticity C is negligible, we can set dui/dxk — 
dUk/dXi and hence =» d(Div u)/dxi = 0 in (1). From this, the Bernoulli 

W. Oseen, Arkiv for mat. astr. fys. 6 (1910), No. 29; F. Noether, Zeits. math, 
phys. 62 (1911), 1-39. 

W. Oseen “Hydrodynamik”, Leipzig, 1927; [50, §§342-343a]. 

P. Frank and R. von Mises, ‘^Differentialgleichungen der Physik’’, voL 2, Ch. 
XIII, §2. 
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equation follows (Ch. I, (13)) outside the wake, relative to the obstacle. 
That is, 

(9) p P — pUu outside the wake. 


Now using (8b), and the asymptotic expansion theory’- of harmonic func- 
tions at infinity [44, p. 269], we deduce 


(9a) 

p - P - Cx/r^ + 0(l/r') 

in plane flow, 

and 



(9b) 

p = P - C’x// + 0(l/r’) 

with axial s;yTnmetry. 

In (9a)-(9b), P is the free stream pressure, and C, C 

' are appropriate con- 


stants. The asymptotic pressure field (‘^far field’’) is thus a dipole field. 

Turning now to u{x), we use (9b) to drop the term dp/dx — 0(l/r®) in 
(8), as well as d\/dx^ du/dx. This gives us the heat equation^® for 

( 10 ) Udufdx ~ v[d\fdif + d%/dz% 

Finally, applying the Laplace formula to (10), one easily deduces 

(lla) u(x, y) ~ exp (— XJy^/4:vx), 

for some constant —A. (The sign is for convenience; see (14a),) In space, 
one can derive from (10) similarly 

(llb) u{x, r) ~ exp (— ?7rV4va;), + z- 

6. Wake momeutiim. We shall now show that the preceding formulas 
are self-consistent, and that the paired constants A, C and A\ C' in §5 
are directly proportional to each other, the wake momentum M, and the 
drag D. The argument is heuristic (for a more rigorous discussion, see §9). 

We first observe that, if V and v are constructed from (lla)-(llb) by 
equation (2) of continuity, then (1) is satisfied to a first approximation in 
the wake, in the sense that (10) consists of the dominant terms of (1). 
Outside the wake, where we have potential flow to a first approximation 
(§5), the mass-inflow in the wake must be balanced by an equal radial 
outflow outside the wake. 

This conclusion^® is confirmed by considering the pressure field. In radial 
outflow, u = kx/r^ in the plane, with mass-outflow 2irkp, while u ~ kx// 

The idea that (10) dominates asymptotic wake and jet behavior seems due to 
Rayleigh [66, p. 382]. See also W. Tollmien, Handb. Exp. Physik, IV 1 (1931), p. 269, 
For a discussion based on the complete Oseen equation (8), see [31, §249] and refs, 
given there. 

First exploited by A. Betz, NACA TM 268 (1924) and 337 (1925); see also Zeits. 
Flugt. Motorl. 16 (1925), 42-4. 
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in space, with mass-outflow Airkp. This agrees with (9a)-(9b), by (9), if 
and only if the mass-outflow outside the wake is 2irC/U in the plane, and 
4TrC\ r in space. 

Letting Tf* denote a cross-section of the parabolic or paraboloidal wake 
defined by flla,)-(llb’), we now define the wake rnotnentimi per unit length 
in the direction of obstacle motion as 


Mix) = p / — uix, y) dy 

Jir 

M(jc) = P jj y, z) dij dz 


in the plane, 


in space. 


fThe integral (12b) corresponds, for example, to the rush of air behind an 
express train, felt on a station platform.) According to (lla)-(llb), we 
should have 


LimJf(T) = {iirv/UypA 
Lim 31 (x) == (4rj'/U)pA' 


in the plane. 


m space. 


But clearly, (12a)~(12b) also represent the rate of mass-inflow in the wake. 
Comparing t%dth the preceding paragraph, we deduce 

(14a) C = p(pU/t)^A in the plane? 


C' = M' 


in the plane? 
in space. 


Finally, we give a heuristic derivation of formulas relating A, C, A', C' 
to \dscous drag. Kelative to an observ^er stationary with respect to the fluid, 
fonvard wake momentum should be created by the obstacle at a rate D 
per unit time, or at a rate D/U per unit length of wake. Hence we conclude 

(15a) D = 2pA^TrvU == 2x0 in the plane, 


D = = iirC 


in the plane, 
in space. 


From still another \dewpoint, the preceding calculations indicate that 
streamlines just outside the wake are displaced outwards by a constant 
distance 5 (half the so-called wake “displacement thickness” 25 = M/U) 
in the plane, and by a constant “displacement area” A = 3I/U in space. 

The preceding relations are fundamental in the theory of real wakes. 
Their extension to periodic and turbulent wakes vnll be discussed in Ch. 
XIII, §6, and Ch. XIV, §7. 


7. Oseen equations. Oseen's equations (8) have been applied in many 
connections. Thus, using the Oseen approximation and perturbation meth- 
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ods, higher order corrections to the “creeping” flow (7 ) past a sphere can 
be made, giving^' 


(16) 




?£| 

R ’ 


. ^ 16 


19S' 

1280 ”^ 


71B' 

20480 



Of greater interest is the use of the Oseen approximation to resolve Stokes’ 
paradox (§3), and to obtain theoretical estimates of the drag of cylinders 
for small R. Although measurements are difBcult, due to wall ef^ects^^ 
and not available for i? « 1 [31, p. 15], the formula D = 4/xr seems ap- 
proximately correct [50, §343]. 

Various other calculations of wakes at low i?, based on Oseen ’s '‘lin- 
earized” appioximation, have also been made. One can mention the cases 
of ellipsoids, elliptic cylinders, spheres in tubes, permeable plates, and 
yawed cylinders^^. These are based on the system (2), (4), (8) and 
u(oo) = 0, which may be said to determine Oseen ’s boundary value prob- 
lem. (Note that, in our new notation, (2) is u = Ui — — U, v = U 2 = 0, 
and = 1^3 = 0 on the obstacle surface.) 

8. Boundary layer approximation. For flows nearly parallel to the 
x-axis, one can replace the Navier-Stokes equations b^’' Prandtl’s approxi- 
mate boundary layer equations [31, pp. 118, 130], Using subscripts to de- 
note differentiation vith respect to the variables indicated, these are 

(17a) (f7 *4" 'U)Ux “t" VUy = p 4“ , 


in the plane. For axially symmetric flows, they are 

(17b) {U + w)z^x + Vllr == -p'^Pz + vr~^{rUr)r . 

Note that, in the boundary layer approximation, the flow in front of an 
obstacle is supposed undisturbed. 

Most theoretical treatments ([31], [74]) of real jets and wakes are based 
on (17a)“(17b). Therefoie, the approximations involved have been analyzed 
in detail (e.g., in [31, Ch. IV]). 

However, we shall avoid this approximation in treating the momentum 
equation (§9), and have deduced the asymptotic wake velocity profile 

[31, §216], and refs, given there. See also H. Villat, Legons sur lea flmdes visqueux, 
Paris, 1943, 224-56. For an alternative to Oseen’s equations giving a better fit but in- 
volving an extra empirical constant, see G. F. Carrier, Slow viscous flow^ Final Re- 
port on Contract Nonr-653(00), Brown University. 

C. M- White, Proc. roy. soc. A186 (1946), 472-9. See also L, Bairstow et al, Phil. 
Trans. A223 (1923), 383-432; C. Wiesels-berger, Phys. Zeits. 22 (1921), 321-^8. 

See [50, §343], and many refs, given there; R. de Possel and J. Valensi, Comptes 
rendus 236 (1953), 2211-13, and 238 (1954), 1966-8; Tomotika et al., Proc. roy. soc. 
A219 (1953), 233-44, and QJMAM 6 (1953), 290-312; S. Sidrak, Proc. math. phys. soc. 
Egypt 4 (1953), 17-27; I. Imai, Proc. roy. soc. A224 (1954), 141-60. 
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Theorem 1. In an incompressible fluid satisfying the Navier-Stokes 
equations, we have 


(19a) 


D = pdy + n ^ dx — pU j> udy 

~ P ^ ~~ dx), 

in two-dimensional flow, and 

— pU jj u dy dz — p jj ^ thUk dSk 


(19b) 


in thiee-dimensional flow. 

(In (19b), we have used the tensor notation tii = u, U 2 = v, uz = w, 
dSi — dy dz, dS^ = dz dx, dSz = dx dy.) To deduce the preceding equations, 
one need merely account for all the terms involved in the rate of change of 
momentum. These are: the pressure thrust D due to the obstacle; the pres- 
sure and viscous shear thrust of the fluid; and the rate of a;-momentum 
efflux by convention. Some simplifications can be made by using mass con- 
servation: thus j>^Uk dSk = 0 = dy = 0, etc. 

To put (19a)“(19b) in more usable form, we define the total head as 
usual by 

h = v + UiU + uf + + w\ 

so that the free stream total head will be 

H ^Po + hU\ 

The total head is nearly constant (i.e., nearly equal to H) outside the 
viscous wake. More exactly, we have in the notation Ui — u + u of (1), 

dhfdXi = dp/dXi + p^MhidUk/ dXi) 

== dp/ dXi + p^Uk{dUi/ dx^ + pYjUktki , 


where = (dUk/dXi — dUi/dXk) is a component of f. By the Navier- 
Stokes equations (1), therefore, 

dh/dxi = + p^Uktki . 

(1926), 7-27, and Phil. Trans. A227 (1928), 93-135; S. Goldstein, Proc. roy. soc. A142 
(1933), 563-73; [61, §19.71]. Our (19a) is Taylor’s (5), with viscosity included. 
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Clearly, if the flow is irrotational and incompressible, so that n = 
where = 0, then VA = 0 and h = H is constant. More generally, in 
the plane, = d^/dij and y\ = —d^/dx; while in space y\i = 
r~^d(r^)/dr scad = ^f'^d(r^)/dx + v/r“. 

Corollary 1. If terms which involve the vorticity (or a derivative of 
the vorticity) as a factor are ignored outside the wake TT’', then 

(20a) D — J (H -- h) dy + p ^ [uv dx + |(r“ — ti^) dy] 

in plane flow. In axially symmetric flow, 

(20b) D = (H - h) dSi - P If T> dSk - W dSi). 

Proof. By the preceding paragraph, H — his negligible outside W, since 
dh/dx is. Again, the viscous term in (19b) can berevTitten as r^dx, 
which vanishes if dx' = 0 across TT’". 

Corollary 2. If juj == <9(X“') inside TT"", if TT" is of radius 0(X“’) at a 
distance X behind the obstacle, if ; u [ ~ o(K^^) outside TF, and if C audits 
derivatives die off exponentially outside W, then asjunptotically 

(21a) D ^ [ (H -h)dij ^ -pU [ tt dy 

Jjr 

in the plane, and 

(21b) D = 2t j (jff — h)r dr = —2TrpU J ur dr 

with axial symmetry, as X . 

For, terms quadratic in m can be neglected asymptotically, both inside 
TT’' and outside. The asymptotic formulas of §6 can be based on Cor. 2, 
using the considerations of §5 to justify its assumptions. 

Connoisseurs of airfoil theory will recognize, in formulas (21a)-'(21b), 
the first terms of expressions of great practical importance. A more refined 
analysis, due primarily to Betz and Jones^^, enables one to determine quite 
accurately the drag of an airfoil in flight, from Pitot pressure traverses 
made a fraction of a chord-length behind the airfoil. However, we shall not 
give this more refined analysis, partly because it is mathematically less 
rigorous than the simpler asymptotic formulas derived above. 

10. Similarity li>i[>othesis. One can easily verify that the asymptotic 
velocity profiles (Ila)“(llb) in wakes are all similar to a single ^'universal 

For references and details, see [31, §115]. 
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TABLE I. Values of p, q in n ^ 2, S dimensions 
A. Jets. Similarity Hypothesis: u = x^^fiy/x^). 



Momentum ! 

1 Laminar 

Homogeneity 2g = p + 1 

Turbulent 

1 

n = 2 

2p = q 

P = s, 9=1- 

P = §. 9 = 1 

n = 3 1 

1 

p = q 

\ 1 

P = 9 = 1 j 

P = 9 = 1 


B. iral'es. Similarity Hypothesis : w = x^^fiy/x^) 



Momentum 

Laminar 

Homogeneity^ 2^ = 1 i 

j Turbulent 

j p+q=l 

— 2 

P = 9 

P = 9 = i 

II 

II 

n = 3 

p = 2g 

il 

11 

P = i, 9 = J 


C. Wakes with hydrodynamical self -propulsion 
Same Similarity Hypothesis, hence homogeneity condition 



Momentum 

Laminar 

' Turbulent 

1 

n — 2 

p ^ Bq 

p = -i. 

9 = 4 i 

p = i 

9 = i 

n = B 

p Aq 

p = 2, 

9 = 4 

p = 4, 

g = J 


velocity profile’’, provided the distance and velocity scales are changed ap- 
propriately. More precisely, for suitable positive constants p, q, they have 
the form 

(22) u(x, y) = [v - y/x% 

We shall see that an analogous equation is assumed to hold asymptotically 
in the theory of laminar jets. When so assumed, it may be called the 
Similarity Hypothesis. 

More generally, it forms the basis for the theories of turbulent wakes 
and jets (Ch. XIV), and of wakes with ^^hydrodynamic seK-propulsion”. 
In all cases, the constants p and q can be determined from approximate 
forms of the Momentum Conservation Law, and the requirement of being 
compatible with the assumed approximate Equations of Motion. Table I 
contains a list^^ of the constants p and q determined in this way. 

To make clear the method, we note that (21a) implies p = g for plane 
laminar viscous wakes, while (21b) implies p = 2g in (22). Again, to achieve 
homogeneity in the simplified equations (10), we must have 2g = 1. The 
equation 2g = 1 is also necessary and sufficient for homogeneity in the 


Partly in [74, p. 444]. 
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boundary layer equations (17a)-(17b), if we neglect uuxin comparison with 
Uux - From these two equations, p and Q can be computed to have the 
values listed in Table I. 

Thus, in the plane, p = g = |; the wake breadth isO(a:*); the maximum 
backflow velocity isO(j;”^); and the Eejuiolds number is constant along 
the w’ake. With axially symmetric laminar viscous wakes, p = 1 and q — i- 
Hence the wake diameter is 0(a^); the maximum wake velocity 0(a:~^) ; 
and B = 0(x~^) J, 0. Therefore, an axially symmetric wake should remain 
laminar if initially laminar. 

The critical Reynolds number Rp , above which the wake becomes un- 
steady (non-laminar), is found empirically to be in the range 30-60 for two- 
dimensional wakes behind circular cylinders^, about 500 for wakes behind 
flat plates parallel to the stream [36], and in the range 100-200 for the wakes 
behind bluff, axially sjunmetric obstacles (Ch. XIII, §11). 

11. Creeping jets. It may be conjectured that, as the Reynolds number 
R tends to zero, the jet of a very viscous liquid from a conical trumpet will 
satisfy Stokes equation (ob) for “creeping” flow. Also, that the jet from a 
slit at the vertex of a wedge will satisfy (5a). Clearly, the cases of a slit 
in a wall and of a long tube are special cases of such orifices. 

It is therefore noteworthy that there exist such flows (see Fig. 3) having 
(straight) radial streamlines — ^i.e., baling stream functions of the form 
T' = f(e). These may be supposed to approximate the asymptotic be- 
ha\ior of “creeping jets”, at large distances from the orifice. 

First, we take the case of jets from slits. In polar coordinates, (5a) is 

0 = ’^r = + ~ + K ^ V. Substituting V = f(d) into (5a) we, 

r dr r dff^/ 

+ 4f" - 0. This has the basic solutions 1, cos 2^, sin 2d, Neglect- 
ing additive constants without physical meaning, and assuming sym- 
metry about ^ — 0, we get 

(23) V = a(sm26 — (2 cos2a)0). 

The (radial) velocity is 

(230 = (2a/r)(cos 26 — cos 2a), 

which satisfies the boundary condition = 0 on ^ — db a, since ue — 0 
everywhere* 

For axially symmetric ^^creeping'^ jets with radial streamlines, (5b) can 

Pl, pp. 552, 572]; A. Fage, Proc. roy. soc. A142 (1933), 560-2. See also P. Torda, 
Proc. third midwest conf. fluid mech. (1953), 613-29* For a more thorough discus- 
sion, see Ch. XIII, §9. 
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be written 


\d7^ ^ 7^ d^y 


V, 


using spherical coordinates and pt = cos 6, In the case V = /(pi) of radial 
streamlines, this reduces to (1 — pi^)/^ — 4 m/'" + 4/" = 0, after multipli- 
cation by rV(l — Apart from singular solutions, infinite when pt = 1, 
this has the regular solutions 1, m, Therefore, the most general creeping 
jdow with radial streamlines having axial symmetry is'" given by 

(24) 7 = a(3 cos^a cos 6 — cos^d). 


The (radial) velocity is accordingly 

(24') Ur = (3a/r^)(cos^^ — cos^a). 


It is noteworthy that, in the radial jets just described, there is local 
inward flow (i.e., Wr < 0) in the interval tc — a<6<a/doi> w/2. This 
is true in both the plane and axially symmetric cases, by (23')-(24'). In- 
deed, the net mass-flow is inward if a > 142.5° in space, or if tan 2a > 
2a (a > ir) in the plane. 

It is of some interest to try to construct creeping jets representing dis- 
charges from orifices of finite diameter. Starting with the elementary solu- 
tion V = r(0 sin 6) = xO of (5a), Dean^ has considered the flow 


(25) 7 = (a? — a) arctan — (x + a) arctan — ^ — . 

X a X + a 

This represents a '"creeping” jet which is normal to the opening \ x\ < a, 

2^ Formulas (24)-(24') are taken from M. Beran, “A note on axially symmetric 
iets*^ Quar. appl. math. 14 (1966). 

2® Phil. Mag. 21 (1936), 727-44. Dean also concludes that an oblique plane jet must 
separate from one wall, for all R > 0. Creeping jets have also been studied by W. 
Wuest, Ing. Archiv. 22 (1954), 357-67, 
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ib) 

Fig. 5. 


// = 0, and tangential to the ''walls” j a; i > a, ^ = 0, as in Fig. 4. How- 
ever, the flow does not adhere to the walls: dV/dy 9 ^ 0 there. 

12. Inertial effects. The behavior of laminar viscous jets becomes 
much more complicated when inertial effects are considered. For purposes 
of orientation, we first review briefly the rather extensive^® experimental 
data concerning circular laminar viscous jets. These data have not been 
quantitatively correlated; moreover, the small velocities involved make 
them especially sensitive to convection currents and other distracting in- 
fluences. Nevertheless, some general features are evident. 

In the case of a circular hole of diameter d in a flat wall, there is separa- 
tion of flow, and a circular jet forms, when R = v d/v exceeds 10 or so 
(depending on the sharpness of the orifice). This jet generates a toroidal 
eddy in the surrounding fluid, as sketched in Fig. 5a; hence it can only ful- 
fill the Similarity Hypothesis of §10 near the axis. As R increases beyond 
200 or so, the jet becomes more concentrated and less stable [59], finally 
breaking up and becoming turbulent. 

Circular jets from thin tubes, on the other hand, seem to suck in the sur- 
rounding fluid radially, as sketched in Fig. 5b. Hence they seem compatible 
with the Similarity H;^q)Othesis, even far from the axis of the jet. 

13. Schlichting’s model. Schlichting®° has constructed a mathemati- 
cal model for circular jets, based on the boundary layer approximation 
(17a)“(17b). Though propounded for jets from circular holes [74, Figs. 
9.12 and 10.3], Andrade’s experimental confirmation”® is for jets from a tube. 
Moreover the fit between theory and experiment involves adjusting two 
arbitrary parameters: the "angle of spread”, and the distance behind the 

Oberbeek, Ann. phys. chemie 2 (1877), 1-16; M, Smoluchowski, Bull. Acad. Sci. 
Cracovie (1904), 371-84; [59, Parts I-II]; E. N. da C. Andrade and L. C. Tsien, Proc. 
phys. soc. 49 (1937), 381-90, and 51 (1939), 784-93. See also F. J. Bourrieres, Publ. 
sci. tech. min. air, No. 279 (1953) 

»»H. Schlicfating, ZalVEVI 13 (1933), 260-3; cf. [31, §57] and [74, p. 152]. 
Since tt( =c ) = 0 for jets, the Oseen approximation would not be appropriate. For th^ 
effect of assuming the full Navier-Stokes equations, see §15. 
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tube orifice at which the origin of coordinates (the “virt ual source” or 
“effective orifice”) is placed®^ In view of these adjustments, and the fact 
that all differential equations of the diffusion type give rise to bell-shaped 
velocity profiles, the confirmation can hardly be regarded as decisive. 

Schlichting’s construction goes as follows. Since U = 0 for jets and 
p = const, outside the jet, (17a)-(17b) reduce to 

(26a) udu/dx -t- vdu/dy = vd^u/dy' 

for plane jets, and 

(26b) udu/dx vdu/dr = v[d'ic/dr' -b r~^du/dr] 

in the present axially symmetric case. Originally, Schlichting guessed that 
one should try the Similarity Hypothesis (22) \nth p = q = 1. This amounts 
to trying 

(27) V = vxh(ri), where = r/xv^, 

in cylindrical coordinates (x, r, 6). However, this choice can also be de- 
duced (cf. Table I). 

In the boundary layer approximation (17a)-(17b), since U = 0, the jet 
momentum Mi is 


(28a) 

for plane jets, and®^ 


Mi 


u^ix, y) dy 

"fVS 


(28b) 


Mz = 27rp 



u^(x, r)r 


dr 


for circular (axially symmetric) jets. For Mz to be constant in (28b), the 
condition is clearly p — q. Again, p = g = 1 is the only choice oi p — q 
compatible with the Similarity Hypothesis (22). Substituting in (26b), we 
get 

(29) + = 0 if2, = 2=l, 

The boundary conditions for the ordinary differential equation (29) are: 
« = 0 when tj = oo, and v = du/dy = 0 when r = ij = 0. Hence the con- 
stant of integration in (29) is zero, giving 

nk" - h' + hh' = (nh' - 2h -h h^/2y = 0. 

For the flow near the orifice, see J. Okabe, Reps. Kyushu Univ. 5 (1948), 1~22; 
Math. revs. 13 (1952), p. 700. 

32 Formula (28a) is [31, p. 145, (90)], while (28b) is [31, p. 147, (102)]. 
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Fig. 6. 


Further integration (cf. [31, §57]) gives 


(30) 




where a is an arbitrary" constant. Correspondingly, 


(30') T’' - 


va xr 




u = 


O 2 2 3 

2a y X 


{vx^ + |aV^)2 ’ 



A special case is graphed in Fig. 6; clearly, all “Schlichting flows’’ (30)- 
(30') are afl&nely similar. 

From (30'), it is clear that the jet cuts all cones inwards in Schlichting’s 
model, and that the ‘‘throat” of any streamline is at r = x/a. Since a is 
arbitrary, this means that the “angle of spread” a = arccot a is theo- 
retically" indeterminate. So is the momentum flux. 


(31) 





'IX r dr = 16^rjLtaV3. 


However, the entrainment of the surrounding fluid is determined. Since 
the flux of volume is 


(32) 



nr dr = Siryx, 


the entrainment is Sirv per unit length. Thus the effect of the jet on the 
surrounding fluid is that of a uniform half-line of sinks. 


14. Laminar plane jets. Assuming that boundary layer theory was 
applicable, and that a “self-similar” flow might be expected, Schlichting^ 
and Bickley^ have constructed a model for the flow near the axis of a plane 
jet issuing from an infinitesimal slit. 

W. G. Bickley, Phil. Mag. 23 (1937), 727-31. See also [31, §57], [74, p. 137], and P. 
y. Chou, Chinese J. Phys. 7 (1947), 95-101. 
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We look again for solutions of the form 

(22) n = x-y(y/z^) - x-y(v) [n = y/x% 

which make the jet momentum (28a) constant and satisfy the boundary 
layer equation (26a). For such a solution to admit separable variables un- 
der (22), we must have (as m the axially sjunmetric case) 2q — p - 1. 
Combining with the momentum equation 2p = g of (28a), we get p - k, 
g = I, giving 

(33) 7 = = x‘>p{ii), 

and a Reynolds number proportional to increasing along the jet. 
Substituting in (26a), we get 

(34) + xpf" + 3#"' = 0. 

The integration of (34), subject to the boundary conditions 
(34') ^(0) = ^'(0) = lim^(,) = 0, 

gives the general solution 

(35) rp(ri) = 2a tanh (aiy), u == sech^ (arj). 

ox* 

As with, circular jets, the solution involves an indeterminate '^angle of 
spread’^ corresponding to a. All flows are again affinely similar, and all 
streamlines are geometrically similar. One also finds again a bell-shaped 
velocity profile, and entrainment of the surrounding fluid by the jet, as 
in Fig. 5b. 

Andrade and Tsien“® have realized the preceding model approximately 
by delicate experimental work. The verification again involves replacing 
an orifice in a vrall by flow from a tube, and putting the origin of coordi- 
nates behind the jet-exit, and fitting the “angle of spread’^ empirically. 

Extensions of the theory, intended to describe laminar compressible jets, 
have also been made^. However, their quantitative experimental realiza- 
tion would seem to be difficult. 

Finally, we note that viscosity will affect liquid jets in air. Thus Lelli^ 
notes that viscosity may reduce the coefficient of contraction of a Borda 
tube from 0.60 (Ch. I, §10), to 0.45. 

3* S. I. Pai, J. aer. sci. 16 (1949), 463-9; M. Z. Krzywoblocki, Quar. appl. math. 
7 (1949), 313-23; C. R. Illingw’orth, Proc. roy. soc. A199 (1949), 533-48; D. G. Toose, 
QJMAM 5 (1952), 165-64; D. C. Pack, Proc. Camb. phil. soc. 50 (1954), 98-104. Analo- 
gous formulas for wakes have been derived by D. R. Chapman, NACA Tech. Note 
1800 (1949). 

35 M. Lelli, Rend. Lincei 10 (1929), 38-44. 
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15. Exact self-similarity. Yatseev and Squire^® have improved sub- 
stantially on Schlichting’s theorj^ by obtaining exact solutions of the 
Xavier-Stokes equations under Schlichting’s similarity h3q)othesis (27). 
Their treatment may be regarded as an extension to the axially symmetric 
case of the Jeflfery-Hamel theory^' of spiral flows ([4, Ch. IV, §6], or [31, 
§24, and the references on pp. 106, 110]). 

Squire’s formulas are most conveniently" derived in spherical coordinates. 
In these, assumption (27) becomes 

(36) V = vrf(p), where p = x/r — cos 6. 
The radial and angular velocity components are 

(360 Ur == -yf/rq, Ue = vf/rq, 

where q — yfr == sin 6, and a prime denotes differentiation with respect 
to 2>, so that —/' = —dj/q dS, The exact Xavier-Stokes equations (3b) 
can be shoivm^® to be mathematically equivalent to 

(37) (//O' = 2/' + [(1 - pO/"]' - 2ci , 

where ci is a pressure constant of integration. This can be integrated by 
two quadratures, to give 

(38) /“ = 4p/ + 2(1 — p')/' — 2(cip'' + C2P + C3), 

where Ci , C2 , C3 are arbitrary" constants of integration. 

On the jet axis, p = 1, g == 0, i/e = 0, and Ur is bounded. Substituting 
in (360, we see that/' = / = 0 on the jet axis. Hence, substituting in (38), 
Cl -f C2 + C3 = 0. Again, consider the differentiated form of (38), which is 
twice 

(380 //' = 2/ + (1 - pOf' ~ (2cap + C2). 

On the jet axis,//' — 2/ = 0 as before, while 

(1 ~ r)f" = qY' = -qidf/de) = {q/v)B{rqUr)/Be = 0, 

by (36'). Substituting in (38'), with p = 1, we get a second equation, 
2ci + C2 — 0. In summary 

(39) Cl + C2 + C3 = 2ci + C2 = 0, or Ci = C3 , Ca = -“201 . 

Again, in the ease of a circular orifice on the plane wall p = 0, the condi- 

»« V. L. Yatseev, Zh. eksp. teor, fiz, 20 (1950), 1031-4; H. B. Squire, QJMAM 4 
(1951), 321-9; and Phil. Mag. 43 (1952), 942-5. See also Y, B, Burner, Prikl. mat. mekh. 
16 (1952), 255^ (Appl. mech. revs. 3133 (1952) and 17 (1953), 743-1). 

Both depend basically on the invariance of the exact Navier-Stokes equations, 
under the group x cx, u — cu [4, p. 125]. 
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tion Ur = = 0 of adherence to the wall gives / = /' = 0 there; and a 

similar condition would hold on any conical wall p = jK'( — l<iv<l). 
Substituting in (38), we get CiK" + cJC + cz = 0, which by (39) implies 

(40) Cl = C2 = Cs = 0. 

In the ease of a jet from a tube, the condition of differentiability on the 
tube axis p = -1 implies Ci - op + cs = -2ci + C 2 = 0, and hence (40), 
by a repetition of the argument leading to (39). Hence (40) is the only case 
in which natural physical boundary conditions are satisfied®. 

But it is easy to integrate (38)-(380, in case the constants ci , C 2 , cz of 
integration satisfy (40). The general solution is“® 

(41) /(p) = (2 — 2p~)/{a + 1 — p) = 2 sin-6/(a + 1 — cos $). 

The only fixed boundary compatible with the flow (41) is a tube of infini- 
tesimal diameter, d = ir. This may explain the experimental fact, noted in 
§12, that only in the case of a jet from a tube does one obserr-e radial 
streamlines. Even in this case, the condition /'(~1) = 0 of adherence to 
the tube is not satisfied; however, the resulting shear stress acts on “zero” 
area, and so may be neglected. In other cases, one may surmise that, at 
very large distance, E i 0 and the “creeping flow” of §11 is approached. 

In (41), the case of a jet is the case o > 0, where a corresponds to the 
angle of spread of the jet, and is mathematically indeterminate. As a J. 0, 
we obtain near the axis the Schlichting-Bickley solution of the boundary 
layer approximation, already described in §13. In the limit, the jet behaves 
like a half-line of sinks on the jet axis. 

If this singular behavior on the jet axis is allowed, then one can fit the 
boundary conditions f{K) = f'(K) = 0 for any conical fixed boundary. 
Thus, the case iC = 0 of a circular orifice in a plane wall has already been 
treated by Squire®'. 

This argument is essentially due to Mark Beran, Quar. appl. math. 14 (1966), 
213-14. 



CHAPTER XIII 

PERIODIC WAKES 

1. Basic facts. The fact that flows past circular cylindei's may be peri- 
odic, is often directly audible. Thus it is audible when a thin rod or stalk 
is swished rapidly through the air, making a whirring sound. It is audible 
in the whistling and screaming of a high wind (e.g., through a ship’s rigging), 
and it causes the music of an Aeolian harp. 

Such audible effects were first studied in the laboratory about 1878 by 
Strouhal^, who showed the vibrations causing the sound were transverse 
to the wind. He also showed that the frequency N of vibration was related 
to the tnnd speed U and the cylinder diameter d by the approximate equa- 
tion 

(1) X = L76d. 

In 1902, Ahlboin'^ took photographs of periodic wakes, but it was not 
until 1908 that B4iiard correlated the musical notes studied by Strouhal 
with two (nearly) parallel rows of (nearly) equal spaced vortices behind 
the cylinder — i.e., with a so-called “vortex street” (see Fig. la). 

It is interesting to study the periodicity as a function of the Reynolds 
number!? = Vd, v. The periodicity is most marked over the range 40 < 
R < 1,000, above which the wake becomes increasingly turbulent. If the 
Strouhal number is defined as aS = Xd/U, then a fairly accurate empirical 
formula is [31, Fig. 149] 

(la) S = Xd/U = 0.21 (1 - 20/!?), 40 < !? < 1,000. 

Thus, using c.g.s. units, the periodic range in air is roughly Q < Ud < 150, 
corresponding to 6/ '5 d^ < X < 30/d“; in water, it is 0.4 < Ud < 10, so 
that 2/25 d" < X < 2/d^. This explains why audible notes (100 < X < 
1,000) are heard in air when d 0.5-3 mm. and U 1-10 m/s, and why 
\dsible vortex trails (X ~ 1) are seen in water, when d = 1 mm. — 1 cm. 
and U 0.5-5 m/s. 

Even in the dominantly turbulent range, some wake periodicity has been 

i V. Strouhal, Ann. der Phys. und Chemie 5 (1878); see [66]. 

* F. Ahlborn, “Mechanismus des hydrodynaraischen Widerstandea”, Hamburg, 
1902, pp. 26-7 and Fig. 47; H. B^nard, Comptes rendus 147 (1908), 970-2 (see also A. 
Mallock, Proc. roy. soc. A79 (1907), 262-5); for Leonardo da Vinci, see Handb. 
Exp. Phys. IV 2, p. 9. Fig. la is reproduced from Fig, 16 of G. J. Richards, Phil. 
Trans. (1934), 279-301. 
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observed® up to R = 10^ or more. In extreme cases, it may cause serious 
mechanical vibrations^. 

2. Karman model. In 1911-12, von Karman® gave a now classic theo- 
retical discussion of periodic wakes in an infinite stream. This discussion 
centered around a simple mathematical model, in which the flow was im- 
agined to be irrotational except for two parallel rows of equally spaced and 
staggered /-vortices Pi and Qt , as in Fig. lb. Such an array may be 
called an ideal vortex street. 

It is evident that this model involves three arbitrary parameters: the 
vorticity® k of each vortex center, the longitudinal spacing a, and the trans- 
verse spacing h. In terms of these parameters, the complex potential 
ir = is’' 

(2) W = g |log sin ^ - log sin J (2 - I - i/i)}. 

In a non-viscous fluid, moreover, an ideal vortex street is in equilibrium, 
the vortex-configuration moving upstream relative to the fluid at infinity 
with a velocity Hg which is easily computed to be 

(3) w. = ^tanli — . 

2a a 

Hence, the rate K — Nk at which vorticity is discharged per unit time down- 

» E. F. Relf and L. Simmons, ARC RM rep. 917 (1924) ; [31, pp. 419-21, 570-1]; [48a]; 
A. Roshko, NACATN2913 (1953). 

* J. P. den Hartog, “Mechanical vibrations’*, 2d ed., New York, 1940, pp. 350-1. 
Other types of periodic wakes are discussed on pp. 343-53, and “galloping transmis- 
sion lines** explained; see also R. Ruedy, Can. J. Res. 13 (1935), 82-92. Smokestack 
vibrations at 72 = 7,000,000 are attributed to vortex streets by den Hartog, Proc. nat. 
acad. sci. 40 (1954), 155-7. The failure of the Tacoma Narrows bridge has also been 
attributed to periodic vortex shedding; see D. B. Steinman, Univ. Iowa Eng. Bull. 
31 (1946), 136-64. 

« [41] and [43]. See also [50, §156] and [61, §13.72]. 

* Defined by k | , where = f (udx + vdy) is the velocity potential. 
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stream from each side of the obstacle, with velocity U — relative to the 
obstacle, is 

(4) K — k(JJ — iis)/a = 2ua{U — w,) coth{Th/a), 

However, these formulas do not determine k, a, h as functions of the natural 
physical parameters U, d. We now consider the approximate determination 
of k(U, d), a(U, d) and h{XJ, d), which actually varj" somewhat with the 
Reynolds number and distance downstream. 

Using a little algebra, we see that this is essentially equivalent to pre- 
dicting three of the dimensionless ratios 

(5) if/U- = X, xu/U = €, h/a, h/d, 
and 

(50 S = Nd/U = (U - Us) d/av = (1 - e)(d/h)(h/a). 

Combining (5) and (4), we also have [34] 

Dimensional analysis suggests that these ratios should be approximately 
constant, and empirically one finds X ~ 0.4, e ~ 0.15, — 0*3, and 

h/d ~ 1.2 (as well as /S cii 0.2), with considerable experimental scatter. 

In §3, we shall treat the approximate prediction of X. In §8, following a 
discussion of momentum and stability in §§4-7, we shall discuss the pre- 
diction of €, S, hja, and h/d. 

3- Shedding of vorticity. Using boundary layer theory, it is not diffi- 
cult to predict X approximately, as was shown by Heisenberg and Prandtl/ 
Since the vorticity f = du/dy in the boundary layer approximation, the 
rate K\ of shedding vorticity on each side of an obstacle is roughly 

Ki — j {du/dy)u dy = 0.5wi^ 

where ui is the velocity outside the boundary layer near the separation 
point. (We ignore the fact that boundary layer theory breaks down there, 
because of flow detachment.) 

By the general theory of plane flow, and especially the consequence 
d^/dt = of the Navier-Stokes equations [61, §19.11], this vorticity is 
carried by convection and diffusion into the wake. Thus, initially, the wake 
is bounded by two thin vortex layers of equal intensity and opposite sign. 

7 [34]; see also [31, p. 564], and L. Prandtl and O. Tietjens, “Applied hydro- and 
aeromechanics’’, p. 132. 
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According to the simplest picture of non-viscous plane flow, these vortex 
layers are “rolled up” by Helmholtz instability (Ch. XI, §14) into periodic 
point-vortices with conservation of vorticity, so that Ki equals the K of 
§2. ^Making these assumptions, and also assuming that Ui = U by free 
streamlhie theoiy", Heisenberg [34] deduced Kj r“ = X = 0.5 on an a priori 
basis. This value has roughly the connect magnitude. 

A better idea of X can, however, be obtained by supplementing Heisen- 
berg’s idea with some remarks of Prandtl^. If one applies Bernoulli’s 
theorem to the fluid outside the wake, then ui = (1 -f Q)?7“, where 

Q = 2{pf - Pud/pU^^ 

is the empirical wake underpressure coeflGicient of Ch. I, p/ being the free 
stream pressure and pu, the wake pressure. Hence Prandtl deduced the 
theoretical formula 

(6) Ki = 0.5 = (1 + Q)U^'2. 

This agrees with direct measurements of Ki by Fage and Johansen.® 

To complete the evaluation of X, one needs an estimate of == K/Ki . 

In view of the conservation of the total vorticity jj dn — dx dy in 

viscous plane flow, which follows from the equation d^/dt = already 
mentioned, /S is the fraction of the total vorticity of each sign which escapes 
annihilation by mixing with (diffusing into) an equal amount of vorticity 
of the opposite sign. 

According to the as^ymiptotic theory of Ch. XII, §5, /5 will ultimately tend 
to zero far do'wmstream. On the other hand, if there were no mixing of vor- 
tieities of opposite sign, we would have iS = 1, as assumed by Heisenberg. 

Prandtl asserted that, empirically, ^ is about one-half for that part of 
the wake approximating a vortex street. Jeffreys® motivated this by the 
suggestion that, in the “roiling up” of the boundary layer, half goes into 
the wake proper, and is mixed there, while the other half goes into the 
“vortex street”. He based this suggestion on the symmetry of perturba- 
tions of a single boundary layer. Though this S 3 nnmetry is quite temporary, 
as observed by Rosenhead®, the figure p = 0.5 is still usually quoted. It 
corresponds by (o)-(6) to 

(7) X- (l + Q)iS/2~(l + Q)/4; 
hence to a X usually somewhat less than one-haK. 

* Phil. Mag. 5 (1928), 417-441; see [31, p. 555]. The term Q in (6) explains the ap- 
parent contradiction referred to in lines 11-15 of [31, p. 555]- For the values of Q, see 
Chap. XIV, §3. 

* H. Jeffreys, Proc. roy. soc. A128 (1930), 376-93, esp. p. 383, foot. For Rosen- 
head’s critique, see ibid. A134 (1931), 170-92, esp. p, 171. 
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4. Vorticity and wake momentum. In §§4-6, we shall apply the 
considerations of wake momentum and drag, introduced in Ch. XII, to 
(nearly) periodic wakes. It is convenient to begin by relating (wake) mo- 
mentum with the distribution of vorticity. It is well known^® that, if the 
total vorticity of a plane incompressible flow is zero (i.e., if the positive 
and negative vorticities cancel), then the vector momentum 



u dx dy, 



converges at infinity, and is related kinematically to the vorticity f (a:, y) 
by the equation 

( 8 ) “-<•(// dx dy, -II dx dy^ . 

This result suggests that the longitudinal momentum of an ideal vortex 
street (2) should be pKh per vortex pair (i.e., per period), as can also be 
shown by contour integration [31, §243]. More precisely, let M(x) be de- 
fined by 

(9) M{z) = -p f u{x, y) dy. 

J—ac 

Then the average wake momentum M{x) per unit length of wake satisfies 

(10) ^/(a::) = pdfifa, 

in an ideal vortex street. 

In comparing the definition (9) with formula (12a) of Ch. XII, it should 
be noted that the velocity field associated with a periodic vortex street 
dies off exponentially as dzoo. Hence the integration is, in effect, 
across the wake TF. If a scTTii-infinite real wake is considered instead, this 
is no longer true: the integral over T7 is nearly tvnce that over 
— 00 < 2 / < + 00 , due to radial source-flow outside IF. 

Integrating the preceding result with respect to dn, we obtain 
Theorem 1. If ^(x, y) is any periodic distribution of positive and nega- 
tive vorticity, of average vorticity zero, then 

(10*) M{x) == p J ydicy 


averaged over a period. 

It may be presumed that (10*) is nearly true for nearly periodic wakes. 

10 [50, p. 229] ; the case of an ideal vortex street is treated in [61, p. 347]. See also H. 
Poincar4, “Th4orie des tourbillons'% Paris, 1893. 
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As a further confirmation, we note that according to boundary layer theory, 
where f = My = Vyu . 


[ y) dy = [ yVyy dy = f y dVy = {yV^-o. - f 

tL—so J—ao •fc—oe 


dV 


— V{x, — oo) — F(a:, + cc). 


Hence, to this approximation, M(x) — pjyt dy. 


5. Vorticity and drag. We shall now relate the rorticity of a periodic 
wake to the drag associated '^dth it. It should be emphasized that the 
formulas given are not exact, because they involve mathematical hypotheses 
which are not fulfilled exactly. 

The asj^mptotic formula Uil(x) = D of Ch. XII, §9, does not apply to 
periodic wakes, because the velocity does not tend to U at infinity. If it 
did, we would have D pKhU/a, A better estimate is given by the argu- 
ment that D is the rate at which for^\'ard momentum is created in the wake 
per unit time by the obstacle. This argument gives the estimate 

(11) D ~ (L" — iig)pKh/a = phK, 

by (4). Dividing by fpy" d and using (5")> we get the equivalent dimension- 
less form 

(11*) Cd ^ 2\h/d = 46(1 — e){h/d) coth {irh/a). 

However, this calculation neglects the difference between the upstream 
and dovtmstream mean pressure. In the proof of Cor. 2 of Theorem 1 of 
Ch. XII, relating the wake momentum to the drag, the difference tended 
to zero as>Tnptotically; not so in the present case. If this difference is taken 
into account, one gets the slightly different estimate ([41], [43], [31, §243, 
(22)]), 

(12) D = + + -2u,). 

a ( ah] 27ra a 

This agrees with (11) if and only if Isniirh/a) = a/ich, or h/a ~ .39. 

The preceding calculations assume a doubly infinite vortex street; 
Synge^^ has estimated that if a periodic 5cmi-infinite trial of point-vortices 
is used instead, the Cd is increased by about 5 %. This confirms the idea 
that it is unnecessary to worry about the fact that the vortex street exists 
only behind the obstacle, 

J. L. Synge, Proc. Eoy. Irish Acad. 37 (1927), 9W09; see also von Mises, ZalVIlM 
15 (1935), 71-^. 
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It should be emphasized that none of the preceding estimates is rig- 
orously exact. 

6. Invariance theorem. A second application of momentum conser- 
vation, and the kinematical connection between momentum and vorticity 
moment, concerns the mean spacing of an array of vortices of equal 
strengths dzK and alternating sign, both in viscous and non-'vdscous fluids. 
To make the problem tractable, we shall neglect the influence of an obstacle 
on the evolution in time of its downstream wake. We shall also assume the 
wake to consist initially, at time i = 0, of an infinite array of vortex-patches 
of strengths zt/c and alternating sign, lying in a belt around the o'-axis, and 
having mean longitudinal spacing^^ a and transverse spacing Tl, These as- 
sumptions are also made in von Karman’s stability theorj^ (§7); therefore 
the present more general discussion will apply there also. 

We now define the average transverse vorticity moment Ny{t) per unit 
length by 

(13) Ny{t) = lim ^ [ dx [ y^(x, y; t) dt, 

Z.-^00 J—L J-oo 

where t dx dy = dam. the case of point-vortices. Setting 2L = Tia, there 
are initially about n (mathematically, n + o{n)) vortex-patches of strength 
+K and about n of strength —k in the interval Since the 

mean transverse spacing is H, we have 

(13') NyiO) = lim [{nK7i)/ina) + o(l)] — nTi/a. 

We next define the average longitudinal momentum Mx{t) per unit length 
of the velocity-field induced by the vorticity, by 

(14) M^{t) = lim ^ f dx f u(x, y; t) dy. 

Then it is a kinematical theorem^, generalizing (10), that 

(15) ilf,(i) = Ny{t). 

Finally, it is a form of the theorem^* of the conservation of momentum that 
Theokem 2. In a viscous or non-viscous incompressible fluid, Mx(t) = 
Mx{0 ) ; hence Ny(t) = iV*(0) is also constant in time. 

In a non-viscous plane flow, vorticity is conserved [61, p. 101]; hence 

As in Fig. lb, this refers to the mean spacing of vortices of given sign; that of 
all vortices would be a/2. 

A rigorous and detailed discussion of (16), and of Thm. 2 and its corollaries, 
first deduced in [5, §4], will be published elsewhere. 
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Fig. 2. Spreadiiig of alternating vortices. 
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vortex-patches move around as time changes, with constant total vorticity 
ztK. If the velocity is bounded, it is evident that d is constant in time; hence 

Corollary 1^ In non-viscous plane flow, k and a are constant in time, 
and hence so is ^ = dNy/K . 

In viscous plane flow, there is diffusion [61, p. 578] between patches of 
positive and negative vorticity. Hence the mean vorticity dzf:(t) per patch 
decreases in magnitude with time, still totalling zero. Again, d — a(t) is 
constant in time. Therefore, by Thm. 2, we see 

Corollary 2. In viscous plane flow, d is constant in time, but K(t) 
decreases and hence h(t) = dNy/K(f) increases. 

The results predicted theoretically by Cor. 2 are in fact observed experi- 
mentally^^ as in Fig. 2. 

From the approximate constancy of h in a slightly viscous fluid, we also 
infer that, h/di ~ 1.0, where di is the wake diameter a little behind the 
obstacle. (For a circular cylinder or flat plate, di/d 1.0-1 .5, by free 
streamline theory.) 

7. Karman’s stability argument. Von Karman [41, 43] has given a 
classic discussion of the stability of two parallel periodic vortex-rows. He 
has shovm that, in a non-viscous fluid, the equilibrium has first-order in- 
stability (i.e., that deviations from the array grow exponentially), except 
if h/a = 0.281, corresponding to cosh (wh/a) = \/2- As his demonstration 
can be found in many places ([50, §156] and [61, §13.72]), we shall omit it. 

Because of von Karman’s result, one will find many references in the 
literature to h/a = 0.281 as the “stable spacing-ratio”. However, various 
investigators^® have shown that the spacing-ratio h/a = 0.281 also has 
higher-order instability. Moreover, since h is invariant in a non-viscous 
fluid (Cor. 1 above), it is clear that the ratio h/a is determined by its initial 
value, and not^^ by the stability of h/a = 0.281. (The invariance of Tl and 
a is also evident in the numerical calculations of Schmieden^®.) Finally, 
the break up of real vorte.x-streets does not proceed via irregular wandering 
of point-vortices, as considered by von Karman. Thus the observed^® 
spacing-ration 0.28 < h/a < 0.50 must be due to some other cause than a 

E. Tyler, Phil. Mag 11 (1931), 849-90; S. G. Hooker, Proc. roy. soc. A154 (1936), 
67-89; [31, pp. 568-9] and [24]. Fig. 2. is reproduced from A. Homann, Forschung 
Geb. Ingenieurwesens 7 (1936), 1-10. For a discussion of the rate of decay of vorticity, 
in the Oseen approximation, see C. C. Lin, von Mises Memorial Volume, Academic 
Press, 1954, pp. 170-6. 

C. Schmieden, Ing. Archiv. 7 (1936); 215-21 and 337-41; N. Kochin, Doklady 
URSS 24 (1939), 19-23; see also [5, ftnt. 15]. 

Thus one does not have '^stabile Anordnungen von isolierte Wirbelfaden . . . , 
die als Endprodukt der aufgelosten Wirbelschicht betrachtet werden konnen” [43, 
p. 51]. 
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tendency to a “stable^' spacing-ratio, contrary to what was once thought; 
this question will be discussed further in §8. 

From another point of view, it is the periodicity of vortex streets which is 
unstable, not the spacing ratio; all mean spacing ratios aie theoretically 
invariant, in a non- viscous fluid. This raises the question: if vortex streets 
are theoretically unstable, why do actual voitex streets persist so far down- 
stream, in the range 30 < < 200? One answer is, that the velocity induced 

by vox ticity is relatively small (say 0.03 L"). Hence, for spacing-ratios rea- 
sonably near the slightly unstable ratio h/a = 0.28, one can expect the 
vortices to travel man 3 ’’ periods do\\Tistream before their relative position 
becomes greatly- disturbed. 

In addition, the real vorticity is not concentrated in points (see §9), and 
there is some viscosity". Both of these factors presumably tend to decrease 
the real instabilit 3 ^ 

8- Strouhal number. We now recur to the problem of predicting the 
dimensionless ratios 6, S, h/a^ and A/d, already stated at the end of §2. 
If we accept the approximate prediction 2X = (1 + Q)/3 ciri 1 made in (7), 
then 

(16) Ci>~Vd by (12*), 

and (as remarked before (5)) it remains to predict two of the remaining 
ratios. 

Again, as remarked at the end of §6, the value of h/d can be estimated 
by applying free streamline theory (Chs. II-VI) a few diameters behind 
an obstacle, after which h is approximately constant by Thm. 2 and free 
streamline theory^ is no longer applicable. This suggests the approximate 
values 

(17a) Cd ^ h/d ~ 1.26 for a circular cylinder, 

(17b) Cd ~ h/d ~ 2 cos a for an inclined plate, 

inclined at an angle a to the stream. — Of course, h/d can also be measured 
photographically. 

This leaves a single dimensionless ratio to predict. For this, one can ac- 
cept h/a ^ 0.281 as being necessitated by von Karman’s analysis of sta- 
bility (§7). If one accepts this, one has a complete semi-theoretical predic- 
tion of K, h, a and D from the geometry of the obstacle and the stream, in 
the range of Reynolds numbers over which vortex streets are formed. In 
particular, one infers by (5') 

(18a) S = Nd/U - (1 - e){h/a){d/h) ~ 0.7 Qi/a) ~ 0.20, 
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for circular cylinders. This is observed experimentally (cf. (la)). One further 
predicts, by (5"), 

(18b) 6(1 - e) = (X/2) tanh (rh/a) - J V2, 

since cosh q = \/2 implies tanh q = l/V^* Taking the smaller root of 
(18b), we get e ~ 0.175, also in good agreement wdth observ^ation, for cir- 
cular cylinders. 

However, for the reasons stated in §7, we do not think that this interpre- 
tation is valid. Instead, we believe that the real physical explanation is 
provided by considering the wake as an oscillatori^. We believe that the 
frequency is determined by local effects, and not by the asymptotic dovm- 
stream behavior. 

Direct visual observation shows that, under the circumstances considered, 
the wake swings from side to side, somewhat like the tail of a swimming fish. 
The wake inertia is clearly about ph per unit length. We assume a restoring 
force on the portion of wake extending to the first bend (Fig. 3), equal to 
the cross-force TcpU'la [31, p. 35] on an airfoil of the same length 21 and 
angle of tilt a. Since the center of mass of the wake has been displaced 
through the distance I sin a, we get (to a first approximation) 

(19) mlot = 2phfa = —TTpv^la, 

This is related to the frequency W, by a = — 47r^iV^a, or 

U Nd 1 

^-ir-vmrd’ 

since h = 1.25d as in (17a). 

This gives the observed value S 0.2, provided 21 = 1.6d, which is of 
the correct order of magnitude. Alternatively, since Na ^ U — ^ 

(1 - t)U, as in (5'), (1 - e)(d/a) = Nd/U = by (18*). But, 

the distance 21 to the nearest wake bend oscillates between 0 and a/2, ’with 
an average valu e of 21 = a/4. Substituting I = a/8 above, and multiplying 
both sides by s/d/a / (1 — e), we get 

(20) Vd/a = 1/(1 - e) Vl(hr/8, or (d/o) = .28. 

The explanation which follows is condensed from [5, §5], where further details 
may be found. 
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Using (17a) again, we get (h/aj = .35, which is in good agreement with 
obseiwation. 

In summary, the preceding “oscillator’’ model also roughly predicts the 
observed facts. 

9. Miscellaneous effects. In §§1-8, we have been discussing the wake 
behind a circular cylinder in an infinite stream, under the assumption that 
the wake could be approximated by an ideal vortex street. We shall now 
consider how the discussion should be altered when non-circular cylinders 
and walls parallel to the stream are involved, and the effect of varying the 
Reynolds number, etc. 

Changing the cylinder profile has various effects. Elliptic and ogival 
profiles, and tilted plates, have been studied. As §3 suggests, nearly equal 
amounts of vorticity are always shed from both sides — ^thus the vortex 
trail behind a tilted plate is still approximated by an ideal vortex street. 
However, the ratio € = Us/U is much smaller with slender, nearly stream- 
lined bodies than for wide obstacles^®. Thus, values as low as c = 0.03 
have been reported for streamline bodies; whereas^ e = 0.22 for a flat 
plate normal to the stream. The Strouhal number varies in the range 

0. 15 < S < 0.21, if d is taken as the transverse diameter® of the obstacle — 

1. e., (appro.ximately) of the wake. This is consistent with the ideas of 
§8— hence it implies that the Karman ratio h/l should vary within moderate 
limits. 

Even in the case of a circular cylinder, the facts about periodic wakes 
are much less simple than the “inertial” theories of §§2-8 might suggest. 
Thus, as is suggested by (la), the phenomenon depends strongly on the 
Reynolds number; there is a steady tendency to increasingly rapid vortex- 
dissipation by turbulence”^ as R increases. WTien R exceeds 400, vortex 
lines (which have three-dimensional instability [73], too) break up within 
a few cylinder diameters. 

Even the Reynolds number does not tell the whole story. For instance, 
the critical Reynolds number Rp ^ {U d/v)p , above which the wake be- 
hind a circular cylinder first becomes periodic, is lowered by external tur- 
bulence^. It is also lowered by mounting the cylinder on springs, so that 

H. B^nard, Proc, sec. int. congr. appl. mech, Zurich (1932), 502-3; G. J. Richards, 
Phil. Trans. A233 (1934), 279-301, and ARC RM 1590 (1933). 

*0 A. Page and F. C. Johansen, [24] and ARC RM 1143; [31, §247], and refs, given 
there. 

The turbulence spectrum and wake structure in the intermediate range 300 < 
R < 10,000 have been carefully observed by L. S. G. Kovasznay [48a] and A. Roshko, 
NACA TN 2913. 

H. L. Dryden, NACA TR231 (1925). For resonance effects, see A. Thom, ARC 
RM1873 and Proc. roy. soc. A141 (1933), 651-9; C. Camichel et al., Comptes rendus 
186 (1927), 203-5 and 200 (1935), 704-7. 
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the free period resonates with the natural vortex trail period. Thus periodic 
wakes at J? = 11 have been obtained in this way~'. 

On the other hand, confinement between parallel walls increases i?j, 
from its normal value of about 30, to 50 or more. Theoretically, as shown 
by Rosenhead“^, walls also lower the Karman stability ratio slightly to 
hi a = .281 — .09(a7if), in a channel of diameter 2i?. Other wall effects 
on an ideal vortex street can also be predicted theoretically. 

Finally, even in the absence of viscosity, it may be shown [5, §6] that the 
vortex sheets behind a cylinder cannot “roll up’’ into circles of diameter 
less than about a/4, because of energy limitations. A point vortex would 
have infinite energy. 

10. Plate at zero incidence. The limiting case of a fiat plate parallel 
to the stream differs from that of a circular cjdinder, because the wake 
has a diameter 25 which is much smaller than the length (chord) I of the 
plate. Also, there is no separation, so that the vorticity is presumably shed 
at a constant rate into an initially laminar wake (Ch. XII, §4), below 
7? = Ul/v = 10^. Slender airfoils at zero incidence angle may be expected 
to behave similarly, and both cases have been studied^^. 

However, the laminar wake is unstable if i? = VI/ v > 1000 ([36, pp. 245- 
250]), and breaks up periodically in the intermediate range of R, e^ecially 
if there is acoustic stimulation or resonance. — Since 5/Z = 1.72/ \iR [31, p. 
136], it is interesting that the critical Reynolds number_(2L"5/j')p for a 
periodic wake, based on wake thickness, is about 3.44'\/i2 ~ 110, which 
has the same order of magnitude as in the ease of a circular cylinder. 

The ‘‘singing” of propeller and hydrofoil blades in water has been at- 
tributed to this periodic break-up of the wake"®. Although the field has 
not been thoroughly explored, it is clear that strong 'vibrations can be 
generated in this way. If they are strong enough, cavitation can occur in 
striae parallel to the trailing edge. In Gongw^er’s pictures, the associated 
alternating rectilinear vortices are clearly unstable, as predicted by Kel- 
'V’ln . 

11. Axially symmetric periodic wakes. At intermediate Reynolds 
numbers a periodic wake can also be seen behind a sphere, disc, or other 
axially symmetric obstacle. The periodicity is less regular than in the case 

« L. Rosenhead, Phil. Trans. A228 (1929), 275-329, Proc. Camb. Phil. Soc. 25 (1929), 
277-81, and Proc. roy. soc. A129 (1930), 115-35; H. Villat, Ann. sci. ec. norm. sup. 46 
(1929), 259-81. 

« [36]; E. Tyler, Phil. Mag. 11 (1931), 849-90. 

2®F. Gutsche, Zeits. Deutsche Ing. 81 (1931), 882-3; C. A. Gongrv'er, J. appl. 
mech. 19 (1952), 432-8. 

Phil. Mag. 10 (1880), 155-68. This is an interaction instability; as stated in Ch. 
XI, §15, isolated vortices are stable. 
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of cylinders; moreover the phenomenon depends on many factors, just as 
in the two-dimensional case (§9). 

Thus, the critical Reynolds number Rp , above which spherical air bub- 
bles wobble as they rise under gravity in water instead of ascending in a 
straight line, is about Rp = 50 (Ch. XV, §7). VTiereas, for a rigidly held or 
falling heavy sphere, Rp seems to be”® about 500. Again, for a stationary disc 
normal to a non-turbulent stream, Stanton and Marshall”' found Rp = 200, 
whereas Simmons and Dewey found Rp = 100 in a turbulent wind-tunnel. 

The possibility that the wake behind a sphere or disc might consist of 
one or two spiral vortex lines has been often suggested”®’ Thus, one can 
easily imagine that air bubbles wobbling up rise in a spiral, with pitch 
about 0.3, and the stability of spiral helices has been considered by Le^^- 
and Forsd^^ke”® with this possibility in mind. However, such is not the case; 
neither does the vortex sheath bounding the w^ake roll up into a periodic 
array of vortex rings (which would moreover be unstable”®.) 

Actually, in the intermediate range of R leading to a non-turbulent peri- 
odic wake, one seems to get periodic vortex-loops, oblique to the axis of 
symmetry. These are especially clearly marked behind a disc in a non- 
turbulent stream [31, p. 579]. 

Winny”® quotes a “Strouhal number” Nd/U = 0.25 for a sphere, 50% 
morethanfor a cylinder, but his data are not very consistent. He also reports 
that the diameter of the vortex system is about 4d/5. 

12. Periodic jets; edge tones. Like wakes, homogeneous jets often 
exhibit periodic behavior at intermediate Reynolds numbers, typically, 
in the range 100 < R < 6,000. This periodicity can be stimulated acous- 
tically; if amplified by resonance, it can be made to produce a strong musical 
note. Various wind instruments utilize the preceding principle®^. Because 
of their musical interest, periodic jets have been extensively studied expen- 
se H. F. Winny, ARC RM 1531 (1952); W. MoUer, Phys. Zeits. 39 (1938), 57-80; 
[86a, p. 186]. 

T. E. Stanton and D. Marshall, Proc. roy. soc. A130 (1931), 295-301, and ARC 
RM 1358 (1932); L. F. G. Simmons and N, S. Dewey, ARC RM 1334 (1931). See also 
J. Schmiedel, Phys. Zeits. 29 (1928), 593-610; P. Dupin and M. Teissi4-Solier, Comptes 
rendus 195 (1932), 1226-8; [86a, pp. 182-6]; M. Baubiac, Publ. sci. tech. min. air 
No. 98 (1936), p. 20. 

A. Mallock, Proc. roy. soc. A79 (1907), 262-73; Th. von Karman, ‘‘Vortrage aus 
dem Gebiet der . . . Aerodynamik^^ Th. von Karman and T. Levi-Civita, eds., Ber- 
lin, 1924, p. 137 ; H. Levy and A. G. Forsdyke, ibid. A120 (1928), 670-90. For theoreti- 
cal arguments against spiral vortex lines, see [40] and the appendix by L. Rosenhead 
to ARC RM 1358 by Stanton and Marshall. 

H. Levy and A. G. Forsdyke, Proc. roy. soc. A114 (1927), 594-604. 

eeE. G. Richardson, '^Acoustics of instruments and organ*’, London, 1929; A. B. 
Wood, ‘The physics of music Methuen, 1944. 
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( 6 ) 

Fig. 5. 

and with some ticin jets flowing into a reseiwoir from adjacent parallel 
slots^. 

13. Bird tones. The behavior of axially symmetric jets is similar. Thus 
Marty [59, pp. 52-3] reports that the jet from a circular hole in a plate has 
a profile resembling a stalk of wheat when 160 < R < 1300, the vortex 
sheath rolling up into vortex rings^. This corresponds to varicose Helm- 
holtz instability. 

A more definitely periodic beha\dor is obtained when the circular orifice 
discharges into a pipe, of equal or larger diameter. Thus Johansen®® re- 
ports a mean frequency N C5=: 0.6 U/d (whence S = Nd/U ~ 0.6), in the 
range 300 < R < 1200. Walter [86a, p. 158] observ^es periodic vortex dis- 
charge for 2000 < R < 3500, while Kurzv^eg records a similar periodicity 
near sharp-edged pipe inlets. Also, when a fluid starts to move impulsively 
through a circular orifice, the first few vortices seem to be discharged more 
or less periodically®’^. 

However, the preceding phenomena are unpredictable, and sensitive to 
minor changes in the orifice. To obtain a strong musical note, it is most 
effective to blow air with the right speed through two suitably spaced 
(and shaped) orifice plates (Fig. 5b). This configuration is called a “bird- 
call''®®; it is involved in some brass instruments®® and in human whistling. 

Conversely, air jets can be forced to vibrate by placing them in a strong 

See [59]; L. Escande, La technique moderne 27 (1935), No. 17; A. I. Beilin, et al., 
NACA TN 2417 (1951). 

See also L. Oberbeck, Ann. phys. chemie 2 (1877), 1-16, H. C. H. Townend, ABC 
EM 1634. 

F. C. Johansen, Proc. roy. soc. A126 (1929), 231-45 and AEG EJVI 1252 (1929). 
See also [86a, p. 158], E. Curtet, Comptes rendus 239 (1954), 387-8 and 452-4; H. von 
Gierke, Z. ang. Physik 2 (1950), 97-106; H. Kurzweg, Ann. der Physik 18 (1933), 
193-216; A. B. C. Anderson, J. acoust. soc. Am. 26 (1954), 21-5 and 27 (1955), 13-21. 

Johansen, loc. cit.; S. G. Bauer, Proc. roy. soc. A182 (1944), 347-62; E. Wille, 
Jahrb. Schiffbau Ges. 46 (1952), 181-3. 

«8C. Sondhauss and A. Masson, Comptes rendus 36 (1853), pp. 257, 1004; [66, 
|371]; F. Kruger and E. Schmidtke, Ann. der Physik 60 (1919), 701-14. 
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sound field. Moreover the vibration, once started, may continue with a 
^‘roaring” noise familiar in gas stoves. This phenomenon of the ''sensitive 
jet’’ has also received extensive study in the literature^^ Apparentl}^, cir- 
cular jets are more sensitive than plane jets. 

[66, §370]; W. E. Benton, Proc. phys. soc. 38 (1926/, 109-25; E. G. Richardson, 
ibid. 43 (1931), 394-404; G. B. Brown, ibid. 47 (1935), 703-32; E. N. da C. Andrade, 
ibid. 53 (1941), 329-55. 



CHAPTER XIV 

TURBULENT WAKES AND JETS 


1. General remarks- Most wakes and jets encountered in engineering 
practice are turhxdent. That is, the flows involve many small, rapidly fluc- 
tuating eddies, distributed at random in space-time. ]\Iore exactly, real 
jets and wakes tend to be turbulent if the Reynolds number R = Vd/v 
exceeds 1,000, and this tendency increases with R. 

To describe turbulent flow parallel to the a;-axis, involving fixed solid 
boundaries, it is convenient to decompose the vector velocity into three 
components: 

(1) u(x; t) - {TJ + + u', V + v\v) + V)'). 

Here (L", 0, 0) is the free stream velocity of the main flow, assumed con- 
stant; (w, r, w) are time-averaged mean velocity components, relative to the 
main flow; {id, w') is the random difference betewen the instantaneous 
vector velocity at a point, and the mean velocity at that p^t. 

Using a bar to denote time-averages, clearty u' — v' — w' = 0. The av- 
erage 

(1*) I = 

is called the intensity of turbulence; the ratio 7/t/“ measures its relative 
intensity. 

Turbulence involves momentum transfer (“molar diffusion”) across 
surfaces. Thus ([31, p. 192] or [50, p. 674]) the average rate of momentum 
transfer across the {x, ^)-plane is == —puV, in incompressible flow. 
There are similar “Reynolds stresses” across the other coordinate planes. 

By analogy with the viscous shear stress caused by molecular diffusion, 
this momentum transfer (shear force) may be attributed to a fictitious 
kinematic “eddy \dscosity” tensor eij , defined by the equation 
Tij = --pWWj = p€ijdUi/dXj . In most turbulent flows, the molecular vis- 
cosity is much less than this eddy viscosity. 

Generally speaking, the mean flow in turbulent jets and wakes is quite 
like that in laminar jets and wakes. Moreover the available asymptotic 
“theory” is again based on dimensional arguments and approximate con- 
servation principles, so that §§7-11 of the present chapter will closely 
parallel Ch. XII. 

To illustrate this analogy, consider the asymptotic theory of turbulent 
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wakes. Assuming nearly parallel flow, and neglecting molecular velocity, 
we are led to the approximate equations 



If 6 x 2 , constant, this would give a perfect analog to Ch. XII, (10), 
and the associated asymptotic wake theory". 

Unfortunately, not only is €xy sl variable function of position, but there 
is no known way to predict it theoreticall 3 ^ Until the last two decades, 
turbulent velocity correlations such as uV, etc. had never been accu- 
rately measured, and engineering estimates of the “eddy \dscosity^’ were 
based on quasi-scientific “transfer” and “mixing length” concepts (see § 6 ). 

In the absence of a sound scientific theory, it seems advisable to approach 
the analysis of turbulent jets and wakes from a semi-empirical standpoint, 
and this is done below. 

2 . Flow separation. Wakes occur because, at sufl&ciently high speeds, 
the flow separates from an obstacle on both sides. Helmholtz [35, p. 219] 
suggested that, at least in the case of a flat plate, this was necessary to avoid 
infinite velocities at the edges, and hence infinite underpressures — i.e., that 
the explanation was to be sought in phenomena associated with cavitation. 
However, this explanation is wdde of the mark. Actually, the Reynolds 
number R = Ud/p is the decisive factor in determining separation, and 
hence any correct explanation must involve viscosity considerations. 

The generally accepted explanation of separation is in terms of PrandtPs 
classic boundary layer concept. In the case of .flow’^s with laminar boundary 
layers, the velocity profile in the boundary layer may be approximately 
calculated if the pressure along the surface is known, using the “boundary 
layer approximation” to the Navier-Stokes equations already mentioned 
in Ch. XII, § 8 . However, the calculations are delicate and elaborate, and 
have only been carried out in a few cases. Since the results do not agree 
too closely with observation, we shall refer the reader to the literature^ 
for details. We recall only the general qualitative picture: separation oc- 
curs where the pressure is rising, usually somewhat behind the maximum 
obstacle cross-section. The location of the separation point is theoretically 
independent of the Reynolds number R, for obstacles of a given shape, so 
long as the boundary layer stays laminar (for R < 10® say). However, the 
relative thickness of the boundary layer is proportional to By proper 

1 An excellent discussion is in [31, Ch. IV]. For more recent results, see [74], and 
H. L. Dryden, Recent advances in the mechanics of boundary layer flow. Advances in 
Applied Mechanics, vol. 1, 1948, 1-40. 
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'‘streamlining’’ froiinding the nose, tapering the base, etc.), separation can 
be greatly delayed^ and the wake correspondingly narrowed giving, a 
reduction in the total drag. 

Above a "critical Reynolds number” J?crit , usually in the range 
R = 100,000-500,000, the boundaiy- layer becomes turbulent; the separa- 
tion points jump well back; and the drag coefficient is greatly reduced 
[31, p. 73]. Thus, with circular cylinders, the Cd drops from 1.0-1 .2 to 
.3-.35; with spheres, it drops from .4~.45 to .1-.15 [31, pp. 15-16]. The 
value of 7?crit for a given obstacle depends, not only on its shape and sur- 
face finish, but also on the turbulence of the impinging airstream [31, pp. 
431, 495]. The theoiy of separation with turbulent boimdaiy layers is in 
a veiy rudimentary" state [31, pp. 438, 478], but the qualitative facts are 
similar to those stated above. 

3. Base underpressure. In turbulent flow, the wake pressure is less the 
free stream pressure p/ by an appreciable fraction of the (incompressible) 
dynamic head V being the free stream velocity. As stated in Ch. II, 
§2, this causes real free streamlines to lie inside those predicted by ideal 
fluid theory^' [4, p. 53]. We shall now summarize some empirical facts about 
this wake underpressure. 

Although the underpressure coefficient 

(2) -Cp = (pf - p)/ipU"^ 

varies considerably" over the wake, it is nearly’' constant along the base of 
most obstacles between the separation points; hence we define the ''base 
underpressure coefficient” as 

(2a) Q = (P/ - PBmpU\ 

where ps is the “base pressure” (cf. Ch. I, (3b)). 

For Reynolds numbers R'^ 1, in nearly" incompressible flow (when the 
Mach number 21 < 0.3, say), Q is largely determined by the shape of 
the obstacle, except for a rapid jump near the ‘'critical Reynolds number” 
i?crit = 10^ — 5 X 10^. We shall give some useful numerical values. 

For broadside flat plates, Q ~ 1.2-1 .4 [31, p. 37], gi\"ing Cd ^ 2. For cir- 
cular cylinders, Q ~ 1.0-1 .2 if i? < Rctu , while Q ~ 0.2-0.5 if i? > 

[31, pp. 24, 422], with wide scatter near R = Rcth [31, Fig. 162]. For spheres, 
Q ~ 0.4 if i? < i?crit , while Q ~ — O.O-O.l if J? > Rerit [31, p. 497]. For 
discs, Q ~ 0.4, gi\"ing Cd 1.12. 

For long-range artillery applications, the base pressure on a flat-ended 
obstacle preceded by a long, cylindrical mid-section (see Fig. la) is of 
especial importance. In this case, the base underpressure coefficient de- 

* The technique of delaying separation on airfoils is discussed in [20, vol. 3, p. 112]. 
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C 5 < D 

(a) (h) 

Fig. 1. 

pends largely on the Mach number 21, but also somewhat on the Rejmolds 
number R, the surface temperature, and the length/'diameter ratio. 

As a function of 21, in the range 1.2 < 21 < 3.7, the relative base under- 
pressure satisfies® approximately 

(3) (Pf “ V.)/Vw = .176 - .26 (21 - 1) + .024 (21 - 1)-. 

Assuming this to be unaffected, one easily surmises that the drag can be 
significantly reduced by '"boat-tailing”, as in Fig. lb, if the angle of boat- 
tailing is kept so small that separation is avoided — ^for then the wake 
cross-section is reduced. 

However, the base underpressure also depends significantly^ on the 
Reynolds number R, and this effect is naturally much more pronounced 
with rounded and tapered (e.g., airfoil) shapes. The dependence on the 
length-diameter ratio is often said to be small if the latter exceeds one or 
two calibers®, but this is not certain. 

4. Wake structure. In the original theory of Kirchhoff [47], the wake 
behind a plate was thought of as a "dead-water” region, consisting of fluid 
at rest. Actually, as pointed out in Ch. I, §5, this model is very inaccurate; 
it becomes especially unrealistic when generalized to streamlined obstacles. 
We shall now state some empirical facts about the complicated structure of 
real wakes. 

Consider first the wake behind a flat disc (see Fig. 2). The wake just be- 
hind the disc is surrounded by a thin “vortex layer”, which wavers and 
thickens under turbulence (especially if i? > i?crit), becoming a turbulent 
“mixing zone” (§9). It is also sucked in towards the axis by the wake under- 
pressure. As a result, it breaks up Tvithin a few diameters of the base if 
R > 10^, while the wake underpressure is largely recovered®*". The wake 

® A. C. Charters and R. A. Turetsky, BRL Rep. 623 (1948) Aberdeen, USA; see 
also F. K. Hill and R. A. Alpher, J. aer. sci. 16 (1949), 153-60; J. 0. Roller and F. M. 
Hamaker NACA TN 3393 (1955). 

^ See D. R. Chapman and E. W. Perkins, NACA Rep. 1036 (1951) ; D. R. Chapman, 
NACA TN 2137 (1950), J. aer. sci. 17 (1950), 812-13, and NACA TN 2787 (1952). For 
earlier work, see A. Eula, PAerotecnica (1940). For theoretical ideas, see H. H. Kurz- 
weg, J. aer. sci. 18 (1951), 743-8; L. Crocco and L. Lees, ibid. 19 (1952), 649-76. 

® A. C. Charters, J. aer. sci. 14 (1947), 155-66, esp. p. 162. See however H. Rouse, 
^Tluid mechanics for hydraulic engineers,” p. 228. 

^ See [31, pp. 552-6] and [36]. Accurate data seem hard to find. 
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Fig. 2. 


proper, inside the vortex layers, is filled with eddies; ordinarily, there is 
‘"backflow” in the middle as sketched. 

Even at relatively low Reynolds numbers (say R = 2,000), the wake 
becomes turbulent a few diameters behind a bluff obstacle, and its mean 
velocity is nearly equal to the free stream velocity. The wake behind a flat 
plate at zero incidence is also turbulent® for R = 200,000, a half plate- 
length behind the trailing edge. Presumably, this is due to the instability 
of laminar flow. 

Spark photographs of supersonic flow past projectiles show an inverted 
cone of relatively quiet air behind the base, followed by a trail of turbulent 
fluid, which slowly widens through the medium of puff-like swirls. Out- 
side this puffy ‘‘turbulent wake”, the flow appears laminar (see Fig. 3). 
At a given point near the edge of the wake, therefore, one would expect the 
turbulence to come in intermittent bursts or puffs. 

5. Wake turbulence. Townsend [81] has made a fundamental experi- 
mental study of incompressible wake turbulence behind a cylinder at 
R = 8100; we shall briefly summarize some of his findings®*. 

Just as in the supersonic case (end of §4), the turbulence at a given point 
comes in intermittent bursts, except in the central third (‘‘core”) of the 
wake; the fraction of time during which the flow is turbulent at a given point 
may be called the “intermittency factor” 7 . 

At a given distance x behind the obstacle, the intensity of turbulence in 
the “turbulent wake” is roughly the same everywhere, variations in 7 
with distance from the wake axis being much more important. The growth 
in the diameter of the wake seems to be due primarily to the large-scale 
eddies or “puffs”, and not to the small-scale eddies which carry most of 
the turbulent energy. The small eddies are responsible for most of the 
kinematic “eddy viscosity” c, defined by 

(4) wV = —tdu/dy. 

® See [31, p. 573]; the date are due to Fage, Proc. roy. soc. A142 (1933), 560-2. 

^ See also S. Corrsin and M. S. Uberoi, NACA TN 2124. 
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This eddy viscosity is nearly constant across most of the turbulent wake, 
if allowance is made for the ‘intermittency factor” — i.e., e/7 is nearly 
constant at a fixed distance behind the obstacle. 

Experimentally, the relative turbulence Ir = I/U^ (see (1*)) deci'eases 
as the relative distance x 'd behind the obstacle increases. Thus, Ir ^ 0.005 
when d 80] Ir ^ 0.0026 when x/d = 120; Jr = 0.0018 when x/d = 160. 
This corresponds roughly to a decay law I ^ x Assuming that the wake 
diameter grows like .r‘^ the total turbulent energy thus decreases like l/x, 

6. Mixing length concept. Prandtl has analyzed turbulence in nearly 
parallel flow, using a crude but useful “mixing length” concept, analogous 
to the concept of mean free path c in the kinetic theory of gases. Namely, 
Prandtl supposed that fluid masses are carried by turbulence for a “random 
walk” with mean step-length I perpendicular to the mean flow, with mean 
velocity V7 (say). 

By analogy with the classic formula v ~ kcv in kinetic theory, one has 
6 = kll^ in mixing length “theory”, where fc is a universal dimensionless 
constant, (say fc — Thus, in two-dimensional flow parallel to the a;-axis 
Prandtl deduced I = t{du/dyf and e = [ du/dy 1 , so that the “eddy 

shear stress” r was 

(5) T = p€Bu/dy = pt 1 du/dy | •{du/dy). 

(For details, see [31, §§80-81] or [74, pp. 345-9].) He further assumed that, 
in a turbulent wake or jet, I should be proportional to the wake (jet) width 
h{x), and constant inside the region of turbulence. 

The preceding results lead to dimensionally correct formulas for the 
asymptotic rate of growi:h and mean velocity profile in wakes and jets, 
which will be derived in §§7, 11. But first, we shall mention some basic 
errors in PrandtPs assumptions, which are evident in the light of Town- 
send’s data^. 

First, the calculations ignore the basic fact of “intermittency”. Second, 
(5) would imply that c = 0 on the wake axis, where du/dy = 0, whereas 
Townsend’s experiments [81, Figs. 3, 4] show that the eddy viscosity has 
its maximum on the jet axis! Related to this basic error in (5), is the faob 
that PrandtPs predicted vanishes on the jet axis, whereas actually 
is a maximum there. 

Again, PrandtPs idea that there is just one “scale” for turbulence is quite 
incorrect; as already stated in §5, the large eddies are primarily responsible 
for lateral spreading of the turbulent wake, and the small eddies for mo- 
mentum transfer. Aloreover PrandtPs formulas say nothing about the rate 

^ See G. Batchelor, J. aer. sci. 17 (1960), 441-6. Prandtl himself was aware of some 
objections to his arguments; see ZaMM 5 (1925), p, 136. 
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of turbulent energy decaj", or Reynolds number effects. Finally, to fit ex- 
perimental data with PrandtPs data, the "‘mixing length’’ must be a large 
fraction of the wake diameter, which is inconsistent with statistical de- 
ductions. 

From a practical standpoint, Prandtl’s original ideas also fail to predict 
the basic fact, that the turbulent convection of heat and mass exceed that 
of velocity. This important fact has been rationalized by Sir Geoffrey 
Taylor®, using a ""vorticity transport” theory which is an improvement on 
Prandtl’s ‘"momentum transport” theor^^ but which is still somewhat over- 
simplified. We shall not try to summarize this interesting theory here. 

• A corresponding critique of ""mixing length” theories, as applied to turbu- 
lent jets, will be given in §10. 

7* Asymptotic wake behavior. The asymptotic mean velocity profile of 
turbulent wakes, far dovmstream, can be treated by considerations analo- 
gous to those of Ch. XII, §§5-9. In this analogy, the v of Ch. XII, (10), 
must be replaced by a fictitious scalar ""eddy viscosity” e (see §1). 

We begin by deducing some of the asymptotic dimensional formulas 
listed in Table I, p. 271. These follow from the momentum equations 
(21a)“-(21b) of Ch. XII, and a Similarity Hypothesis. In this sense, as was 
first clearly pointed out by Squire [79], they are deduced essentially by 
dimensional analysis. 

First we shall justify the asymptotic momentum equations used, which 
are 

(6a) D f (M - h) dy pU [ — ti(x, y) dy 

Jw •fw 

in the plane, and 

(6b) D 0^2^ [ (jH — h)r dr csi 2Tr pU [ u{x, r)r dr 

Jw Jw 

with axial symmetry. That is®^ we will showr that the turbulent velocity 
component (u', v\ tt?')? described in §1 above, does not affect the final con- 
clusions of Ch. XII, §9. To showr this, we begin by noting that equations 
(19a)-(19b) of Ch. i^I, §9, can be applied to turbulent flow if one includes 
^e ""Reynolds stress” forces of §1 above. To see the truth of this well- 
known fact, one need only remark that all quadratic time-averages such as 

* G. I. Taylor, Proc. roy. soc. A135 (1932), 685-705 and 697--700; and ibid. 151 
(1935), 494-7 and 159 (1937), 499-602. See also [31, §§83-5] and [74, pp. 351-3]; H, Rei- 
chardt, ZaMM 24 (1944), 268-72 and [67]. 

The argument at the end of Ch. XII, §8, can be generalized more simply; see §11 
below. Turbulent wakes behind discs have been similarly studied by R. D. Cooper 
and M, Lutzky, DTMB Rep. 963 (1955). 
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uu', xiv' which iavolve a time-mdependent factor vanish, and so does 
(dv'/dx — du'/dy) dx. 

To finish justifj’ing (6a)-(6b), we observe that the hypotheses made in 
Cors. 1-2 of Ch. XII, §9, are equally valid for turbulent flow. Experimen- 
tally, the turbulence is negligible outside the wake TT , while the total head 

A = p -}- ip[(r -f xif -f r" + + u'‘ v'“ + w'^] 

differs negligibly outside TT from the free stream total head H = Pf iph . 
Therefore, Cor' 1 of Ch. XII, §9, will follow as before, when modified to 
include terms in it/ui,'. These quadratic terms will again drop out asymp- 
totically, under the hj’’potheses of Cor. 2. 

We next make again the Similarity Hypothesis* of Ch. XII, §6, that all 
wake cross-sections have affinely similar velocity profiles. Thus, we assume 


(7a) u(x, y) = x~%y/x'^) 

(7b) u(x, r) = x~^g{r/x^) 

Substituting back into (6a)-(6b), we get 
(8a) P = S' 

(8b) P = Sg- 


in the plane, 
in space. 

in plane flow, and 
with axial symmetry. 


The dimensional analysis also involves an assumption about eddy vis- 
cosity similarity: 

( 9 ) = x~^^h{7]), where v = 2/A® or r/s®. 

This is equivalent to assuming that I « u^(x, which is plausible, 

and also agrees dimensionally with Prandtl’s mixing length concept. Sub- 
stituted into the simplified equation of motion, Udu/dx = B{u'v’)/By, (9) 
amounts to putting —p — 1 = —2p — g in the exponent of x, or 


(90 


p + g = 1 (homogeneity condition). 


From (8a) and (90 we conclude that the turbulent wake breadth 6(x) 
in plane flow satisfies asymptotically 

(10a) b = Bx\ u = x'^iisjfBx^. 


The prediction h « -s/x has been approximately confirmed experimentally 

’Prandtl, Proe. see. int. congr. appl. mech. Zurich (1926), 62-74, made a much 
more special hypothesis. See [31, |§252, 264] and [74, p. 447]. Curiously, the turbulent 
case was treated before the laminar one. 



WAKES WITH HYDEODYNAMICAL SELF-PR OPULSI OX 


307 


[74, p. 450] and [81, Fig. 7]. Again, \\ith axially symmetric turbulent wakes, 
we conclude, similarly, 

(10b) c — u = x'^^g(r/Cx^); 

see [31, §254] for details. Thus, turbulent wakes spread more slowly in 
axially symmetric than in plane flow. 

By making specific assumptions about the dimensionless mbdng length 
one can also calculate theoretical universal velocity profiles — ^i.e., one 
can determine /(ry) and g(ri). Thus, using PrandtPs assumption (5), Schlich- 
ting^*^ calculated for (10a), 

(11a) fM = (1 - 

In the axially symmetric case, (5) gives likewise, for (10b), 

(lib) giv) = (1 - ^^•^)^ 

These formulas agree quite well \\ith experiment, pro^dded the empirical 
constant B and the plane a? = 0 are chosen” to fit the data. 

However, as observed by Reichardt [67] and Squire [79], one should not 
attach too much significance to this agreement. It is well known that the 
boundary layer equations used are of parabolic type, like the heat conduc- 
tion equation [31, p. 127], and that any such ^‘diffusion-tjq)e’' equation gives 
asymptotically a bell-shaped distribution from an initially concentrated 
source. Thus [74, p. 449], the velocity profiles deduced from (lla)-(llb) 
differ negligibly from the Gaussian error curv^e obtained from the ordinary 
heat conduction equation, as in Ch. XII, §5. 

Hence we shall not discuss further the large literature on turbulent wakes, 
based on “mixing length” concepts^. 

8. Wakes with hydrodynamical self-propidsion. The dimensional 
formulas of Table I, Ch. XII, are not applicable to the wakes behind hydro- 
d 3 mamically self-propelled objects (boats or airplanes). If the propeller 
thrust is included, D = 0 in such cases, and so the momentum equation 

Ing. Archiv 1 (1930), 533-71; [74, p. 449], [31, p. 583]. W. Tollmien, Ing. ArcMv 4 
(1933), 1-15, tried another assumption. For the axially symmetric case, see L. M. 
Swain, Proc. roy. soc. A125 (1929), 647-59, or [31, §254]. 

See the refs, of ftnt. 10. Also, A. A. Hall and G. S. Hialop, Proc. Camb. Phil. 
Soe. 34 (1938), 345-50, [67, Fig. 6], and M. Kurihara, Appl. mech. revs. 5 (1952), 
No. 830. 

1* See [24, §§252-^5] and refs, given there, for an account of researches based on such 
hypotheses. See also S. Tomotika, Proc. roy. soc. 165 (1938), 65-72; P. Y. Chou, 
Chinese J. Phys. 4 (1940), 1-33; C. C. Lin, Sci. Reps. Natl. Tsing Hua Univ. 4 (1947), 
419-50; G. B. Mattioli, Teoria dinamica de regimifluidi turhuleniif Padova, 1937. 
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J udy — Q gives no relation between p and q. We shall now derive alterna- 
te 

tive formulas for p and g, applicable to this case. 

In the laminar case, of constant viscosity v, the facts are suggested by 
the considerations of Ch. XII, §5. Thus, in plane flow, we assume 
Udu/dx = vd^u/dyTy and S 3 ’’mmetry about the a;-axis. In this case, it is 
readily" shown (integi-ating b}’- parts) that the second moment 

(12) N = f y\{x,y)dy 

J—oa 

must be independent of x. Assuming N ^ 0, we have the asymptotic 
formula 

(12a) M = 

where is a Hermite poljTiomial in = yli^vzIlPf, and A is proper- 
tional to A". In laminar axially^ symmetric flow, xi « similarly. Thus, in 
both cases, the velocity decay is much more rapid than in ordinary wakes. 

The turbulent case is more difficult. The similarity condition (12a) is still 
valid. The moment condition (12) cannot be strictly justified: integration 
hy parts gives 

by (1~) 

= -j y^y == -f fydu= j ud{ey). 

If € were independent of y, this would vanish. We shall assume that the 
variation in e is negligible. That is, we shall assume that the momentum 
equations for laminar flow are still valid in turbulent wakes. This assump- 
tion amounts to 

(14a) j y^u dy — N ^ 0, or p = 3g, 

in plane flow, and 

(14b) J r\r dr = AT* 0, or p — 4g, 

vnth axial symmetry. 

We conclude from (8c) and (14a) that 

(15a) « = x-^'*f(y/<^ 

in the turbulent wake behind a hydrodynamically self-propelled cylin- 
der, and 

(15b) 
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for hydrodynamical self-propulsion in space. This implies R oc l/^/x in 
the plane, and R cc in space. 

9. Mixing zone. The simplest problem in mixing concerns the turbulent 
interface between two fluids mo\’ing tangentially with relative velocit 3 ^ U, 
and having an initially plane interface. In the case of equal densities, this 
can be interpreted as the problem of Helmholtz instabilit 3 ’' for large t. 
Helmholtz instability of the same configuration for small t has been dis- 
cussed in Ch. XI, §14. 

The preceding mixing problem was first treated theoretically by Tol- 
mien^®, using PrandtPs ‘^miring length’^ concept. Because this concept is 
not really valid (see §6), we shall only consider dimensional equations. 

The relative velocity U is independent of x; hence if we make the Simi- 
larity Hypothesis of (9), that the ^'mixing length” is proportional to the 
breadth b(z) of the “mixing zone”, we get € oc h(x). This corresponds to 
the formulas 

(16) u = f(y/x), V = g(y/x) 

and to a wedge-shaped mixing zone^ after turbulence has been initiated. 

Empirically, such a mixing zone is found, the breadth h{x) being about 
.225r. The distribution of mean velocity is approximately represented 
([67] and [57, Figs. 13-15]) by 

(16*) u = i[7[l + erf (lly/x)]. 

However, the theoretical interpretation of the existing experimental data 
is confused^^. 

10. Structure of jets. Above a sufficiently high Reynolds number, say 
if E > 1200 [59, p. 57], free homogeneous jets ordinarily become turbulent. 
The structure of such a jet from a circular orifice may be pictured roughly 
as follows. 

Near the orifice, the jet boimdary is diffused into a hi^ly turbulent, 
annular “mixing zone” with wedge-shaped profile (Fig. 4), as in §9. This 
gradually eats into the undisturbed central core of the jet. Though the 
volumetric discharge can be approximately predicted^® by potential theory, 

IS ZaMM 6 (1926), 468-78 (NACA TN 1085 (1945)); see also [31, p. 597], [74, p. 446], 
and [20, v. 3, pp. 162-78]. Also, work by Pai and Bershader in J. aer. sci, 16 (1949), 
463-9, J. appL phys. 21 (1950), 616, Quar. appl. math. 10 (1952), 141-8, and J. appl. 
mech. 22 (1955), 41-7. 

Relevant refs, include: Forthmaim, Ing. Archiv 5 (1934), 42-54; A. M, Kuethe, 
J. appl. mech. 2 (1935), 87-95; H. Gortler, ZaMM 22 (1942) 244^; [67]; S. Corrsin, 
J. aer. sci. 18 (1951), 773^. The critical discussion of [67] in Appl. mech. revs. 3502 
(1952) is quite illuminating; see also [64, Ch. VIII]. 

Variations of pressure in the mixing zone up to 4% of the total head have been 
reported by M. Barat, Comptes rendus 238 (1954), 446-7 . 
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Fig. 4. 


as in Ch. X, the angle of spread of the mixing zone causes the non-turbulent 
conical core (Fig, 4) of the jet to be eaten up after four or five diameters. 
After about eight orifice diameters [31, p. 596], the asymptotic turbulent 
jet regime has become pretty well established. 

Asymptotically, such round turbulent jets spread conically at angles in 
the range^^ 20°-25°; the mean velocity profile u(r/Bx) is bell-shaped, and 
can be closely fitted by a normal error cur^^e [67]. Earlier data were obtained 
by Forthmann^*. 

The structure of the plane turbulent jet from a slit is quite similar, apart 
from ob^dous modifications. The mean velocity profile can again be fitted 
by a normal error curve [31, Fig. 235]; the jet breadth b{x) is again asymp- 
totically proportional to x — , vdth an angle of spread 25‘^~30°. 

Although jet behavior is apparent^®® little affected bythe turbulence levels 
up to 8 %, it may be substantially affected by the jet mean velocity profile 
as it leaves the orifice. 

11. Mixizig length *‘theories*^ As in the cases of laminar jets and 
turbulent wakes, the asymptotic dimensional behavior of turbulent jets 
can be deduced from momentum and similarity considerations. 

P. Ruden, Naturwiss. 21 (1933), 375-8; A. M. Kuethe, J, appl. mech. 2 (1935), 
87-95; [59, p. 67], See also H. B. Squire, Aircraft Engineering 22 (1950), 62-7; M. L. 
Albertson, Y. B. Dai, R. A. Jensen and Hunter Rouse, Trans. Am. soc. civ. eng. 74 
(1948), 1571-96; ‘'Some aspects of fluid flow'* (Inst, of phys. conference, London, 
1953), p. 10; H. G. Elrod, Appl. mech. revs. 7 (1954), No. 3941. 

E. Forthmann, Ing. Archiv 5 (1934), 42-54; the data are reproduced in [31, Fig. 
236], and other refs, given. See also D. Citrini, three papers in L'energia elettrica, 
1946-7. 

^ J. F. Taylor and E. W, Comings, Proc. Midwest conf. fluid dyn., Ann Arbor, 
1951, 204r-15. 
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Thus, neglecting the pressure variation along the jet, and shear stresses 
outside the jet, the boundary layer approximation gives 


(17a) 

J dy = const. 

for plane jets 

(17b) 

j dy ds = const. 

for round jets, 


just as in formulas (28a)~(28b) of Ch. XII. We make also the Similarity 
Hypothesis (Ch. XII, (22)), 

(18a) u = x'^fiy/x^) for plane jets 

(18b) u = x^^gir/x^) for round jets. 

(Empirically, by §10, q = 1 in both cases.) In general, (17a)“(18a) imply 
(19a) 5 = 2p 'W'ith plane jets, 

while (17b)-(18b) imply 

(19b) Q — P with round jets. 


This is just as in Ch. XII, §14 and §13, respectively. 

To complete our dimensional analysis, we make the Turbulence Similarity 
Hypothesis u'v' « x’'^^ already made in (9), and for the same reason. 
(More generally, I cc is plausible.) 

The boundary layer equations are 



in plane flow, and a similar equation involving a factor r in axially sym- 
metric flow. These are compatible with our similarity hypothesis if and 
only if g' — p — 1 = — p, or 


(20*) 2=1 aiid V ^ X ^k(y/x^). 


Combining, we get the similarity rules 

(21a) u = x~^f(ylx) for plane turbulent jets, 

(21b) u = x~'^g(r/x) for round turbulent jets. 

These agree with observation^^; as in the laminar case, the angle of spread 
is theoretically indeterminate. 

Note that the total jet flux f udy cc for plane jets from slits, while 
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ec X for round jets. Thus, the fluid around a homogeneous turbu- 


lent jet is entrained into the jet as if by a uniform half-line of sinks. 

The obsen-ed mean jet velocity profile, given by a normal (i.e., Gaussian) 
error cuire is consistent with the hj’pothesis of turbulent diffusion. If e is 
calculated using some transfer or mixing length hypothesis, then (21a)- 
(21b) reduce the boundarj’- layer equations to ordinary differential equa- 
tions, determining u{.x, y) up to the angle of spread. 

Such calculations were made by Tollmien*®’’ for the axially symmetric 
case of round jets, and bj' Schlichting^®’’ for plane jets. Writing ij = y/Bx, 
the calculated velocity profiles are given by 


(22a) 

(22b) 


« = c(l — tan^??) 
u = c/(l -f n) 


for plane jets 

J 

for round jets; 


they are more peaked than the actual profiles. 

Similar calculations, based on Taylor’s vorticity transfer theory, have 
been made by Howarth and Tomotika^®. Taylor’s qualitative ideas are sup- 
ported by the obseivations of Hinze and van der Hegge-Zignen, which 
show that as in the case of wakes, heat and mass diffuse about 20 % more 
rapidly than momentum in turbulent jets. 

However, it has been shown by Liepmann and Laufer [57], through hot 
wire measurements of turbulence^, that the effective “mixing length” 
(which averages about 4%) of the total jet width [31, p. 594]) is variable 
across the jet, contrary to the assumptions of Prandtl-Gortler and Toll- 
mien, and that their calculated shear-stress distribution is quite incorrect. 


12. Further literature- The known facts about turbulent jets are not 
limited to the preceding topics. 

Thus, because of their importance for aircraft jet propulsion, compound 
and coaxial jets have been studied by various authors^\ 

Another interesting study concerns the diffusion of smoke from a chim- 
ney. When carried by -wind, the initial region of diffusion is conical, with 

W. Tollmien, ZaMM 6 (1926), 468-78; see also W. Szablewski, NACA TM 1311 
(Ing. Archiv 20 (1952), 67-72). H. Schlichting, Ing. Archiv 1 (1930), 533-71; [74, pp. 
452-41. 

L. Howarth, Proc. Camb. phil. soc. 34 (1938), 186-94; S. Tomotika, Proc. ro 3 ^ 
soc. A165 (1938), 53-72; J . 0. Hinze and B. G. van der Hegge-Zijnen, Appl. sci. res. A1 
(1949), 435-61, and Proc. seventh int. congr. appl. mech. London (1948), 286-99. 

« See also B. H. Little and S. W. Wilbur, NACA TN 2361 (1951). 

F. Landis and A. H. Shapiro, Heat transfer inst. Stanford (1951), 130-46; W. 
R. Keagy and A. E. Weller, Appl. mech. revs. 1534 (1950) ; I. Tani and Y. Kobashi, 
ibid. 1741 (1955); Y. V. G. Acharya, ibid. 2150 (1955). 
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an angle of spread which, depends on the turbulence of the atmosphere. 
Howevei’, when the ■width of the jet exceeds the scale of atmospheric turbu- 
lence, the tendency towards the more familiar parabolic diffusion law r~ = 
cx = cUt will become dominant. — In still air, the mean rate of rise under 
thermal convection is roughly proportional to the cube root of the distance 
above the chimney^. 

Finally, the important subject of the noise of turbulent jets has recently 
been studied, especially by LighthilP. It has been deduced theoretically, 
and roughly confirmed experimentally"^, that the maximum intensity is at 
45° to the jet axis (corresponding to acoustic quadruples), and that the ratio 
of sound energy to jet energy is proportional to = t’®, 'c°, the fifth power 
of the Mach number, independent of i? = Ud/v. (Thus, for a given jet, 
the noise power is proportional to U^.) 

-2 0. G. Sutton, “jMicrometeorology”, Xe'w York, 1953, pp. 295-300. See also tV. 
Schmidt, ZaMM 21 (1941), 265-78 and 351-63. 

“ Proc. roy. soc. A211 (1952), 564-82. 

W. L. Nyborg et al., J. acoust. soc. Am. 24 (1952), 293-304; H. M. Fitzpatrick and 
R. Lee, DTMB Reps. 835 (1952) and 868 (1953); E. J. Richards, J. roy. aer. soc. 57 
(1953), 318-42; E. G. Richardson, Nature 172 (1953), 54-8. 



CHAPTER XV 

MISCELLANEOUS EXPERIMENTAL FACTS 

!• General discussion* In Chs. II-XI, it was generally assumed that 
cavitation occurred spontaneously in liquids as soon as the. local pressure 
dropped below the vapor pressure (see Ch. I, §6), — i.e., as soon as (Cp)mas > 
Q. Assuming the Bernoulli equation, this implies that cavitation should 
occur when Q < Qi = {um/uff -1, where lu is the maximum velocity 
and M/ = U is the free stream velocity. It was also assumed that liquid 
jets in air had smooth boundaries, whose location was determined by the 
‘Tree boundary” condition of constant boundary pressure. 

Actuallj", the situation is much more complex. Especially, surface tension 
plays a dominant role in many phenomena, to such an extent that the de- 
ductions of Chs. II-XI may not even give a first approximation to the 
true facts. In other cases, traces of dissolved impurities may exercise a de- 
cisive influence. In still other cases, such apparently extraneous physical 
variables as noise level, acoustic stimulation, surface electrification, surface 
contamination, and turbulence level may play an essential role. Even the 
interaction of two or more such variables may be involved — e.g., of surface 
tension and viscosity. Finally, hysteresis effects may be very important. 

Because of this complexity, it has seemed desirable to devote a final 
chapter to the discussion of various experimental phenomena, which can- 
not be deduced mathematically from the assumptions used in Chs. II-XI, 
or even from the Navier-Stokes equations. In this chapter, the quantitative 
deductions vill be fragmentary, and the subject matter arranged according 
to the physical variables involved, rather than the mathematical methods. 

2. Bubbling and boiling. When a teakettle is slowly heated, it is easily 
verified that air bubbles form on the bottom and rise to the surface, long 
before true boiling (steam formation) occurs. If, however, boiled water is 
reheated, this no longer occurs. Again, if one shakes a ginger ale bottle, a 
tremendous volume of gas is released internally. 

These are simple illustrations of the fact that cavitation is strongly in- 
fluenced by the gas content of a liquid. It is essential to distinguish between 
the bubbling or effervescence of dissolved gases, and true cavitation in a pure 
liquid. 

Thus, ordinary tap water is not pure or homogeneous. It ordinarily con- 
tains dissolved air and other gases, and also undissolved gas ‘'nuclei” 
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attached to minute solid particles. The gas will gradually come out of so- 
lution when the ratio 

ai = (dissolved gas volume)/ (volume of water) 

exceeds a certain ‘'saturation ratio’’ = a^ip, T). Ordinarily, is roughly 
proportional to the pressure p (Henry’s Law), and is a decreasing function 
of the temperature T. Hence we VTite 

(1) = (p/Pat)a«(2?at , r). 

Thus, under normal atmospheric conditions, a, is about 2 % for air in water, 
about one for CO2 in water, and several hundred for NH3 in water\ (In 
the latter cases, chemical affinity plays an ob^uous and important role.) 

'V\Tien the pressure is reduced, or if heat is applied, v;e will ultimately 
have QJa < ai . When this happens, effeiwescence (bubbliug) may be ex- 
pected, even though the pressure is still far above the vapor pressure of 
water. This gives a first rough criterion for effei^^escence, when the pressure 
alone is varied: 

(2a) Pef f/ Pat ~ Oil/ Of«(Pat j T) . 

Thus, a nearly saturated liquid will effer\’^esce gradually when the pressure 
is reduced only slightly below atmospheric pressure. 

However, once water has been thoroughly boiled, the critical pressure 
for effervescence has been lowered ipso facto to the vapor pressure of water, 
and the water may be said to be “degassed”. If the water is then cooled 
and boiled again, no effervescent bubbling will be observed, and vapor 
bubbles rising into cooler w^ater will collapse with a sharp click. 

3. Tensile strength, of liquids. If filtered w’^ater is degassed inside a 
clean container, it can actually sustain very large tensions. Thus, just as 
effervescence (bubbling cavitation) can occur when p > , so cavitation- 

free flow is possible when p < 3 C Pr - The criterion (Ib) of Ch. I may therefore 
fail in either direction I 

The ability of liquids to sustain large tensions is easily explained by a 
consideration of the effects of surface tension- We recall that the pressure 
pc inside a small bubble of radius r is related to the pressure p outside it 
by the formula 

(3) = p + 27/r, or p = p« - 2y/r, 

1 See Smithsonian Physical Tables, 8th ed., p. 221. For a general discussion, see 
M. D. Gernez, Comptes rendus 63 (1866), 883-8. Also, P. H. Schweitzer and V, G. 
Szebehely, J. appl. phys. 21 (1950), 1218-24. 
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where y is the surface tension. Neglecting the slight ditference between 
'Pc — Pv and zero, we should expect the tensile strength to be about 

(30 -P = (27/V)mm = 2TAinax, 

where is the radius of the largest bubble present. For pure water, 
7 = 75 dynes/'cm. Hence we have the following rough table 

— P 0.1 atm. 1 atm. 10 atin. 100 atm. 1000 atm. 

rniax 0.015 mm 0.0015 mm 0.15 150 A 15 A 

This suggests that, if all bubbles could be eliminated down to molecular 
dimensions (about 1 A), tensions of the order of 10,000 atmospheres could 
be sustained. 

For many years, this simple theoretical picture was generally accepted. 
It seemed especially plausible, because the order of magnitude of the pre- 
dicted tensile strength agreed with that obtained from the a/V^ term in the 
van der Waals equation of state (p -f a/F')(7 — 6) = RT, However 
very different ideas are accepted today. 

It seems most realistic to postulate the presence in all real liquids of 
minute gas tniclei^ adhering to minute wall crevices or to suspended solid 
(dust) particles^. Gas-filled and vapor bubbles alike form by evaporation 
into these nuclei. (This explains the formation of successive bubbles from 
the same point on the surface of a ginger ale bottle, and why gas does not 
come out of solution from the interior of a dust-free liquid.) 

It may be that, even if no such nuclei are present initially, they will 
form spontaneously at a predictable statistical rate. At a tension — P, the 
free '^nucleation energy” required would be 

(4) = (4wV - = 167^yV3(-P)^ 

This leads to a predicted tensile strength of the order of 1000 atm. for pure 
water®. 

However, observed tensile strengths of pure water have not exceeded 
30-50 atm.^ although figures as high as 250 atm. have been quoted in the 

s F. C. Henrici, Ann. der Physik 147 (1872), 655-69; C. Tomlinson, Phil. Mag. 45 
(1873), 276-83. Also, E. N. Harvey et al., J. cell. comp. phys. 24 (1944), 1-22; J. 
appl. phys. 18 (1947), 162-72; J. Am. chem. soc. 67 (1945), 166-7 and 68 (1946), 2119-20. 
It also makes a difference whether the container surface is “hydrophilic’’ or “hydro- 
phobic”. The subject is reviewed by A. Weyl and E. C. Marboe, Research 2 (1949), 
19-28. 

* L. Bernath, Ind. Eng. Chem. 44 (1952), 1310-13. The ideas are due to M. Volmer, 
“Banetik der Phasenbildung”, 1939. 

* H. N". V. Temperley and L. G. Chambers, Proc. phys. soc. 58 (1946), 420-43, and 
59 (1947), 199-208. See also [8], and Scott et al., J. chem. phys. 16 (1948), 495-602. 
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literature, following the pioneer work of Berthelot^ Other pure liquids 
also have substantial tensile strength, usually amounting to tens of atmos- 
pheres®. 

The preceding ideas apply to efim^escence, causing formula (2a) of §2 
to be replaced by 

(2b) Peff — — (2TAinax) + PatQri/a,(pat , T), 

Thus bubbles below a certain critical size \\ull not grow, but will shrink to 
a point. This explains qualitatively why pressurized water can be “super- 
charged’’: all interior nuclei are eliminated. 

Since sea and tap water normally contain bubbles whose diameter ex- 
ceeds 0.01 mm, it is also easy to see why ca'V’itation normally occurs when 
p < Pv , — ^i*e., why the simple criterion of Ch. I, §3, is applicable under 
many practical circumstances- It should however also be easy to see whj^, 
in steam boilers, precautions must be taken to avoid superheating’^ and re- 
sultant cavitation “bumping” on the walls. 

Finally, it should be remembered that the surface tension j may be re- 
duced by half, through dissolved impurities ha\’ing a concentration as low 
as 0.003 per cent®. This illustrates the extreme difficulty of making accurate 
theoretical predictions. 

4. Bubble dynamics. In §§2-3, gradual cavitation has been discussed, 
and the rate of bubble growth largely ignored. The rate of bubble growth 
may be influenced by the time required for diffusion, and other factors. 

In the case of gas bubbles, growing to and above \usible size, good pre- 
dictions may be made on the basis of relatively simple calculations®. How- 
ever, in the case of steam bubbles in slightly superheated water, heat trans- 
fer by vaporization plays an important part, and the calculations are much 

® J. Berthelot, Ann. de chimie phys. 30 (1857), 232-7. See also M. Gemez, Comptes 
Rendus 63 (1866), 883-8, and J. C. Maxwell, ‘Theory of heat”, London, 1899, pp. 
291-2; N. E. Dorsey, “Properties of ordinary water substance”, New York, 1940, 
pp. 179-81 and 620-3; R. S. Vincent, Proc. phy8.soc.53 (1941), 126-40, and 55 (1943), 
41-8 and 376-82; L. S. Briggs, J. appl. phys. 26 (1955), 1001-4. 

® Values ranging from 3.5 atm. for liquid nitrogen (A. D. Misener and F. T. Hedg- 
cock, Nature 171 (1953), 835-6) to 419 atm. for mercury (L. J. Briggs, J. appl. phys. 
24 (1953), 488-90), have been reported. 

^ In 1846, Donny heated water to 135®C without boiling; somewhat later, Dufour 
obtained 1^°C; Kenrich, Gilbert and Wismer have obtained 270®C (J. phys. chem. 
28 (1924), 1297-1307) ; see Dorsey, op. cit. supra, pp. 579-82. 

^N. K. Adam, “The physics and chemistry of surfaces”, 3d ed. (1948), Oxford 
Univ. Press, p. 129. 

» P. S. Epstein and M. S. Plesset, J. chem. phys. 18 (1950), 1505-9. 
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more complicated^. The simple theory of Ch. XI, §2 is grossly inapplicable 
to either case. To a smaller exent, diffusion effects influence incipient cavi- 
tation, which we shall now discuss. 

In Ch. I, §6, incipient cavitation was defined as the rapid formation and 
collapse of minute bubbles, in local regions of negative pressure in high- 
speed flow. For regions 1 em.-50 cm. in length at flow speeds of 15 me- 
ters/see., corresponding by Bernoulli’s equation to a reduction in pres- 
sure of one atmosphere in water, the total elapsed time will thus be in the 
range 0.6-30 milliseconds. We can thus regard this as the normal time scale 
for incipient cavitation. 

Following Reynolds”, one can produce incipient cavitation in a “Rey- 
nolds tube” nozzle) having a narrow constriction (see Fig. 1). 

Alternatively, incipient cavitation occurs at certain speeds around torpedo 
models placed in hi^-speed w'ater tunnels, and near marine propellers. 

In all cases, the physical principles involved are the same. As in ordinary 
boiling, microscopic gas nuclei seem to be required to initiate the growth 
of cavities. Due to the short time-scale, there is insufficient time for effer- 
vescence to be appreciable (i.e., for dissolved gases to diffuse to the bubble 
surface and come out of solution), unless the mitiating gas nuclei are 
plentiful and fairly large. Thus, effervescence is not ordinarily visible until 
the pressure has fallen to 0.1 atmospheres or less”. 

There is considerable scatter in the data. This scatter may be due partly 
to the fact that the critical pressure pe for cavitation depends on the sta- 
tistical distribution of gas nuclei, and not merely on the percentage of air 
content by volume usually measured. It may also depend on the presence 
of “vortex cavitation”, or cavitation near vortex cores having a pressure 

M. S. Plesset and S. A. Zwiek, J. appl. phys. 23 (1952), 96-8, and J. math. phys. 
MIT 33 (1955), 308-30; P. Dergarabedian, J. appl. mech. 20 (1953), 537-45; H. K. 
Forster and N. Zuber, ibid. 25 (1954), 474r-8. 

“ 0. Reynolds, “Papers on mechanical and physical subjects”, vol. 2, pp. 678-87. 

“ See J. C. Hunsaker, Mech. Eng. 57 (1936), 211-16. The first accurate quantitative 
data were provided by F. Numachi, Ing. Archiv 7 (1936), 396-409, and Tech. Reps. 
Tohoku Imp. Univ. 12 (1938), 422-61, 629-42, 591-625; see also S. F. Crump, DTMB 
Reps. 675 (1949) and 770 (1951). 
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well below the average local pressure. Such vortex cores commonly ac- 
company flow separation. 

As soon as bubbles are so large that 27/?' < 0.1 atm. — e.g., when r > 0.15 
mm. in water, — ^surface tension effects become relativel3- small, and the 
approximation pe = Pv already" anal^^zed in Ch. XI, §2, gives a fairly" re- 
liable picture of the radius-time curv^e (i.e., of bubble growth and collapse). 
However, the laws of microscopic bubble growth are still not clearh" under- 
stood. 

Temperature gradients. In the opposite extreme ease, variations in surface 
tension due to temperature gradients may dominate the djmamic behavior 
of small bubbles in highly viscous liquids. This curious effect may, for 
example, make liquid films creep up walls, cause bubbles to descend against 
gravity, or deform the free surface of an otherwise static liquid so as to 
produce a flow. 

Thus, it has been noted by A. V. Hershey^*®* that a la^^er of liquid of 
thickness 5, with surface tension y = a+bT, can be in dynannc equilibrium 
on a plate making an angle a with the horizontal. The condition for paral- 
lel mass-flow equilibrium is that the tangential velocity profile u = 
U[3iy/8) — 2]{y/b) be parabolic; the fuscous and gravity forces will then 
be in equilibrium provided pgf sin a = 6/iI7, or 6vU/8^ = gr sin a. The 
associated tangential viscous stress on the free surface is 4:fiU/8; this will 
be balanced by traction due to the effect of the tangential temperature 
gradient VT on the surface tension, provided 4)tit7/5 = hVT. Thus, in equi- 
librium, bVT = {2pg8/Z) sin a (not bVT = pg8 sin a, as superficial con- 
sideration might suggest). 

The equations for the static equilibrium of a spherical bubble of radius jK 
in a vertical temperature gradient VT is similarly^^^ bVT — 2pgRI3. This 
equation may be deduced by considering the Stokes-like flow past a fluid 
sphere (cf. Ch. XII, §3), as derived by Rybczynski and Hadamard [50, p. 
599], and allowing for the additional tangential stress and normal pressure 
due to the variation of superficial tension on the surface of the bubble. The 
distortion of the temperature field due to the presence of the bubble has 
been considered in this equation. 

Finally, it may be shown that, under certain conditions, the convective 
flow in B4nard cells is similarly determined by thermally produced varia- 
tions in superficial tension on the free surface^^. 

Phys. rev. 56 (1939), 203-205. 

12b Unpublished result of M. J. Block of Baird Associates and his collaborators 
N. 0. Young and J. S. Goldstein. Mr. Block has communicated his analysis and ob- 
servations on B6nard cells to Nature, and has called our attention to the curious 
phenomena under discussion. 
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5* Acoustic cavitation. T\Tieii an intense soniid (or ultrasonic) beam is 
focussed oil the interior of a liquid, minute bubbles are also produced, but 
the time scale is different. 

Though the frequency may be high, the total time duration is long 
enough for dissolved gas to come out of solution, if the ‘‘average’’ pressure 
in a minute bubble is low enough to permit gradual effervescence. For a 
minute bubble oscillating in a sound field, the surface pressure is low during 
the phase when the surface area is largest. Due to this fact, the evaporation 
of dissolved gas into the bubble is much larger, relative to the reabsorption 
of gas into the liquid, than a crude consideration of the average pressure 
over the liquid as a whole would suggest. This may explain the striking 
fact that acoustic effervescence can be produced in unsaturated water^l 

True acoustic cavitation is different in nature. Blake has studied its de- 
pendence on temperature and pressure in degassed water. He has shown 
that there are also significant “hysteresis’' effects involving time-scales of 
minutes and, in other liquids, viscosity effects as well. In his expernnents, 
the cavitation threshold for a 60 kilocycle beam was foxmd to correspond 
to peak tensions of several atmospheres. However, in his and other^^ ex- 
periments, the peak tensions may have been determined by the extent to 
which the nuclei clinging to dust particles and walls had not been elimi- 
nated. This variable was not controlled in the experiments. 

6. Cavitation damage. Cavitation “pitting” is well knoMU as a danger- 
ous source of erosion in marine propellers, and in hydraulic turbines and 
spillways. It is even more important practically than the vibration and 
loss of thrust due to cavitation, first observed in the trials of the torpedo 
boat Daring^'^. 

Extensive research has led to the conclusion that this cavitation pitting 
is due to the collapse of vapor-filled cavities against solid boimdaries, w^hen 
they return to a region of positive pressure after passing through a “cavi- 
tation zone” of negative pressure. Indeed, under the simple Rayleigh 
theory of a perfectly spherical bubble collapsing in an incompressible fluid 

C. Eckart, Phys. rev. 73 (1948), 68-76; P. G. Blake, Tech. Mem. 12, Acoustics 
res. lab., Harvard (1949); M. D. Rosenberg, Tech. Mem. 26 ibid. (1953); L. Pode, 
DTMB Rep. 854 (1953); G. W. Willard, J. acoust. soc. Am. 25 (1953), 669-86; B. 
Derouet, Comptes rendus 234 (1952), 71-3. 

H. B. Briggs, J. B. Johnson, and W. P. Mason, J. acoust. soc. Am. 19 (1947), 
664r-77. 

For the original discussion of these trials, see the articles by J. W. Barnaby and 
C. W. Parsons in the Trans. Inst. Nav. Arch. 38 (1897), 232-42, and 39 (1898), 139-44. 
For damage to turbines, see the Symposium Cavitation in hydraulic structures, Proe. 
Am. soc. civ. eng. 71 (1945), 1000-13, and comments thereto in vol. 72, p. 715. 
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(Ch. XI, §§1~2), the peak pressure vould be infinite. I.e., a finite total 
energy would be focussed on a point. 

Because of this fact, and visible "‘pitting’^ in materials having static jdeld 
strengths of 10^-10® psi, it was at first concluded that peak collapse pres- 
sures were in this range^®. However, Ackeret [46, pp. 227-40] has pointed 
out that water drops impinging with impact speeds in the range 50-500/, s, 
and consequent impact pressures pcv (here c is the speed of sound in water) 
in the range 10®-10^ psi, can also produce pitting. He and his collaborators^" 
conclude that peak pressures in collapsing cavities have this much smaller 
order of magnitude. Other workers incline to the intermediate range 10^-10® 
psi^^ 

Such smaller pressures could easily be rationalized, by notmg the effects 
of spherical instability (Ch. XI, §13), compressibility^®, and other physical 
factors which are often ignored. For instance (cf. §2), it is well known that 
air-filled bubbles collapse less violently (with a thud instead of a snap^®) in 
water having high air content. (In this connection, it may be noted that 
luminescence, which would be expected under adiabatic compression at 
10®-10^ psi, has also been observ^ed‘°). 

Again, simple dimensional calculations of viscous deformation stresses, 
near a spherical bubble of radius a{t), show that the rate of viscous de- 
formation is proportional to dr/ dr oc a^a/r®, whence the viscous pressure 

drop from r = to r = a is proportional to a“a / dr/r^ cc d. If the Ray- 

J a 

leigh theory (Ch. XI, §2) were valid, so that d oc infinite viscous 
work would be done, which is impossible^^ 

See C. A. Parsons and S. S. Cook, Engineering 107 (1919), 515-19; F, K. T. van 
Itersen, Proc. Kon. Akad. Wet. Amsterdam 39 (1936), 138-49 and 330-9; W. Mantel, 
Zeit. VDI (1936), 863-7 ; J. K. Vennard and C. C. Lomax, Final Rep. under Contract 
N6-onr-25118, Stanford Univ. (1950). 

J. Ackeret and P. de Haller, Schweiz. Bauzeitung 98 (1931), 101 (1933), pp. 243, 
260, and 108 (1936), p. 105; I. Vuskovic, Eseher Wyss News 13 (1940), ^-90; S. Kyro- 
poulous, Zeits ang. math. phys. 2(1951), 406-10. For other theoretical ideas, see W. T. 
Bottomley, Proc. inst. mech. eng. 69 (1947), 253-66; T. C. Poulter, J. appl. mech. 64 
(1942), A31-A37; R. S. Silver, Engineering 154 (1942), 501-2. 

For an excellent summary, see M. Kornfeld and J. Suvorov, J. appl. phys. 15 
(1944), 495-506. See also M. S. Plesset and A. T. Ellis, Caltech, hydro, lab. rep. 21-15 
(1954). For compressibility effects, see C. Herring, OSRD Repre. 236 (1941); [17, 
pp. 305-7]; E. H. Kennard, Phys. Rev. 63 (1943), 172-81; L. Trilling, J. appl. 
phys. 23 (1952), 14-17. 

M. F. M. Osborne, Trans. Am. soc. mech. eng. 69 (1947), 253-66; M. Harrison, 
DTMB Rep. 815 (1952). 

2“ L. A. Chambers, J. chem. phys. 5 (1937), 290-2. 

21 H. Poritsky, Proc. first U. S. congr. appl. mech. (1951), 813-21; S. S. Shu, ibid. 
823-5. 
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Finally, the growth and collapse of cavities is not always determined 
the ambient mean pressure. Damage-producing bubbles can also be caused 
by high local vorticity^ which is not associated with the Bernoulli equation 
used in deriving the cavitation parameter Q of Ch. I, §4. Thus, in the case 
of a drowned jet, vortex ca^dtation begins at the orifice edge when Q < 0.5. 

7. Propeller cavitation. The complex nature of real cavitation is well 
illustrated by the various different types of cavitation which have been 
observed in marine propellers; we shall now describe four such t\’pes. 

Stroboscopic photographs of propeller cavitation often show cavitation 
on the front face of the propeller, near a sharp leading edge. This is related 
to the cavitation originally imagined by Helmholtz (Ch. XIV, §2), in con- 
nection with flow separation and discontinuous wakes. 

Such photographs also reveal cavitation on the back face, if the thrust 
(speed of rotation) is too great. Thus in the original trials of the Daring^^, 
cavitation began when the average propeller thrust was 11 psi. Improved 
propeller design has enabled much higher thrusts to be obtained"®, up to 

22.4 psi. This back cavitation usually begins with intermittent bubbles 
(“burbling”), hut is followed by “sheet cavitation”, which presumably 
occurs when the mean pressure falls below vapor pressure. At extremely 
high speeds, the entire rear face is enveloped in an air ca^dty; this may be 
called “supercavitation”, and has been discussed in the literature"^. 

Finally, there is the striking phenomenon of tip cavitation (see Fig. 2), 
due to the shedding of vorticity at the propeller tip. According to the 
Kutta-Joukowski theorem [61, p. 191], the circulation T around a propeller 
of length I should be related to the thrust T by the formula T == plUT. On 
the other hand, for the pressure inside a hollow vortex of radius r to fall to 
vapor pressure pv , if the flow outside the vortex is irrotational, we should 
have (since the local velocity is Tf2wT, using Bernoulli’s equation) 

(5) po^po — Pv = §p(rV4^rV^) = T^ISt pfUY, 

It is possible that the radii of tip vortices can be roughly estimated from (6), 
though boundary layer effects make this doubtful. 

22 See H. Fottinger, [46, p. 243]; K. K. Shalnev, Zh. tekh. fiz. 21 (1951), 206-20, 
and Doklady SSSR 78 (1951), 33-6, where the role of the Strouhal number (Ch. XIII) 
is shown. For the occurrence of vortex cavitation in drowned jets, see H. Rouse, 
La Houille Blanche (1953), 1-19. 

23 The data are taken from D. W. Taylor, The speed and power of ships, U. S. Govt. 
Printing Office, 1943, Ch. 26.3; see also H. E. Rossell and L. B. Chapman, Principles 
of naval architecture, vol. 2, Ch. Ill, Sec. 11. Dr. F. H. Todd has informed us that 

13.5 psi based on developed area is now considered a practical maximum. 

2^ V. L. Posdunine, Doklady URSS 39 (1943), 306-10. The development of mathe- 
matical formulas, based on ‘'free boundary” theory, would seem a very worthwhile 
achievement. 
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Limitations of space forbid our giving the many interesting facts about 
propeller cavitation which have been discovered over the past 50 years“°. 
In view of the scale effects mentioned above, the photographs of full-scale 
cavitation recently obtained by J. W. Fisher“® are very noteworthy; they 
show at least a qualitative similarity between model and full-scale cavi- 
tation. 

The analogous problem of cavitation on hydrofoils also deserves mention. 
However, at shallow submergence depth d, it appears that the wave speed 
\/g^ is as important a limiting factor as cavitation^^. 

8. Scale effects in water entry. The entry of a solid into water or 
another liquid gives rise to a sequence of events of surprising phj^sical com- 
plexity. This situation was first studied qualitatively by Worthington [90], 
for the case of spheres dropped into water from small heights A = 6 in.--20 
ft. — i.e., having vertical entry velocities of 4-25 feet per second (//s), and 
Fronde numbers 

(6) ¥ — hid — v^/gd of 5-250 (roughly). 

The most important physical variables are (i) the inertia of the water, 
and (ii) gravity^ which causes water to fill the cavity created by the passage 
of the solid. An approximate theory of cavity behavior, as determined by 
these variables, has already been outlined in Ch. XI, §4. The point which 
we wish to stress here is that an exact treatment of the problem must not 
only be more sophisticated mathematically, but must also take into account 
the inertia and viscosity of the air, which were ignored in the earlier treat- 
ment- 

The role of air density was first clearly demonstrated by R. M. Davies^. 
The most striking observation involves the distinction between ^‘surface 
seaP’ and “deep seal”, which we will now" define. 

When a sphere is dropped into water with 20 < F < 70 (say), the col- 
lapsing walls of the cavity collide audibly, roughly midway between the 
sphere and the surface, as in Fig. 3a. The sound is a “plop”, and after the 
collision (which is often accompanied by upjets and dovmjets [23]), the 
cavity behind the missile is separated from the surface by a “deep seal”. 

At higher speeds, when F > 150 (say), this event is preceded by a “sur- 

25 See H. Lerbs, Rep. 131, Hamburg, ScMffbau-Vers. (1936), L. P. Smith, Trans. 
Am. soc. mech- eng. 59 (1937), 409-31. 

N. E. Coast, Inst. Eng. Shipbuild. Trans. 68 (1951), 19-30. 

« E. V. Laitone, J. appl. phys. 25 (1954), 623-6, and 26 (1955), 1519-20. See also B. 
R. Parkin et al., J. appl. phys. 27 (1956), 232-9. 

*5 The influence of atmospheric pressure on the phenomena accompanying the fall of 
small scale projectiles into a liquid. Engineering Lab., Cambridge, England, 1944. See 
also [23] and [59b]. 
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face seal” as in Fig. 3b. Thus the sound of deep seal resonates in a cavity 
covered by a thin membrane, and is a This variation in sound 

was first explained by Mallock”^ However, it remained for Davies^® to show 
that surface seal was caused b^^ atmospheric pressure (density). With vari- 
able density, surface seal occurs first when 

(7) F > Ferit = (p/80p')^ 

very roughly [4, Ch. Ill, §16]. This surface seal creates an underpressure 
below hj'drostatic pressure of uncertain magnitude^^, thus introducing a 
further scale effect. In summary", the criterion p'/p <3C 1 of Betz (Ch. I, §4) 
is not suflGlcient to guarantee that free boundary theoiy is applicable, in this 
case. 

Air "vdscosity causes another scale effect, which is preponderant at shallow 
entry angles when v < 100 f/s and d = 1 in. In 1944, L. Slichter showed 
that a smooth 2-inch diameter dural sphere, entering the water at 50 f/s 
and an entry angle of 20° with the horizontal, might be refracted downward 
5° or more on entry. It is difl&cult to summarize briefly Professor Slichter’s 
(unpublished) arguments that this is due to air viscosity, but they seem 
conclusive. 

In a somewhat similar vein, Wayland^^ has shown that, at low speeds, a 
turbulent boundary layer can inhibit separation and hence reduce the 
cavity size, much as in ordinary flow. 

Finally, as first demonstrated by Worthington [90], the critical entiy 
speed for ca\dty formation, which is about 12 f/s for 1" spheres under 
ordinary conditions, can be increased to 20 f/s or more by using carefully 
cleaned spheres^. The scale effect due to the use of a hydrophilic surface is 
negligible, however, when v > 45 //s; air viscosity is more important. 

9. Bubble entrainment. The size and shape of vapor-filled cavities 
behind discs with Q < 0.4 do seem [23, Fig. 23] to be determined quite vrell 
by the cavitation number 

(8) Q ’= (Pf- 2>e)/W» where = p, . 

«A. Mallock, Proo. roy. soo. A95 (1918), 138-43. See E. N. Harvey and J. H. 
McMiUen, J. appl. phys. 17 (1946), 641-55, for pictures of surface seal with 
F around 10^. 

E. G, Richardson, Proc, phys. soc. 61 (1948), 352-66, estimated a maximum 
underpressure of .06 atm. with » = 20 f/s when p'/p “ .0012; May (op. cit., Fig. 17) 
estimated .26 atm. with *; = 77//s, when p'/p =» .0004, patm = 2.5 psi (roughly). 

H. Wayland and F. G. White, Proc. 1949 Symposium Heat Transfer, pp. 51-64. 
See also G. G. Moateller, Navord Rep. 1012 (1948), N.O.T.S. 

« The best data are given by A. May, J. appl. phys. 22 (1951), 1219-22. See also G. 
E. Bell, Phil. MAg. 48 (1924), 753-64, for the effect of liquid films. 
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When the cavity contains air, however, the cavity pressure"^ pe may differ 
only slightly from pf , and so the cavity volume is determined more by the 
amount of this air than by the velocity u. This is the case with solids dropped 
into water, as we have seen. 

In such cases, therefore, the cavity volume is decreased primarily by the 
air entrainment into the surrounding liquid at the rear of the cavity^, 
which is caused by the entrapment of bubbles or foam. 

The mechanism of air entrainment is not well understood, although the 
occurrence of “white water’^ in rapids, on spillways, and beneath water- 
falls, is familiar. In these familiar cases, the fluctuating velocities of turbu- 
lent eddies must clearly exceed the average speed of undisturbed bubble 
rise by a considerable factor. In the “pumping” of air out of the cavity 
behind a missile, the rate-deternrining factor is less obvious, but turbulence 
is also a factor. 

In the familiar case of “white water”, air entrainment is sometimes said 
to be dual to sediment entrainment, with the direction of buoyancy re- 
versed. This view seems reasonable for air bubbles in water whose diameter 
is less than 2 mm, since surface tension makes such bubbles behave like 
nearly rigid spheres under accelerations of less than (say) 10 g. The ap- 
proximate formula for the drag coefficient of rigid spheres, which is®^ 

(9) Cb - 0.4 + 24/12, 0 < i2 < 1,000, 

is roughly applicable to such bubbles. From this formula, and the equation 

(90 v^gr = 8/3Cx> , (or D = 4^pr^g/Z), 

one can easily estimate the rate of buoyant rise of such bubbles. 

However, even such spherical bubbles exhibit surprising behavior to the 
uninitiated®®. When R > 100 (roughly), they wobble upwards, instead of 
rising in a straight line. (This effect is associated with the periodic wake of 
a sphere, discussed in Ch. XIII, §11.) In a pure liquid, the 24/J2 in (9) 
would be 16/i2 [50, p. 599]. 

The theory of larger bubbles is still more complicated. Empirically, they 

3® In foam-filled cavities, Pe may also vary apreciably; thus values of 
Qc = (Pc “ iii the range 0.15-0.30 were observed by Eisenberg and Pond 

(DTMB Eep. 668) . 

3^ See W. M. Swanson and J. P. O’Neill, Caltech hydro, lab. rep. M-24.3. The 
intermittent jet formed at the back of the cavity is an important factor in air en- 
trainment. 

3® There is an immense literature on the rise of air bubbles; thus the bibliography 
of W. L. Haberman and R. K. Morton, DTMB Rep. 802 (1953), lists fifty items. 
See also G. Benfratello, Energia Elettrica 30 (1953), 80-97. For early work, see H. S. 
Allen, Phil. Mag. 50 (1900), 323-38 and 519-34; the air content of the water is again 
a factor I 



328 


Xy. MISCELKINEOUS EXPEREMEXTAL FACTS 


are observed to be lens-shaped^® for r > 5 mm (d > 1 cm). The rate of rise 
is 20-30 cm/'sec throughout the range 1 mm < d < 2 cm, and the water 
underneath the bubble is presumably turbulent. 

Consequently, air entrainment involves a complicated interplay of the 
forces of gravit}-, viscosity, and surface tension — as well as effects of im- 
purities (which can form ‘'suds^O and perhaps gas content. It is not sur- 
prising that its quantitative prediction should be difficult! 

10. Jet persistence. In Ch. XI, §15, we described Rayleigh's theory of 
the disintegration of capillary jets, and its agreement with observation at 
moderate jet speeds. Unfortunately^ this theory is inadequate for thicker 
jets and at higher speeds. 

As predicted by the formulas of Ch. XI, §11 (with a — g)y small local 
surface wavelets on thick jets get amplified more rapidly by Helmholtz in- 
stability than large varicose nodules. When these wavelets get steep enough, 
the linear perturbation theory of Ch. XI ceases to be applicable. As in the 
homogeneous case (Ch. XIII, §13), the steepest wavelets billow out and 
are retarded by the surrounding air, giving a profile like a blade of wheat. 
Soon after, also as in the homogeneous case (Ch. XIV, §§9-10, esp. Fig. 4), 
a turbulent ‘^mixing zone" develops, which gradually erodes the jet. After 
the mixing zone has reached the jet center, the jet spreads as a cone, but 
with a smaller angle of spread than in the homogeneous case. 

The angles of erosion and spread depend greatly on the nozzle design, 
and especially on the initial turbulence. The mean velocity profile may also 
have a significant effect. 

This has been shown repeatedly in tests of jets used in fire-fighting®^. 
Typically, these are l"-3" diameter water jets, under heads of 50-200 psi, 
so that jR is of the order of 10®. In favorable (non-turbulent) cases, the 
unaerated jet core can persist for 30 or more diameters, and the retarding 
action of the air is only important after 200 or more diameters, when the 
inertia of the entrained air becomes appreciable. It is interesting that the 
factor p/p', which expresses relative jet persistence for small pertur- 
bations, seems inapplicable to turbulent erosion. Since \/p/p' ~ 27 for 
water jets in air, the jet core would persist for 100 diameters if the same 
factor applied (cf. Ch. XIV, §10). 

R. M. Davies and G. I. Taylor, Proc. roy. soc. A200 (1950), 379-90. For bubbles 
in tubes, see Ch. X, §11. 

J. R. Freeman, Trans. Am. soc. civ. eng. 21 (1889), 303-482; H. Rouse et al., 
ibid. 77 (1951), 147-^, and discussion thereto. The behavior of jets from a garden 
hose is similar; see also P. Oguey, Bull. tech. Suisse rom. (1944, 1951). The effect in 
question is illustrated by the upper left corner of Pig, 1, Ch. I; the jet of the left 
panel had more initial turbulence. 



ATOMIZATION OP JETS 


329 


At high speeds, even thin liquid jets of .01" diameter exhibit compli- 
cated behavior. Thus, jet disintegration is often sinuous or helical rather 
than varicose^®. Under other chcumstances (cf. §11), ultra-thin ligaments 
of very short life are pulled off hy viscous action; these ligaments then con- 
tract into droplets under surface tension®^ The theory" is supposed to be 
that of the disintegration of viscous jets, as in emulsions [35a]. Again, 
Hypospray jets^ at 1400 f/s break up when widely spaced nodules, slowed 
up by air drag, swell xmder the impact of the jet behind, forming vortex 
rings of liquid which are blown into a thin mist by the surrounding air 
(cf. §11). ^ 

If the air density is reduced, one gets ver^’' interesting effects^\ The 
distance to break-up is roughly proportional to Vp/p'? provided the turbu- 
lence is suppressed. Othenv^ise, internal turbulence is the determining 
factor. 

At the opposite extreme, ^'creeping” fuscous jets (as of honey or mo- 
lasses), falling under gravity, have a very different mode of disintegration^. 
The tendency to stretch is greatest where the jet is thinnest, and failure 
occurs by “necking off’’ at the thinnest point, as with ductile metals. 

In view of all these different modes of jet disintegration, it seems too 
much to hope that the general case will be soon amenable to a straight- 
forward theoretical treatment. 

11. Atomization of jets. The behavior of drops from disintegrated 
liquid jets is very complicated. Though capillary forces are most important, 
forces in the liquid and surrounding gas due to inertia (Helmholtz insta- 
bility), acceleration, viscosity, and turbulence, may also be influential. 
Thus, various behavior patterns can arise. 

The simplest case is that of capillary jets. In this case, one can achieve 
uniform varicose disintegration by monochromatic acoustic stimulation of 
the right frequency, into uniform drops whose diameter is about twice the 
jet diameter, separated by much smaller droplets. Because of the uniform 
drop size, the drop trajectories are uniform. 

38 A. Haenlein, Porsch. Geb. Ing. 2 (1931), 139^9 (NACA TM 659), C. Weber, 
ZaMM 11 (1931), 355-8; W. Ohnesorge, ibid. 16 (1936), 355-8 and Zeits. VDI 81 (1937), 
465-6; M. Mahrous, Brit. J. appl. phys. 3 (1952), 329-31. 

38 R. A. Castleman, J. res. bur. stand. 6 (1931), 369-76. For the theory, see Ray- 
leigh, Phil. Mag. 34 (1892), 145-54; G. I. Taylor, Proc. roy. soc. A146 (1934), 501-22; 
S. Tomotika, ibid. A150 (1935), 322-37; V. A. Borodin and Y. F. Dityakin, NACA 
TM 1281 (1951). 

B. Dunne and B. Cassen, J. appl. phys. 25 (1954), 569-72, and 27 (1956), 577-82, 
D. W. Lee and R. C. Spencer, NACA Rept. 454; P. H. Schweitzer, J. appl. phys. 
8 (1937), 513-21. 

4® Rayleigh, Phil. Mag. 34 (1892), 145-54. 
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However, even in this case, jet disintegration and subsequent drop be- 
havior are affected by many physical variables. Besides sound (random 
noise causes non-uniform break-up), impurities like soap in solution affect 
surface tension and hence distance to break-up. Also, dust in the air, the 
chemistrj" of the surrounding gas, and electrification may affect the final 
behavior decisively, by determining whether colliding drops amalgamate 

or rebound. ^3 

These phenomena fascinated the nineteenth century physicists who dis- 
covered them. They may still have useful applications . 

More recently, the mechanical factors influencing droplet size (and drop- 
let distribution in space) have been studied in relation to fuel injection 
problems. In such cases, the liquid is commonly atomized by a high speed air 

It is easy to estimate roughly the maximum diameter d of a liquid drop 
moving through air of density with constant velocity [/, compatible with 
Helmholtz stability. The dynamic pressure differences will be of the order 
of p'U“\ the stabilizing force of surface tension, about 47/d. Hence, if 

^ p/ dU^/y exceeds a suitable constant^®, say about 10, such a drop will first 
be sucked out near the equator, then dished in and broken up. 

The maximum size of falling raindrops may be predicted in this way^®. 
The velocity of fall corresponds to a mean pressure difference of about 
2pgd/Z ; for this to be stabilized by surface tension, we must have (2pgd/Z) < 
(47/d), or B ^ pg dV7 < 6. Actually^®, break-up occurs when B > 10. 

However, the shattering of a jet by an air blast is not always due to 
Helmholtz instability. In some cases, viscosity is a more important vari- 
able^^, and the condition for break-up is complicated accordiugly. In other 
cases, the mechanism of Castleman^® is important. In still other cases, iu- 
temal jet turbulence is decisive. 

12. Other jet configurations. For the sake of completeness, we men- 
tion various other jet configurations which have been analyzed scientifically. 

« [73a], 337-386; Magnus, Pogg. Ann. 106 (1859), 1-32; J. Tyndall, Phil. Mag. 33 
(1867), 375-91; Ila:^eigh, Proc. roy. soc. A29 (1879), 71-97; [66, 351-71]. See also G. 
Littaye, Comptes rendus A212 (1941), 1077-9, and Publ. sci. tech. min. air No. 181 
(1942). 

*4 Thus O. Yadoff, Comptes rendus 218 (1944), 104-5, has proposed electrification 
to improve the behavior of jets striking Pelton wheels. 

Triebnigg, **Die Einblase und Einspritzvorgang bei Dieselmaschinen”, 
Berlin, 1925; G. Littaye, Comptes rendus 217 (1943), 99-100; [35a, p. 310]. 

W. N. Bond and D. A. Newton, Phil. Mag. 5 (1928), 794r^; [35a, p. 286]. 

S, Nukiyama and Y, Tanasawa, Trans, soc. mech. eng. Japan 6 (1940), 18-26, 
and refs, given there; A. C. Herrington and E. G. Richardson, Proc. phys. soc. 59 
(1947), 1-13; J. O. Hinze, Appl. sci. res. A1 (1949), 263-88; M. B. Bitron, Ind. eng. 
chem. 47 (1955), 23-8; N. S. Panasenkov, Zh. tekh. fiz. 21 (1951), 160-6. 
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In Ch. X, §10, “swirl atomizers” were briefly described, and their gross 
mechanics analyzed. It should be mentioned now that the verj^ fine atomi- 
zation which they induce has also been studied*^®^ 

Again, emulsions formed by injecting a jet of one liquid into another 
have been investigated^^ 

Another interesting phenomenon is the stable equilibrium of a ball on a 
vertical jet. This interested Reynolds®®, who observed that the equilibrium 
position was to one side of the jet axis, and that equilibrium was destroyed 
if greasy water was used. 

Still other studies concern a circular jet impinging normally on a flat 
plate under gravity. One cannot always expect the ideal flow described in 
Oh. X, §8. In fact, at least three regimes of h^^'draulic jump have been ob- 
served: “turbulent jump”, “undulatory jump”, and “capillary jump”®^ 
The first occurs at large flow rates; the second at intermediate flow rates, 
and is characterized by standing circular capillary waves (“ripples”); the 
third is characterized by eddy “back-roll” on the interface above the hy- 
draulic jump, and by the absence of waves. 

H. L. Green, *‘Some aspects of fluid flow’’, London, 1951, 75-86, and [35a, p. 307]; 
E. Giffen, Engineering 174 (1952), 6-10. 

«E. Tyler and F. Watkin, Phil. Mag. 14 (1932), 849-81; E. G. Richardson, J. 
coll. sci. 5 (1950), 404-413, and [35a, p. 42]. 

80 0. Reynolds, Collected Sci. Papers, vol. 1, pp. 1-16. 

81 1. Tani, J. phys. soc. Japan 4 (1949), 212-215; M. I. Leviant, Rev. gen. hydro. 
16 (1950), 74-82; H. M. Cassel, Proc. sec. ^Midwest conf. fluid mech. (1952), 99-104. 
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Bernoulli equation, 13 
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Cascades of airfoils, 148 
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incipient, 10, 318 
number, 8 
pitting, 320 
propeller, 323 
Cavity, 4 
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Chaplygin equation, 187 
Circular jets, 274 
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Flattening of equipotentials, 85 
Flexible profile, 151 
Flows past wedges, 55, 189 
Free boundarj^ 7, 13 
inflections of, 81 
Free streamline, 13 
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Globule acceleration, 245 
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Helmholtz instability, 252ff 
Hodograph, 25 

annular sector, 100 
equations, 186, 192 
Hollow charges, 16 
Hollow vortices, 128 
Hydrodynamical self-propulsion, 307 
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Jacob’s Lemma, 162 
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Navier-Stokes equations, 258 
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axially symmetric, 293 
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Polytropic equation, 191 
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Rankine flows, 224 
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curvature, 76 
points, 139 
smooth, 78 
Shaped charge, 231 
Similarity hypothesis, 270 
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Spacing-ratio, stable, 289 
Stagnation cup, 232 
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Stream function, 19, 258 
Strict maximum principle, 84 
Strouhal number, 280 
Superposition principle, 40 
Supersonic jets, 197 
Swirl, 233 
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Taylor instability, 252ff 
Tensile strength (liquids], 315 
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Variational method, 177ff 
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